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Abstract

Existence and uniqueness of strong solutions for three dimensional system of globally mod-
ified magnetohydrodynamics equations with locally Lipschitz delays terms are established in
this article. Galerkin’s method and Aubin Lions compactness theorem are the main mathe-
matical tools we use to prove the existence result. Moreover, we prove that, from a sequence
of weak solutions of globally modified magnetohydrodynamics equations with locally Lipschitz
delays terms, we can extract a subsequence which converges in an adequate sense to a weak
solution of three dimensional magnetohydrodynamics equations with locally Lipschitz delays
terms.

Keywords: Magnetohydrodynamics equations; Globally modified Navier Stokes; Strong solu-
tions; convergence; finite delays

1 Introduction and statement of the problem

Let Q C R3 be an open bounded set with a sufficient regular boundary I' = 99, and N > 0 be
fixed. We define Fiy : (0,+00) — (0,1] by

N
Fyn(r) min{l,}7 r e RT.
r

Recently the authors in [14] have discussed the existence of solutions and the asymptotic behavior
of the globally modified magnetohydrodynamics equations (GMMHDE):

up + Py ([ullv)[(w- V)u] - z-Au

—SFy (I(w, B)|v) [(B-V)B] + V (p+ SBL) = £,(t) in (0,7) x 2,

B+ Fy(||(uw, B)||v) [(uw-V)B — (B-V)u] + icurl(curlB) = fo(t) in (0,T) x Q,
divu =0, div B=0in(0,T) x £,

u(0,z) = ug(z), B(0,2) = Bo(z) for all z € Q,

u=0, B-n=0andcurlBxn=0onT,

(1.1)

where u, B and p represent respectively the fluid velocity, the magnetic field and the pressure.
f1 and f, are given external forces field. R. and R,, are the so-called Reynolds and magnetic



Reynolds numbers, respectively and S = is a positive constant, where M is the Hartman

M2
number. |B|? = B- B and represents the ler%tR}{nof the magnetic field, n is the unit outward normal
on I'. This system is indeed a globally modified version of the following magnetohydrodynamics
equations with locally Lipschitz delays terms

u; + (u-Vi)u — R%Au —S[(B-V)B]

+V (p+ S1BE) = Gu(t ult — pr (1)) in (0,7) x @,

Bi+ (u-V)B—(B-V)u+ Rimcurl(curlB) =

Ga(t, B(t — pa(t))) in (0,T) x €, (1.2)
divu =0, div B=101in(0,7T) x ,

u=0, B-n=0and curlBxn=0onT,

u(t,x) = $1(t,z), B(t,x) = ¢a(t,x), t € [—h,0], x € Q,

The magnetohydrodynamics (MHD) equations take into account the coupling between Maxwell’s
equations governing the magnetic field B and the Navier-Stokes equations (NSE) governing the
fluid motion w (cf. [10]). They play a fundamental role in Astrophysics, Geophysics, Plasma
Physics, and in many other areas in applied sciences.

The system (1.1) was introduced and studied in [14] where the authors established the existence of
its unique strong solution and global attractor. However, there are some situations which are bet-
ter described by mathematical equations containing delays terms. For instance, the delays terms
may appear when we want to control the system by applying a force which takes into account not
only the present state but also a part of the history of the system.

In [8], Caraballo and co-authors proved the existence and the uniqueness of strong solution of
a three dimensional system of globally modified Navier-Stokes equations with a locally Lipschitz
delay term. In [26] the convergence of solutions of globally modified Navier-Stokes equations with
delays to solutions of Navier-Stokes equations with delays, is established. Motivated by these
works, we introduce in the present paper the following three dimensional system of globally mod-
ified magnetohydrodynamics equations with locally Lipschitz delays terms (GMMHDEFD)

up + Fy([|ullv,)[(u- V)u] — g-Au — SFy (|[(u, B)|v) (B - V)B]

+V (p+ S1BE) = Gultult — pr (1)) in (0,7) x €,

Bi + Fy(||(uw, B)||v) [(uw-V)B — (B-V)u] + icurl(cuﬂB) =

Go(t, B(t — pa(t))) in (0,T) x 9, (1.3)
divu =0, div B = 0in(0,T) x Q,

u=0, B-n=0and curlBxn=0onT,

u(t,z) = ¢1(t,x), B(t,x) = ¢2(t,x), t € [-h,0], z €Q,

where G1(t,u(t — p1(t))) and Ga(t, B(t — p2(t))) are external forces containing some hereditary
characteristic (delays terms), where 0 < p1(¢), p2(t) < h. ¢1 and ¢o are given functions defined in
[—h, 0] x Q. The GMMHDEFD (1.3) is inspired from the globally modified Navier-Stokes equations
(GMNSE) with finite delays studied in [30, 31]. We refer the reader to [4, 5, 8, 27, 28, 37], just to
cite some, for other models with delays.

The aim of this article is to establish the existence and uniqueness of solution of system (1.3).
Moreover, we prove that, from a sequence of solutions of globally modified magnetohydrodynamics
equations with delays, we can extract a subsequence which converges in an adequate sense to a
weak solution of three dimensional magnetohydrodynamics equations with delays. This proves
the existence of solutions for the three dimensional magnetohydrodynamics equations with locally



Lipschitz delays terms. This result is new in the literature.

The rest of the paper is structured as follows: in Section 2, we recall some spaces useful for the
variational formulation of problem (1.3) and its resolution. We also present some mathematical
properties and estimates related to the operators involved in the model. In Section 3 we establish
the existence and the uniqueness of the solutions of the model. Section 4(the last one) is devoted
to the study of the convergence of the weak solutions of (1.3) (depending on the parameter N) to
a weak solution of (1.2).

2 Preliminaries

We recall from [14, 27, 35] the abstract spaces for model (1.3) and its abstract formulation.
Bold notations will denote a vector or a tensor. We consider the well known Hilbert spaces
L2(Q), H™(Q), HF* () and we set

L2(Q) = (LX(Q))°, H™(Q) = (H™(Q))°, H'(Q) = (Hg"()°, L3(Q) = (L§(Q)*  (2.1)

where L3(Q) = {q € L*(Q); [, q(z)dx =0} . It is noted that for a vector w we set

[[w]

oo = /Q () " d

where | - | denotes the Euclidean norm |w|? = w - w. We shall frequently use Sobolev embedding:
for a real number p € R, 1 < p < 6, the space H!(Q) is imbedded into ILP(£2). In particular, there
exists a constant ¢, which depends only on p, © and d = 3 such that

for all v € HY, |v|

L@ < 6|Vl (22)

When p = 2, this is Poincare’s inequality and cs is Poincare’s constant. In the case of the maximum
norm, the following imbedding holds

for all 7 > d =3, WH(Q) C L>(Q)
in particular, for each r > d = 3, there exists ¢, such that
for all v € Hé(Q) ﬂWl’T, ||'U||]Loo(Q) < cOo,r”VvH]LT(Q) . (23)

Owing to Poincare’s inequality, the semi-norm |- | is a norm on H}(2), equivalent to the full norm.
As it is directly related gradient operator, we take this semi-norm as norm on Hg(Q2), and we use
it to define the dual norm on its dual space H=*(£):

(fv)

forall feH (Q), |Fflla1q =sup 2

where (-) is the duality pairing between H~1(Q2) and H} (). As usual for handling time dependent
problems, it is convenient to consider functions defined on a time interval (a,b) with values in a
functional space, say Y (see [2]). More precisely, we denote by || - |y~ the norm on Y and for any
number r with 1 <r < oo, we define

b
L"(a,b;Y) = {w measurable in (a,b) ; / Jw(t)|ly-dt < oo}
a



equipped with the norm

b
0l iy = | w05

with the usual modification if » = co. It is a Banach space if Y is a Banach space, and when r = 2,
it is a Hilbert space if Y is also a Hilbert space.
We also introduce the usual following spaces for MHD equations, (see [35])

Vi = {u € (C(Q))*: divu =0},

Vi = the closure of V; in H} (1),
Hi={uel?Q):divu =0andu-n=0o0nT}
Vo={B€(C®(Q)?:divB=0, B-n=0o0nT},
Vo={BeH(Q):divB=0; B-n=0onT},
Hy = the closure of Vs, in L2().

Thus Hy = H;. We endow H;,i = 1,2 with the inner product of L%(2) and the norm of L2(Q)
denote respectively by (.,.)r2 and |.|pz2.
We equip V7 with the following inner product

We equip V5 with the scalar product
((u,v))2 = (curlu, curlv) r2. (2.6)

Where curlu = V A u. We note that by Poincaré’s inequality, the scalar product ((.,.)); defines
in (2.5) coincides with the well known inner product in H}(2). The norm generated by ((.,.))2 is
equivalent to the norm induced by H!(Q2) on V5 (see [15, Chapter VII]).
Hereafter, we set

H=H xHy, V="V xV. (2.7)

The dual space of V is denoted by V/. We endow H with the inner products defined as: for all
¢ =(u,B), Y= (v,C) € H.

(p.¥) = (w,v)12 + (B, C) e,
[p, 9] = (w,v)r2 + S(B,C) 2. (2.8)

They generate equivalent norms (for 0 < S < c0)
et = (0, 0) = luliz + BIL:, [0lh = [0, ¢] = luli: + S|B[. (2.9)

We also endow V' with the inner products

(0. )) = Rie«u,v))l + i((s,cm, o, 9]] = R%((u,v))l + %((Bvc))z» (2.10)
which in turn generate the equivalent norms on V'
lelly = (0, 0)), [[llY = [le, ¢l (2.11)



In order to give an abstract formulation of problem (1.3), we introduce the operators A; €
LV, V]), Ay € L(V5,V5), and A € L(V, V') defined by
(Aju,v) = ((u,v))1, for all u,v € V4,
(A2B,C) = ((B,C))a2, for all B,C € Vs, (2.12)
(Ap, ) = (0, ¢)), forall p, 9 € V.

with domains

DA) ={ueV;: Aju € Hi},
D(As) ={u € Va: Asu € Hy}
D(A) = D(A1) x D(As).
By the regularity of ', D(A) = H2NV. From the continuity of the embedding of V; into H;, i = 1, 2,

there exists constant k;,7 = 1,2 such that

lulr2 < ki|lully, for all w € V4, |B|r2 < k2| Bl|v, for all B € V5. (2.13)

The best constant k; is equal to f, where A} is the first eigenvalue of the compact operator A~ !
1

from H; into itself.
As in [35], we introduce the trilinear form By on V x V x V by
BO(QDl, ©va, @3) = b(ul, usg, ’u,3) — Sb(Bl, Bo, ’LL3) + b(ul, Bo, Bg) — b(Bl7 w9, Bg), (214)

for all ¢; = (u;,B;) € V(i = 1,2,3), where b is a continuous trilinear form defined on H?!(2) x

H(2) x HY(Q) by
blu,v,w) = ES / s 2y
s Uy Za.’L'i J )

i,j=1
which satisfies the following relations, see for instance [14, 30]

b(u,v,v) =0, Yu € Vi, v € HY(N),

b(w,v,w) = —b(u,w,v), Yu € Vi, v,w € H(Q),

1w, v, w)| < clluly Al )2 [v]lv |w]e, Yu € D(A),v € Vi,w € Hy

[b(by, by, w)| < clby |5 1B [V [l vy 1B2]l v, VB1,b2 € Vo, u € VA, (2.15)
1b(by, ba, w)| < c|[by v, | A2ba| 2 [ul 2, Vb1 € Va, by € D(As),u € Hy,

|b(b1, w1, b2)| < c||bi|lv,| A1w1|r2|ba|r2, Vb1 € Vo,u; € D(A;),bs € Hs.

Ib(w, v, w)| < |w|Ls| V|2 [w] 1o w1, Vu,v,w € H(Q).

Remark 2.1 Using the inclusion of H'(Q) in LP(Q) 1 < p < 6, we infer that b(-,-,) also satisfies
1/2) 11/2
[bat, v,w)] < ullvi [o]lvi [w] 5wy, Y, v,w € Vi, (2.16)

From (2.15), we infer that

Bo(p1,02,02) =0, Yo1,02 €V,

. 2.17
Bo(e1, 2, 03) = —Bo(p1, 3, 92), Vi € V,i=1,2,3. (217)
Now we introduce the continuous bilinear form B : V x V — V' by

(B(p1,92), 03) = Bo(1, 02, 93)- (2.18)



We also introduce a diagonal matrix M= (m;;)1<; j<¢ € Ms(R) defined by:

mi =S if4<i<6, (2.19)
m;; = 0if 4 75 ]
Note that
80(9017 ©2, MSDQ) = b(ulv U2, uQ) + Sb(ula By, BQ) (2 20)
—S[b(Bl,BQ,UQ)+b(Bl,’LL27B2)]. ’
It follows from (2.15) and (2.20) that
Bo(p1, 02, Mypa) = 0 V1,02 €V, (2.21)
Bo(p1, 92, Mps) = —Bo(p1, 03, Mepa), Yo € V,i=1,2,3. ’
We recall that (see [35] ) By and B satisfy the following estimates
1Bo(1, 02, 93)| < cllorllvlloaly/* | Apaly *leslm, Y1 € Vg2 € D(A), 03 € H, 999
1/2 3/2 (2.22)
1B(e. p)llv: < clelz llelly ™
Hereafter we set
B(I)V(Sﬁl,@zﬁps)
= Py (v )b(uus, s ws) — S (| iz, B2) v )b(B1, B, us) .

+Fn([(u2, B2)||v)b(u1, B2, Bs) — Fn(||(uz2, B2)|lv)b(B1, u2, B3)
<BN(<)01?§02)7903> = B(])V(Qﬁl,@g,tpg), vcpl = (ul’Bl) € ‘/7 1=1,2,3.

Arguing similarly as in the proof of (2.22), we can check that the following inequalities hold

1/2 1/2
IBY (01,02, 03)] < eNllgalli/ > Apr 1 [@sl

1/2 1/2 (2.24)
+cSN 1y “|Api|g " lwsla, Vo1 € Vips € D(A), @3 € H,
By (1,1, 92)| < eNlgr }{ﬁILA% ?{1(/72‘1{ (2.25)
+eSN 1|3 | Apr |3 o2l i, Vo1 € D(A), @2 € H,
1/4 3/4 1/4 3/4
1BN (p1,02) v < elpaliy lenliy el sl (2.26)
1/4 3/4 1/4 3/4 :
+cSleily el lwalg el s Voi = (ui, Bi) €V,
1B¥ (o1, ¢2)lv: < eNligrllv + eNSenlv, (227)
1B (1, 01,902 < eNllon |/ *[ A1 2l (2.28)

3/2 1/2
+ello 1321 Api 3 | @ala, Vo1 € D(A), ¢ € H.

The analysis of (1.3) will also required the following version of Gronwall’s lemma, where its proof
can be found in [34].

Lemma 2.1 Let T > 0 and let k be a non-negative function in L1(0,T). Let ¢ > 0 be a constant
and v € C°(0,T) a function that satisfies

forallt €0,T], 0<9(t)<c—+ /t k(s)Y(s)ds,
0

then 1 satisfies the bound

k(s)ds

P(t) < ce/o

Here, C°(0,T) denotes the set of continuous functions on [0,T].



More assumptions on G; and G5 are still required (see [26]); We assume for that
(h1) : The mapping
Gi(,u): (0,T) — L2(%Q)
t o= Gilthult—pi(0))
is measurable.
(ha) : there exists a non-negative function g; € Lfoc (R) for some 1 < p < 400 and a non-decreasing
function Iy : (0,400) — (0, +00) such that, for all R > 0, if |u|,., |v|;. < R, then

G1 () — Gr(v)] 2 < L(R)gy > (8) [u — o] s - (2.29)

(h3) : there exists a non-negative function ¢; € L{ _(R) such that for any u € Hy,

G (w7 < g1(t) [uf7z + Gi(0). (2.30)
(h4) : The mapping

Ga(.,,B): (0,T) — 1L2(Q)
t —  Ga(t,B(t — p2(t))) is measurable.

(hs) : there exists a non-negative function g, € L (R) for some 1 < p < +00 and a non-decreasing

function 5 : (0, +00) — (0, +00) such that, for all R > 0, if |B1|,-,|Bz2|;> < R, then

|Ga(., B1) — Ga(., Ba)| 12 < la(R)gy'(t) |B1 — Bal 2 - (2.31)

(he) : there exists a non-negative function (5 € Li (R) such that for any B € Hy,

loc
Ga2(., B)[72 < g2(t) |Bl}2 + Ca(t). (2.32)

Finally, we suppose that ¢; € sz/(fh, 0; H;) where p’ satisfies % + i = 1. Since we will use

the same techniques as in [26, 30], we suppose moreover that the delays functions p; € C([0, 7))
are such that 0 < p; < h for all ¢ € [0,7T] and there exists two constants p3, p3 satisfying

pit) < pr<1,¥tel0,T],i=1,2. (2.33)
Now, we are able to give a definition of a weak solution of (1.3).

Definition 2.1 Let (u(0), B(0)) = (uo, Bo) € H, ¢; € L* (—h,0; H;) be given; %—i— ﬁ =1, G,
and Gy satisfying (h1) — (hg) and (hy) — (hg) respectively.

A weak solution of (1.3) is any function y = (u, B) € L (—h, T; H) N L(0,T; V) N L>(0,T; H)
such that, for a.e.t € (0,T)

{ L)+ Ay(t) + BY(0(0).0(0) = Galtut — pa(0) + Galt. Bt~ pa®)) on V' (5
y(&l‘) = d)(sw%') = (¢1(S,1‘),¢2(S,3§)), s € [—h,OL r€Q

or equivalently for all p = (v,C) €V

(G000) + (o)) + B 00

= (G1(t,u(t — p1(1))), v) + (G2(t, B(t — p2(t))), C) ,
y(s,x) = (¢1(s, ), ¢2(s, 7)), s € [~h,0], z € Q.

(2.35)



Remark 2.2 e Definition (2.1) also provide the weak formulation of (1.3) which is, due to G.

e If (u,B) is a weak solution of (1.3) and we define g; = gi(0; (), where 6; : [0,T]
[—pi(0),T — p;(T)] is the differentiable and strictly increasing function given by 0;(s)
s — pi(s), then taking into account that g; € LP(—p;(0),T) for all T > 0 and (u,B)
L2 (—h, T; H), we infer that Gy (t,u(t—py(t))) and Ga(t, B(t—pa(t))) belong to L(0,T; Hy
and L?(0,T; Hy) respectively.
Indeed,

De Rham theorem, equivalent to it.

md

~—

T

g T
/ Gt wlt — pr (8))[2 dt g/ g1 ult — pr ()2 dt+/ G ()t
0 0 i ;
S

—p1(0)

T T
. / 51(0) [ut) 2 dt + / ()t

< 400

T

d
We can also prove that / |Gao(t, B(t — po(t)))]32 dt < +oo, then —y € L*(0,T;V') and

o = dt

consequently y € C([0,T); H).

e In addition, by taking ¢ = My in (2.35)1 and using (2.21)1 we infer that y satisfies the

following energy equality

25
u(t)2 + S1B(1) /uu e+ == /||B )12, de

= [uo[2, + S|Bo[2, +2 / (G (1, u(€ — pr(6))), u(E))de (2.36)

+28 / (Ga(€. B(E — pa(6))). B())d.

3 Existence and uniqueness result

In this section, we prove that problem (2.34) has a unique weak solution which is, indeed a strong
solution. Before doing this, we recall from [6, 33, 36] the following properties of F, where the
proof can be found in [6, 33]. These properties are the main tools in the proof of the uniqueness

result.

|Fn(p) — Fn(r)] < 2270 wp,r e RY, » #£0,

|FN<||u||v1> FN<HvHv1>|s%7uvevl,v¢o 5.1
|En(p) — Fy(r)] < 2N N‘+'P "L e M,N € R, 7 £ 0

|FN<||u||v1> Ex(lolv)l < 2 Fy (ulv) Ex (lollv)llu = vllv,, u,v € Vi.

In the rest of this work, we will denote by ¢, a generic positive constant (possibly depending on
S, Re, Ry, K1, K2, Q,) which can vary even within the same line. However, this constant is always
independent of time and initial data. We start by proving the uniqueness result; for this purpose,

we have:

Theorem 3.1 There exists at most one weak solution (u, B) of (2.34) in the sense of Definition

2.1.



proof. Let y; = (u;, B;),i = 1,2 be weak solutions to (2.34) that belong to L?(0,T;V) and
R > 0 such that |u;|;2, |Bi|;. < R. We set 0y = (0u,0B) = y1 — y2. Then (0u, dB) satisfies for
a.e.t € (0,T),

%&y(t) + Ady(t) = = (BY (5.(8), 1 (1)) = BY (52(1), y2(1))) + Gt walt = pa(1)))
—Gh(t,us(t — pr())) + Ga(t, Bi(t — pa(1))) — Gal(t, Ba(t — pa(t))) in V7, (32)
oy(0) = 0.

Taking the scalar product in H of (3.2) with Mdy, we obtain

GV + T 6u(O)l; + 219801, = ~2(B" (1 (0).31(0)) ~ B (12(0) 12(0)), Moy(®)

+2 (G (tua(t — pr(1))). 0u) — 2 (Ga(t ua(t — pr(1)))., 6w)
+2(Ga(t, Bi(t — pa(t))) — Ga(t, B2(t — p2(t))), S6B)
(3.3)
with 3 = [du(t) 2 + SI6B(1) 2 and 2(~B (4 (1), 41 (1)) + BY (ya(t). v (1)), Moy(t)) satisfies the
following (see [14] for the details)

2 (BN (y1(t), 51.(1) + BY (y(t), 12 (t)), My (1)) < (eN* + eN®) V(). (3.4)
Using hypotheses (hg) and (hs), we obtain

2(G1(t,ur(t —pa(t))) — Gi(t, ua(t — pi(t))), du) +
2 (Ga(t, B (t — pa(t))) — Ga(t, Ba(t — pa(t))), SIB) (3.5)
< 21 (R)gy"* (1) [0ult — pr(t))] 2 [5ul 12 + 2512(R) gy * (£)) |6B(t — pa(t))] 2 1B 12

Integrating (3.3) after dropping momentarily the term 2||6u(t)|?, + 22(6B(t)|?, and using
(3.4)-(3.5) we have

y() < (cN4+cN8)/O y(&)d6+2l1(R)/ 91" (€) [5u(€ = 61.(€))] 2 [ (€)] 12 €

T 0
+281a(R) [ 93/%(€) ISB(E  6a(€))] 2 16B(6)] - e

T_Pl(T)~ 251 (R) T—P2(T)~
2l1(lz) 1/2 5 22d 1 1/2 5 22d
< 2R /_p1<o> 31" (€) 16u(©)lpa d + T /_m(o) 92 (OB At 5 )
(eN* + eN®) [T Y(€)de

<l / ' (3°© +5%(©) Y(©)de + (eN* + eN*¥) /0 V(e
< [ (@@ +3%0) + v+ o) viegae

where we have used the fact that du(t) = 0 and 0B(¢) = 0 in [—p1(0), 0] and [—p2(0), 0] respec-
21, (R) QIQ(R)}

1=p7 7 1=p3

Then, from lemma 2.1, we infer that ) < 0, consequently, u; = us and B; = Bo. |

tively and set [ = max{

Now, we state the existence result.

Theorem 3.2 Let (u(0),B(0)) € H, ¢; € L*'(—h,0; H;) be given;
satisfying (h1) — (hs) and (hy) — (hg) respectively.

%4—1%:1; G1 and Gs



Then there exists a weak solution (w,B) of (2.34), which is in fact a strong solution in the sense
that it belongs to

C(0,T; V)N L?(e, T; D(Ay) x D(Ap)) for all0 < e <T. (3.7)
Moreover, if (u(0), B(0)) € V, then (u, B) satisfies
(u,B) € C(0,T; V)N L*(0,T; D(A;) x D(Ay)). (3.8)

Proof We split it in several steps.

Stepl: A Galerkin scheme. Since the injection V' C H is compact,

let {(w;, ¥;),i =1,2,...} CV bean orthonormal basis of H, where {w;,i =1,2,....}, {¢;,i = 1,2,....}
are eigenfunctions of A; and Ay, respectively. We set

V, = H, = span{(wy, 1), ..., (wn,v¥,)} and denote by P, = (P}, P2), the orthogonal projector
from H onto V,, for the scalar product (.,.) defined by (2.8);. Note that P, is also the orthogonal
projector from D(A),V,V’ onto V,,. We look for y,, = P,(u, B) = (un, B,) € H, solution to the
ordinary differential equations with delay

%yn(t) + P Ay (t) + PnBN(yn(t)v Yn(t))
= P,G1(t,u(t — pi(t)) + PrGa(t, B(t — p2(t))) on D'(0,T;Vy) (3.9)

Un(s) = Pu(1(s), ¢2(s)) = (Padi(s), Pida(s)), s € [=h,0].

According to (h1) —(hg), the above system of the ordinary differential equations with delay satisfies
the conditions for existence and uniqueness of solution y, on an interval [0,T,], T,, < T (see
Theorem 3.10 of [16], page 20). It will follow from a priori estimates that y,, exists on the interval
[0,T7.

Step2: A priori estimates.

As in remark 2.2, y,, satisfies the following energy inequality:

(O + S BAOR: + o un (O]}, + 2 |Ba(0]F, =
2PAC 1wl — (1), (1)) + 25 (PGt Bt — o) BaD). (3.10)

Note that by (h3), (hg), Young’s and Cauchy-Schwartz’s inequalities, we have

12(PLC (8 un (t = p1(8)), un ()] < 201G (8 wat — p1 (D)) vy latn(B)]1v4
< 2¢[Ga (1, un(t = p1(0) |, ln (D),
< e|Gilt,un(t — pr(6)) ), + - lun (D)3, (3.11)

< llun (O, + ¢ (910) [un(t — pr (D)3 + (1))

[2(P2Ga(t, Balt = pa(t), Ba0))] - < 20Galt, Balt = pa(0) 2| Ba(8)]ve
< 2¢(Ga(t, Bu(t = p2(0) |, | Ba(Dlvy
< c|Ga(t, Balt = p())iy, + 7 1Ba(D),
1B, + ¢ (92(8) [Balt = pa(t) 72 + (1))
(3.12)
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Inserting the estimates (3.11) and (3.12) in (3.10) and integrating over the interval (0,¢) with
t < T, , we obtain by using also remark 2.2:

un Ol + 518005 + - [ @I+ - [ (€)1
< ol + Slaof / ¢ (010) lun(E — p1(€) 2 +G1(6)) de+
| e (520 12ale — pale)l3 + al6) e

0

, , T ¢ T—p1(T) ~ 9
< fuolfs + SIBolf+ [ e(ca(©) + GOde+ = [ () fun@)
0 P1 J—p1(0)

T—p2(T)
bty [ RO B g

—p2(0)

T
< fuolf + Sl + [ e((©) + GlO) s+ §

0
. / 31(6) 161 ()22 det
p1(0)

—-p7 /-

c T~ 2 c 0 ~ 2 c T~ 2
e [ 5O+ = [ w6 e 7 [ w© Imal

2 J—= 2 J0

T ~
< ol + SlBolf +1 [ [@(5) n 92‘5’] (n(€)22 + S|Ba()2) de

S
T 0 0 2LP/
~ P 2p’
+/O c<c1<s>+<2<§>)d£+z(/m(o)gl(£>| d€> (/p1(0)|¢1(§)L2 dE) de+

0 P 0 2p”
I 3 (6)Pd 20" 4 d
(/ NGl f) (/ NG 5) ¢

_c __c
=57 =73

<=

(3.13)

where [ = max{ } . Then, from the assumptions, there exits a constant x; such that

t S t
1 2 2
(1) 2 + S1Bn (1) 2 + / Jan e + 7 / 1B ()13, de

) e (3.14)
where
) . Lo C O\
k= [ elae) + Gle) de +1 < / 51(§)|Pd€> ( JERXGL df) dé+
o —p1(0) —p1(0) (3.15)

0 /.0 57
! Pd 2’ de.
</m<o>'”< ) e) (/p2(0)|¢2<m s) ¢

t t
Dropping momentarily the term Ri/ wn ()13, d€ + Ri/ B (£)||3,d¢ and using lemma
“Jo m Jo

2.1 in (3.13), we obtain
[w, ()32 + S|Bn(t)[72 <

ol + 81B0f3s + 2] exp { [ (1m0 + gonte)) df} . (3.10

11



Using (hs), (hs), we infer that the right hand side of (3.16) is bounded independently of n; taking
into account this bound in (3.13), we conclude that

¢ ¢
%/ [, ()3, d€ + Ri/ B (€) |3, d€ is also uniformly bounded in n.
“Jo m Jo

Moreover, using the equality 1% + z% =1, we infer that

T T
/ O @t = [, 1Pl de+ / (B2 dt
— 0

< 100w iy + T om0z (3.17)
= 190,25 _pourry + Tl Z 0 7
< 4o00.
Consequently, the sequence
Yn = (U, By) € L=(0,T: H) N L*(0,T; V)N L* (—h,T; H). (3.18)

Hence, we can use a compactness argument (see [41]) to extract a subsequence from y,, = (un, By,)
still denoted by y,, = (u,, By,) satisfying

weak-star in L>°(0,T; H),
weakly in L2(0,T;V),
strongly in L2(0,T; H),

a.e., in (0,7T) x €,
weak-star in L2’ (—h, T; H),
strongly in L%(—h,T; H),

with y = (u, B) € L>®(0,T; H) N L?(0,T; V) N L?*'(—h, T; H).
According to (3.19), we can assume ([45], proposition 21.23, page 258) without loss of generality,
that there exists two functions z; € L1 (=h,T) and 25 € L7 (=h,T) such that

[un ()|, < 21(0), [Bn()|p, < 22(1) (3.20)

But the estimates (3.18) are not enough to pass to the limit in (2.34) and deduce the solution of
(1.3). Indeed, we need stronger estimates to prove the following:

Fn(llunllvy) = Fn(llullv,) as n — oo,

3.21
Fx(| (s Ba)v) = B (s, B) ) as m — 0. (3:21)
First, we take the inner product in H of (3.9); with Ay, we obtain
d

%Hyn(ﬁ)\\% + 2| Ay, ()3 = 2 = 2B (yn (1), yn(t), Ay (1))
LG (1t (£ — p1(6)), Arten (1)) + (Galt, Bult — po(£)), AsB (). (3.22)

Now using (2.24) and Young’s inequality with the exponents (4,4/3), we have
218 (0 (1), (0 Aun ()] < Nl ()21 Aui (3 523)

< 3l Ay @17 + N lyn (O] -

12



In addition, using again (h3), (hg), Young’s and Cauchy-Schwartz’s inequalities, we obtain

2(P, Gt un(t = pr (1)), Arun (1))

< 2|Ga(t un(t - Pl(t)))|L2|v41Un( )2
< C|G1(t un(t — pl(t NIz + 5 [ Arun (£)[2 (3.24)
< st + e (910 [unlt = p®) 72 + (1))
2(P7Ga(t, Bu(t — p2(t))), A2Bn(t))]
< 2|Ga(t, Ba(t — Pz(t)))|L2|A2Bn( )2
< c|Galt, Bu(t — pa(t)|72 + 53— | A2B (1)[2. (3.25)
S 7|A2Bn |L2 +C(92 |Bn t_pQ( ))|L2+<2(t)>7

Inserting the estimates (3.23) — (3.25) in (3.22), we obtain

SOl + O < N a1} +en) hunlt - @) + e+ (500

cga(t) [Bu(t — pa(1))|72 + cCa(t).

Now we distinguish two cases:

Case 1: y(0) = (u(0),B(0)) € H.

Integrating (3.26) between s and ¢ for 0 < s < ¢ < T and use the continuous injection V' < H and
(3.13), we obtain

lyn I + - / Ay (6) 2
s T T
< Jyn()12 + eV / i@ de s+ [ el ©)+ B (lun (O, + IBEIF,) de
T T
< Jyn()12 + eV / a2 dE + 1 + 1 / [3(6) + T2 ()] lum (©)I12 .
’ ’ (3.27)

t
Dropping momentarily the term % / | Ay, (€)|%,d€ and using lemma 2.1 in (3.27), we obtain
lwn )T, + 1BR (D), <

[y ()T + 1] exp {/0 [eN* 4 1e (g1(€) + 92(6))] d£} (3.28)

Now, integrating (3.28) between 0 and e for some € € (0,7, we have

T
exp {/ [eN* +1c(g1(€) + g2(9))] df} (3.29)
0

T
lEIIyn(t)ll%/S/o lyn ()I1}-ds + Trix

Using the assumptions (h2), (hs) and (3.18), we infer from (3.29) that [|yn|| ;e 7.1,y is bounded
independently of n.
Coming back to (3.27) and dropping the term ||y, (t)||?;, we get for some € € [0, 7]

T T
/ Ay (E)[51d€ < lynllZoo (e riv) + K1 + ”ynH%w(e,T;V)/O [eN* + e (g1 (&) + g2(€))] d€. (3.30)

Therefore,
Yn € L=(e, T; V)N L? (e, T; D(A;) x D(Ap)) forall 0 <e<T. (3.31)

13



Note that from (3.9),

d

ayn(t) = _Ayn(t) - PnBN(yn>yn)(t) + PéGl(t/u’(t - pl(t))) + PEGQ(tv B(t - pQ(t)))'

Then using (2.24) we deduce that the sequence {PnBN (Yn, yn)} is bounded in
L?(e,T; H). Therefore, from (3.30) and remark 2.2, we infer that the sequence

d
a(un, B,,) is also bounded in L?(e, T; H). (3.32)

Since D(A) = D(A;) x D(A2) C V C H with compact injection, we derive from
[24, Theorem 5.1, Chapter 1] that there exists an element (u, B) € L*(¢,T;V) N
L?(e,T; D(A)), and a subsequence of (u,,, B,,) (still) denoted (u.,, By,) such that for all T > €, we
have

weak-star in L (e, T; V),
weakly in L?(e, T; D(A)),

n;Bn) — (U, B . 3.33
(w )= (w,B) strongly in L%(e, T; V), (8:33)
a.e., in (e,T) x £,
and J J
—(wp, By) = —(u, B) weakly in L*(e, T; H). (3.34)

dt dt

From (3.33), we can assume, eventually extracting a subsequence of {y,} still denoted {y,} such

that .
[wnllv, = llully, ae. in (e, T),

|(un, By)|lv = |[(u, B)||v a.e. in (¢,T), (3.35)

and therefore )
En(unllvy) = En([ullv;) ae. in (e,T),

En([[(wn; Ba)llv) = Fn(l|(u, B)|lv) ae. in (e, T).
Case 2: (u(0),B(0)) € V.
Integrating (3.26) between 0 and ¢ for 0 < ¢ < T and use the continuous injection V — H and
(3.13), we obtain

(3.36)

t
lom O + 7 | Mo (O3
0 T

T
< llyn O + CN4/O 1y (€)3-d€ + rix +l/0 c[g1(&) + 32(8)] (lua (I, + 1Bn(€)I,) d€

T T
< [lyn (0[5 + CN4/0 Iyn (O3 dE + k1 + lc/o [91(6) + G2()] llyn (&) [I7d€
(3.37)

¢
Dropping momentarily the term - / | Ay, (€)|%d¢ and using lemma 2.1 in (3.37), we obtain
“Jo
lun (D7, + 1 Bu(®)IfF; <

T
[y ()% + k1] exp {/O [eN* +1e(g1(8) + 92(9))] dE} : (3.38)
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Hence, Hyn||%m(0’T;V) is bounded independently of n.
Using (3.38) in (3.37), we infer that

T
. / Ay (6) e

T T (3.39)
S nO +eN* [ @I+ el oy [ 1(6) + (6
Consequently, we derive from (3.38) and (3.39) that (y,) = (u,, B,) satisfies
T
(wn, Ba) (B3 < Ko, /O (Miun(§)[72 + [A2Bn(€)|72) d€ < K, (3.40)

which proves that (., B,) is bounded in L>(0,7;V) N L?(0,T; D(A;) x D(A3)).
Note that in (3.40), K2 and K3 are positive constants independent of n and depending only on
data Q, Re, Ry, S, T, Ll(R), LQ(R), ug, Bo, (1 and (s.
Moreover from (3.9),

d

ZrUn(t) = = Aya(t) = PaBY (yn (), yn (1)) + PaGr(t, u(t = p1(1))) + PrGa(t, B(t = pa(1)).

Then using (2.24) we deduce that the sequence { P, B~ (y,yn)} is bounded in L*(0,T; H).
Therefore, from (3.39) and remark 2.2, we infer that the sequence

d
ﬁ(un, B,,) is also bounded in L?(0,T; H). (3.41)

Since D(A) = D(A;) x D(Ay) C V C H with compact injection, we derive from [24, The-
orem 5.1, Chapter 1] that there exists an element (u,B) € L>(0,T;V) N L?(0,T; D(A)), and a
subsequence of (u,, By,) (still) denoted (u,, By) such that for all T > 0, we have

weak-star in L>(0,T;V),
weakly in L2(0,T; D(A)),

Uy, B,) — (u, B 3.42
(tn, Bn) = ( ) strongly in L?(0,T;V), ( )
a.e., in (0,7) x Q,
and
d d R
a(un7 B,) — a(u, B) weakly in L°(0,T; H). (3.43)
From (3.42), we infer that
vy = [fullvs ae. in (0,7), i)
[(wn, Bn)llv = [[(w, B)[|v a.e. in (0,T),
and therefore
FN(”un”Vl) _>FN(HU’HV1) a.e. in (07T)7 (345)

En([[(wn; Ba)llv) = Fn([|(u, B)|lv) ae. in (0,T).

Step3: Passage to the limit.
We want to take the limit in (3.9) when n goes to +o00. More precisely, we want to prove that
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Gi(t,un,(t — p1(t)) = G1(t,u(t — p1(t))) asn — 400 (3.46)

and
Gao(t, B (t — pa(t))) = Ga(t, B(t — p2(t))) when n — +o0. (3.47)

We refer the reader to [6, 14] for the other terms involved in (3.9). We will use the dominated
convergence theorem [1] to prove (3.46) and (3.47).
Note that by (hs) and (hs), for a.e. t € (0,T), Gi(t,.) : Hi — Hy and Ga(t,.) : Hy — Hy are
2p 2p
continuous; then since w,, — u and B,, — B strongly in L?-1(—h,T; H;) and L2-1(—h,T; Hs)
respectively, we have that

G1 (t,un(t — pP1 (t))) — G1 (t,u(t — pP1 (t))) in H1 a.e. in (O,T) (348)

and
Gg(t, Bn(t — pg(t))) — Clg(t7 B(t — pg(t))) in Hy a.e. in (O,T) (349)
On the other hand, using (3.20), (hs3) and (hg), we have for a.e. t € (0,T)

(Grtun(t = pr))lga < 0/2(0) [un(t = pr(0) ]2 + (1)

< g2 ()21t — pr (1) + C3(1) (3.50)
and
|G2(t, Bu(t — p2(1))|2 < g%ﬂ(t) | By (t — p2(t)|2 + C21/2(t) .

<0 Oz(t - p2(1) + & (0).
Then (3.46) and (3.47) follow from the dominated convergence theorem.

4 Convergence to weak solutions of MHD equations with
locally Lipschitz delays terms

The solution of problem (1.3) given by theorem (3.2) depends on the parameter N; so for each N,
we denote by 3™V a such corresponding weak solution; we then obtain a sequence {y™¥ } ¢ of such
solutions. In this section, we prove that from the sequence {3V } >0, we can extract a subsequence
{yJN }j>0 which converges when N; goes to +00 to a weak solution of (1.2). For this purpose, we
have the following result.

Theorem 4.1 The assumptions (h1) — (he) are satisfied, let y™ = (u™*, BN*) where u™r =
uN’C(uéV’C,%V"’)) and BNk = BN’“(BéV’“, év’“), k=12 .. with N, = +00 as k — +oo, be a
sequence of weak solutions of (1.3) with N = Ny, and with the initial data such that 'u,év’“ — ug
weakly in Hy, Bévk — Bq weakly in Ho, d’sz — ¢; strongly in L%(—h,T;Hi), 1 =1,2 as
k — 400, and the sequence {¢p1* : k =1,2,...} is bounded in L2V (=h,0; H;), where i = 1,2 and
T4l =1

Then, there exists a subsequence {y]N}j>0 of {yN k>0 which converges weakly-star in L>(0,T; H),
weakly in L?(0,T; V), weakly-star in L2pl(—h7T; H), strongly in L%(—h,T; H) and strongly in
L?(0,T; H), to a solution y of (1.2).

proof. We know by remark 2.2 that each of these solutions yV* = (u™N*, BN*) satisfies the
following energy equality
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™ (1)2, + S|BN*(1)[2, + 2 / s (€)1, e + = / B (6)]2,de
= a2, + S|BY 2, + 2 / (G (b, u™ (€ — pr(€))), u™* (€))de+ (4.1)

25 / Ga(€, BV (€ — pa(€))), BV (€))de

Now, following the proof of (3.14), we obtain

t

IuNk(t)lsz+S|BNk(t)\iz+R%/O HUN‘“(E)IIVId«SJrf/ 1B (©)]3, d&

< e+ 8BS +1 [ 300+ 2| (i@ + s1mY 1) at
[ e+ e [ o) [ Jerof e T 0
0 oo ’ —p1(0) n p1(0)

0 % 0 37
l 3 (&)|Pd 2" g d
4 (/,,2(0)92(5)' 5) (/p2(0)|¢2(€)IL E) ¢

where [ = max { ﬁ, ﬁ} . From the assumptions of theorem 4.1, there exists a constant g
1 2
such that

N,
b

lug™ (3, + S|BY* 3. < B;

<pB,i=1,2. 4.3
L2 (—h,0;H;) B, i ( )

Consequently, we infer from (4.2) that

t
e (]2, + S|BN (1) + 2 / s (€) 3, d + 2 / IBY (€)1, de

<Ko+t [ 00+ 22| (@ + simY 1) ac

(4.4)

where

T
Ko=p"+15° (HngLl’(fpl(O),O) + H§2HL1’(7p2(0),0)) +/o c(Cu(§) + ¢2(8)) d€.

t t
2
Dropping momentarily the term R% / [u™ (9|13, d£+Ri / |BY*(€)||3,d€ in (4.4) and using
0 m Jo
lemma 2.1, we have for all ¢t € [0, 7],

T ~
[u™e ()[3. + S|B*(1)[3. < Koexp V l (51(§) + 925)) df.] (4.5)
0
In addition, as in (3.17), we have

T , 0 ’ T ,
/ [y (1)t :/ 6 ()| dt+/ ™ () dt
—h - 0

Hd)Nk HL2P —hosE) T T HyNk Hipcc(o,T;H)
< +o0.
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Using (4.5) in (4.4) and taking into account (4.7), we infer that the sequence

{y™} 50 € L(0, T H) N L0, T3 V) N L*'(=h,T; H). (4.7)

Moreover, from (2.34), we have

%ym (t) = — Ay (t) — BN (y™Ne (), y™* (£) + G (t, w™* (£ — p1(t))) + Ga(t, BN (t — pa(t))).

Then using (2.24) we deduce that the sequence {B" (y™=,y™)} is bounded in

L?(0,T; H). Therefore, from (4.7) and remark 2.2,we infer that the sequence

d
ﬁ(uNk,BN’””) is also bounded in L*(0,T; H). (4.8)
Hence, we use again a compactness argument (see [41]) to extract a subsequence from {yNk = (uN*, BNx )}

denoted by { i=(u NJ',BNJ)} satisfying
weak-star in L>°(0,T; H),

weakly in L?(0,7T;V),
strongly in L?(0,T; H),

N.
I — / 4.9
4 4 weak-star in L% (—h,T; H), (4.9)
strongly in L%(—h,T; H),
a.e., in (—h,T) x Q,
and p
Y Ni 7Y weakly in L2(0,T; H). (4.10)

with y = (u, B) being in the spaces involved in (4.9).
According to (4.9), we can assume, as before, without loss of generality, that there exists two

functions z3 € L%?%l(—h,T) and z4 € L%(—h,T) such that

"U’Nj (t)|L2 < 23(t)’

In the following lines, we are going to prove that (u, B) is the solution of (1.2). More precisely,
we want to prove that (u, B) Satisfies the following: for all (v,C) € D(A;) x D(As),

BYNi(t)] ., < z4(t). (4.11)

(w(t), o)z + (B(t),C)p2 + - / Dudt + =~ / O)adi+
/ BY (y(t), y(t), (v, ))dt—/o (G (t,ult — pr(t))),v) padt+ (4.12)

/O (Gt B(E— pa(t))), O) g2t + (w0, v) 12 + (Bo, ) 12

This will be done by taking the limit when N; — +o00 and, for all (v,C) € D(A;) x D(A,), in

18



12+ (BYNi(t),C)p2 + 7 / dt+—/

/13 yVelo Num<,»a+A<QUwMu—m@mwth

/O (Gt BN (£ = po(8))), ©) pedt + (" v) 12 + (B, ©) s

By the assumptions,

N; N,
(ug?,v)r2 — (wo,v)r2 and (B,’,C)r2 — (Bg,C)L2

In addition, since y™¥i — y weakly in L?(0,T;V), we claim that

and

7/ Jodt — ];e/OT((u(t),v))ldt

1 T
R—/ (BNi(t),C))qadt — —/ ))adt .
m JO

C))qdt+

(4.13)

(4.14)

(4.15)

(4.16)

Now, for the delay terms, we will use the dominated convergence theorem, as in the proof of
the existence result.
Note that by (h2) and (hs), for a.e. t € (0,T), Gi(t,.) : Hi — Hy and Ga(t,.)

continuous functions; then by (3.19),

Lzt (—h,T; Hy) respectively; consequently

and

Gi(t,u™i (t — pi(t)) — Gy(t,ult — pi(t))) in Hy ace. in (0,T)

Go(t, BN (t — pa(t))) — Gao(t, B(t — pa(t))) in Hy a.e.in (0,T).

On the other hand, using (4.11), (h3) and (hg), we have for a.e. t € (0,T)

and

|Gr(t,u™ (t— pr()))] . < "> () [ui (t = pa(t uf+5”u
1/2
gm/@au—m<»+g (1),

< 93”2 (1) | BNi (t — pa(1))] . + G2 (2)
ng<ﬂ@u—px>»+€”<»

|Ga(t, BN (t = pa(t)))] 2

Then, by using a dominated convergence theorem, we have

T T
/ (Gl(t, ’U,Nk (t — P1 (t))), ’U)det — / (G1 (t, u(t — pP1 (t))), ’U)Lth.
0 0

T T
/0 (Ga(t, BN (t — pa(1))), v) r2dt %/0 (Ga(t, B(t — p2(t))), v) 2dt.

For the last term, we recall the definition of By

19

: H2 — H2 are
2p
ui — u and BY7 — B strongly in L%-1(—h,T; H;) and

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)



By (yNi(t),y™i (t), (v, C))

= F, ([w™ (8)[lv; )b(w™s (), w™i (t), v) — SEn, ([[(w™5 (£), BN ())[[v)b(B (), BN (t), v)
+Fn, (1(w™7 (), BN (1)) [[v)b(u™i (£), BN (t), €)—

Fy, ([[(w™5(t), BN () ]lv)b(BY3 (t), u™i (), C) .

(4.23)

It is manifest that in order to finish the proof of theorem 4.1, we need to prove that

F, (1™ (1), BY (1) [v)b(u™ (t), BY (1), ©) — b(u(t), B(t), C).

Similar reasoning will be made for other terms of (4.23). As in [26], we need to show that

Fy, (|(u™ (), BY (1) llv) = 1 in L*(0,T). (4.24)

and

b(ui (1), BN (1), €) = bu(t), B(t), C). (4.25)
Thanks to ([6], lemma 12), (4.24) is true. On the other hand, for a.e.t € (0,T),

b(i(t), BNi(1),0) =320y | wMi ()08 (t)CTdx
=301 [ ulN;, (t)0:BNr (t)CTda

Q
= b(u’(t)v B(t)a C) )

where 9; = B%i' Then

T T
/ b (1), BN (1), O)dt — / b(u(t), B(1), C)dt (4.26)
0 0
Now , we introduce the abbreviations , just to simplify our expressions

FYNi(t) = Fy, (| (u™ (), BY (1)) llv): 6™ (t) = b(u™ (1), BY (1), ©),
b(t) = b(u(t), B(t),C).
We want to prove that

T T
/ FNi(£)bNi (t)dt — / b(t)dt . (4.27)
0 0
We have

T T
/ (En, (00N (t) —b(t)) dt = / (Fw, () — 1) ™ (t)dt+
0 TO

(VN7 (t) — b(t)) dt .

(4.28)

S—

From (4.26), we infer that
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T 2 T T
/ (Fu, (6N (£) — b(t)) dt| < / |Fw, (t) — 1|7 dt / o™i ()| dt. (4.29)
0 0 0

But

T T

) |

/ N ()] dt §c||CHv2|AQC|L2/ ™ ()] [ Bllv,
0

0
< d|[Cllv, | A2C] L2 || w7 ()] Loo 0, 7:21,) 1B || L2 0,73v2)
< +00.

(4.30)

Then we deduce (4.27) and consequently the proof of theorem 4.1 since D(.A) is dense in V. OJ
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