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Abstract

In this paper, we study the long time behaviour of the Fokker-Planck and the kinetic Fokker-Planck
equations with many body interaction, more precisely with interaction defined by U-statistics, whose
macroscopic limits are often called McKean-Vlasov and Vlasov-Fokker-Planck equations respectively.
In the continuity of the recent papers [63, [43],[42]] and [44, [74],[75]], we establish nonlinear func-
tional inequalities for the limiting McKean-Vlasov SDEs related to our particle systems. In the first
order case, our results rely on large deviations for U-statistics and a uniform logarithmic Sobolev in-
equality in the number of particles for the invariant measure of the particle system. In the kinetic case,
we first prove a uniform (in the number of particles) exponential convergence to equilibrium for the
solutions in the weighted Sobolev space H! () with a rate of convergence which is explicitly com-
putable and independent of the number of particles. In a second time, we quantitatively establish an
exponential return to equilibrium in Wasserstein’s #2 —metric for the Vlasov-Fokker-Planck equation.

Keywords. U-statistics; propagation of chaos; polynomial interaction, (kinetic) Fokker-Planck equa-
tion; McKean-Vlasov equation, functional inequalities; convergence to equilibrium; (hypo)coercivity.
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On the long-time behavior of the McKean-Vlasov PDE 1 INTRODUCTION

1 Introduction

In the continuity of the recent papers [43] and [42], we establish exponential convergence towards equilibrium for a class
of McKean-Vlasov and Vlasov-Fokker-Planck with polynomial interaction (macroscopic interaction associated with U-
statistics and defined in Eq. (1.20) and Eq. (1.21)). Before going further into the details, we recall the general setting
related to our problem.

General homogeneous McKean-Vlasov diffusion. The processes studied in this paper belong to the following class of
stochastic differential equations:

dXt:b(Xt,PX[)dt'i‘U(Xt,PXI)dBt, (11)
with respectively b: RP x 2(RP) — RP the drift coefficient, o : RP x 2(RP) — p ,(R) the diffusion coefficient and
(By) =0 a standard p—dimensional Brownian motion. More precisely, we are interested in the study of exponential ergod-

icity of the process defined by
2

dX; = —(@mF(Px,,X;) + %VV(Xt))dt+ odB;, (1.2)

where F : Z(RP) — @, P2,F is the intrinsic derivative (L—derivation or derivation in the sense of Fréchet of F on the
probability measure space, see Eq. (1.30) for precise definition) defined as 2,,F(m, -) := Vg—}fl (m,-) (for example, if F(m) =
J@dm, we have 5571:1 (m, x) = @(x) then, 2,,F(m, x) = V@(x)), V is a confinement potential and o > 0 (in this paper, without
loss of generality and for the sake of standardization, we take o = v/2). Note that

oH
Eq (12)@dXt:—V%(PXI,Xt)dt‘FO'dBt (13)

with the functional H given by
o2
H(w) ::F(p)+7/Vdp. (1.4)

In the sequel, F will be assumed to be a polynomial of degree at least two on the probability space (see Eq. (1.20)), so that
H is a homogeneous polynomial (without constant term) on the probability space.

General mean-field generators and mean-field limits. A mean-field particle system is a system of n particles charac-
terised by a generator of the form

L 1
Voed cEp(RD)Y), ZLyox):=) L, M), where = ;ZSxi (1.5)
i=1

and for a given probability measure p € 22 (RP), %, is the generator of a Markov process on RP defined by
1 x
Ly=b(W-V+ 5 Tr(ea”(, W), (1.6)

and the notation ZM; ¢ denotes the action of an operator £ defined on (a subset of) €p(RP) against the i-th variable of a
function ¢ € %b((RD)”); in other words, ZM;y is defined as the function:

x€RP) — Ly — @X1,..., Xi—1, V) Xit1,---» Xn)] (X)) ER.

The n—particle generator (Eq. (1.5)) associated to this class of diffusion generators induces the McKean-Viasov diffusion
process given by Eq. (1.1). The associated n—particle process is governed by the following system of SDE:s:

Vie{l,...,n), dX}"=bX}" uxndt+oX},", uxs)dB}, (1.7)

where B!,...,B" are n independent Brownian motions. .

A kinetic particle ZV™ := (X", V™) € R% x R? is a particle defined by two arguments, its position X}" and its velocity
V;"” defined as the time derivative of the position. The evolution of a system of kinetic particles is usually governed by
Newton’s laws of motion. In a random setting, the typical system of SDE:s is thus the following:

dxi" =vi'dt

. dr o _ 1.8
avy™ =B V" pxn)d e+ o (X" Vi, pxe) dBl -

Vie{l,..., n}, {
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where F: R? x R x (R — R? and o : R x R x P(RY) — 4(;(R). Note that it is often assumed that the force field
induced by the interactions between the particles depends only on their positions. Thus, we consider

S|

n
pxn == SX?” (1.9)
i=1
instead of Hz». Note that in the system Eq. (1.7) there are actually nD independent one-dimensional Brownian motions.
In particular, for kinetic particles defined by their positions and velocities, the noise is often added on the velocity variable
only (this case is nevertheless covered by Eq. (1.7) with a block-diagonal matrix o with a vanishing block on the position
variable). This special case of the McKean-Vlasov diffusion in RP = R? x R? is also often called a second order system
by opposition to the first order systems when R® = R?. In this paper, we will establish some uniform exponential conver-
gence of the particle systems Eq. (3.5) and Eq. (3.16) which in turn will allow us to derive the same properties for their
mean-field limiting dynamics.

Propagation of chaos. Eq. (1.1) appears naturally as the mean field limit of Eq. (1.7): This phenomenon is called chaos
propagation. The notion of propagation of chaos for large systems of interacting particles originates in statistical physics
and has recently become a central notion in many areas of applied mathematics. Kac gave the first rigorous mathematical
definition of chaos ([54]) and introduced the idea that for time-evolving systems (Eq. (1.7)), chaos should be propagated
in time, a property therefore called the propagation of chaos. Kac was still motivated by the mathematical justification
of the classical collisional kinetic theory of Boltzmann for which he developed a simplified probabilistic model. Soon
after Kac, McKean ([68]) introduced a class of diffusion models (Eq. (1.1)) which were not originally part of Boltzmann
theory but which satisfy Kac’s propagation of chaos property. In the classical kinetic theory of Boltzmann, the prob-
lem is the derivation of continuum models starting from deterministic, Newtonian, systems of particles. In comparison,
the fundamental contribution of Kac and McKean is to have shown that the classical equations of kinetic theory also
have a natural stochastic interpretation. This philosophical shift is addressed in the enlightening introduction of Kac
([56]) written for the centenary of the Boltzmann equation. On this topic, we refer to (among others) the seminal papers
[17, [68],[54],[56],[731,[871,[391,[701,[82],[271,[12],[37]] and more recently [51, [52],[50],[38]] and for applications, the
reader may look at [20, [71],[47]] in mean field games, [81, [88],[40],[23]] in optimization, [29, [30],[31]] and [49,
[62],[69]1,[83]] in machine learning, [8, [9],[7],[76],[77]] in biology...

General McKean-Vlasov PDE. Let us now focus on the martingale problem related to Eq. (1.1) and on the associated
PDE. It is classically assumed that the domain of the generator £, does not depend on p. This domain will be denoted by
F < 6,(RP). In that case, it is easy to guess the form of the associated nonlinear system obtained when n — +oo. Taking
a test function of the form @(x;,..., x,) := W(x;), where ¢ € &, one obtains the one-particle Kolmogorov equation:

d
%@X},n,w) = f(RD)n Ly, 90)Pxr (dx) = [E[pr?tP(X?)]- (1.10)

Note that the right-hand side depends on the n—particle distribution. If the limiting system exists (propagation of chaos)
then, its law 1, at time ¢ = 0 is typically obtained as the limit of the empirical measure process:

e "= gy (1.11)

This also implies Py, nZEe i:. Reporting formally in the previous equation, it follows that p; should satisfy
t

d . .
(che?, %(pt,q»:(p[,zpt(p))ﬁatptzfgtpt, where $J[ is the weak adjoint of %, . (1.12)

This is the weak form of an equation that is called the (nonlinear) evolution equation. Note that the evolution equation
is nonlinear due to the dependency of £, on the measure argument p. This is a very analytical derivation. Its stochastic
equivalent is given by a nonlinear martingale problem:

Definition 1.1 (Nonlinear Martingale Problem). Let T € (0,+00) and let us write I:= [0,T]. A pathwise law pj €
P (2(1,RP)) is said to be a solution of the nonlinear mean-field martingale problem issued from po € 22(R°) whenever
VoeZF,

t
MY = p(X,) ~ p(Xo) - fo L 0X)ds, (113)

is a yy martingale, where (X;)e1 is the canonical process and for ¢ = 0, p; := (X;)y 1. The natural filtration of the canonical
process is denoted by ox.
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Note that pj contains a priori much more information than the evolution equation Eq. (1.12) and as the notation implies,
M := (X;)gur solves the evolution equation. If the nonlinear martingale problem is wellposed then the canonical process
(X¢) re1 1s a time inhomogeneous Markov process on the probability space (2(I, RD), oy, un). This Markov process is called
nonlinear in the sense of McKean or simply nonlinear for short. In other words, Eq. (1.1) defines the stochastic process
whose evolution of laws is governed by the evolution PDE Eq. (1.12).

The evolution equation Eq. (1.12) can be written in a strong form (at least formally) and reads:

1 D
OrHe(x) = =V~ (b(x, u)py) + 3 > ax;'axj((GO-*)i,j(x’p’t)pt)- (1.14)
ij=1

This is a nonlinear Fokker-Planck equation which is used in many important modelling problems. This equation was
obtained (formally) previously using only the generators when n — +oco. Here, there is an alternative way to derive the
limiting system: looking at the SDE system Eq. (1.7), the empirical measure can be formally replaced by its expected
limit ;. Since all the particles are exchangeable, this can be done in any of the n equations. The result is a process
(X1) ;=0 which solves the SDE: (McKean-Vlasov process)

dX;=bX;, u)dt+oX;, 1,)dBy, (1.15)

where (B;) ;>0 is a Brownian motion and X ~ Ho. Moreover, since for all i, X’t” has law Pxi,n and since it is expected that
Px
The dependency of the solution of a SDE on its law is a special case of what is called a nonlinear process in the sense of
McKean (Eq. (1.1) is equivalent to Eq. (1.12) via mean-field system given by Eq. (1.5) and nonlinear martingale problem
given by Eq. (1.13)). Note that when o = 0, the limit equation Eq. (1.14) is the renowned Viasov equation which is
historically one of the first and most important models in plasma physics and celestial mechanics. Equivalently, our main
objective is the study of the long-time behavior of the solution flow of the nonlinear (2,,F must at least depend on the
measure otherwise we find the standard Fokker-Planck PDE) Fokker-Planck equation:

1n "= g, the process (X;);s0 and the distributions (1;) ;o should be linked by the relation: for all £ >0, X; ~ ;.
t

2 2
atmzv.((@mF(m,-)+%W)m+ %Vm). (1.16)

General framework. Under appropriate conditions, the process Eq. (1.15) is well defined or (equivalently) that the PDE
Eq. (1.14) or the martingale problem Eq. (1.13) are wellposed. The result in [27, Proposition.1] (or Theorem A.1) gives
the reference framework in which all these objects are well defined. Depending on the form of the drift and diffusion
coefficients, the McKean-Vlasov diffusion can be used in a wide range of modelling problems. The first case is obtained
when b and o depend linearly on the measure argument. Namely, for 72, m € N, let us consider two functions K; : R xR% —
R", K, : R? x R? — R™, and let us take b(x, W = E(x,Kl * 1(x), o(x,w) = a(x, Ko x u(x)), where b:RYxR" - RY,
G:RYxR™ — #;(R) and K; % u(x) := [K;(x, y)u(dy). When K;,K and b, are Lipschitz and bounded, the propagation
of chaos result is the given by McKean’s theorem.

In many applications, o is a constant diffusion matrix, K; (x, ) = K(y — x) for a fixed symmetric radial kernel K : R — R
and b(x, 1) = K* p(x). The case where K has a singularity is much more delicate but contains many important cases. For
instance, in fluid dynamics, when K is the Biot-Savart kernel K(x) = % in dimension d = 2 (defining (x1, %)% = (=x2,x1))

and o(x, W) = v20ld; for a fixed o > 0, the limit Fokker-Planck equation reads:

2
(o)
OrHr + V- (uKx ut)=7Aut, (1.17)

By translation invariance, the quantity w; = pt; — 1 is the solution of the famous vorticity equation which can be shown to
be equivalent to the 2D incompressible Navier-Stokes system (see [52]). The case of gradient systems is a sub-case of the
previous one when o (x, 1) = old for a constant ¢ > 0 and

b(x, 1) = —VV(x) _fw VW (x - y)u(dy) (1.18)

where V,W are two symmetric potentials on R respectively called the confinement potential and the interaction potential.

The limit Fokker-Planck equation
2

[0)
Orkr = AR+ V- (e V(VEW ) (1.19)

is called the granular-media equation. The general case Eq. (1.1), where b and o have a possibly nonlinear dependence
on U can be extended to even more general cases. A simple extension is the case of time-dependent functions b and o (see
e.g. [27]). In this article, we consider a polynomial dependence in the measure p induced by order statistics (many-body
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interaction) in order to generalize the results obtained in the case of a linear interaction in the measure p defined by the
convolution via a potential two-body interaction ([43], [42]). More exactly, under adequate assumptions (HMV),(VFP)),
we are interested in the exponential return to equilibrium of the solution of Eq. (1.16) in the case

N
Fo =Y. [whayet, (120)
k=2

where Vk € {2,...,N}, W) is a symmetric interaction potential between k particles and N represents the number of such
potentials. The intrinsic derivative 9,,F(v, y) associated with this functional is given by

61:; N k _
V%(v,y) =y ijW(k)(xl,...,xj_l,y,xjH,...,xk)v@k Ydxy,...,dxj-1,dxj, ..., dxp) (1.21)
k=2j=1

The associated microscopic (particle-level) interaction is given by (U—statistic of order k and kernel ® = W(®)

k!(n—-k)!

U, w®) .=
n!

Y o wlhn X)) where X = (X7, X" € (RD)". (1.22)

1<ii<..<ig<n

UX™) := Up(®) is called U-—statistic of order k and kernel ® associated with the sample X”. This statistic corresponds
to the arithmetic mean of the kernel ® over all the parts at k elements of the set of sample values. we often write
U, (W) (X™) :=: U(X"). We generalize this definition to the space of probabilities by the functional

ne2RP) *’f Ddp®*, (1.23)
RkD

called monome of degree k and coefficient ® on the probability space 22(RP). The link between these two microscopic
and macroscopic interactions is given by
N
> Un(W*) =F(uxn). (1.24)
k=2
The granular-media equation Eq. (1.19) is given by Eq. (1.16) when

1 2
F(w = f WO (x, yypdxpdy) W,y = SWE-p V= V). (1.25)

Indeed, in this case, we have

OF
()= f W (x, y)pdy) + f W (y, )u(dy) = f W= y)pdy) = W x () (1.26)

OF
9ﬂ’lF(p')-x:) = V%(U;x) (127)

Energy and Large Deviations. Consider G: Jllp (RP) — R (which can be nonlinear) and a probability (Gibbs) measure a
associated with potential V. For any ¢ > 0, we put

2
VoS (m) := G(m) + %H[ml(x]. (1.28)

VG is an energy function regularised by the KL—divergence H[m|a] which is given by Eq. (2.6) in §2. It is known (see
e.g. [49, Proposition.2.5]) that V®C is minimized by a measure m®* satisfying the following fixed point problem (it is
noteworthy that the variational form of the invariant measure of the classic Langevin equation is a particular example of

this first order condition)
1 _2 (36,0
mO* (dx) = —e o2 om "

* 02
ATV gy (1.29)
Zg

where Z is the normalising constant, and for any m € Jllp (RP) and x € RP, 5—2(m,x) denotes the flat derivative of G

with respect to m, in the direction of x, evaluated at m. For any ©1,0; € Mf (RP), the function 66_’?1 :./ﬂlp (RP) x RP — R
satisfies

1 oG
G(©2) - G(O)) = f f 98 @1+ A0 - 01), 002 - 01) (D) A (dN). (1.30)
o Jrp dm

This notion of derivative appears in the literature under several different names, including the linear functional derivative
(seee.g [21, Section.5.4.1]) or the first variation [1]. It is important to note that g—r?l is defined only up to a constant, i.e., for
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any c, the function 28 + ¢ is also a flat derivative of G. Everywhere in this paper we will adopt a normalizing convention

e om
requiring

8G
f o Bm (m,x)m(dx) =0, which then makes the choice of the constant unique. (1.3D)
R
Note that
P HIal(v,) = V1o (ﬂ)( ) (1.32)
m y)=Viog| oo ) .

Large Deviation Principles imply propagation of chaos, but they do not always give a way to quantify it since the related
results are often purely asymptotic (for instance, Sanov theorem is non-quantitative). Nevertheless, the results of large
deviations turn out to be very useful for the technical passages in the macroscopic limits: when one makes tend the num-
ber of particles to infinity. In the seminal article [10], the authors improve results from [59] and [16] on Large Deviation
Principles (LDP) for Gibbs measures and obtain as a byproduct a pathwise propagation of chaos result for the McKean-
Vlasov diffusion. Firstly, [10, Theorem.A] (or Theorem A.2) states a large deviation principle for Gibbs measures with a
polynomial potential. [10, Theorem.B] quantifies the fluctuations of px» in the non-degenerate case. Analogous results
for the degenerate case are given in [10, Theorem.C]. For more details, see also [27, Theorem.4.7, Corollary.3]. We use
the large deviations results obtained on the order statistics in [63]: In addition to the fact that the mean-field entropy
functional (Eq. (A.3) or VV2F defined by Eq. (1.28)) is a rate function (Theorem A.2) for the random empirical measure
pxn, the authors show that it is a good rate function that has good tensorization properties.

Long time behavior. In the present paper, we are concerned by the long-time convergence towards the solution to an

optimization problem on the subspace ﬂlp (RP) of probability measures .#; (RP): we consider a function E: ﬂf (RP) — R

and we want to find a minimizing measure m* := arginf thp([RD)E such that for a gradient flow (see e.g. [1] and [78])
1

(my) =0 associated with E, we have an exponential estimate of the deviation E(m;) — E(m*) of the form (with C =1 and
p>0)
E(m;) —E(m™) < C(E(mg) —E(m*))eP’. (1.33)

Eq. (1.33)-type Inequalities are called hypocoercive inequalities. We call E—E(m*) the entropy functional ([531,[51,[32])
of the system and —%(E(m,) —E(m™)) the production of entropy (usually called energy in mathematical literature).
Clausius invents the concept of entropy, Boltzmann proposes to derive entropy along the flow. Generally speaking, an
entropy is a Lyapunov functional of a specific form. It is however hard (and even somewhat artificial) to give a formal
narrow definition of entropies that distinguishes them from, say, energies. An entropy is a quantity calculated from a
solution, which decreases over time when the solution obeys an evolution equation, and which is stationary only for the
stationary solutions of the equation. In conclusion, the concept of entropy is a tool that adapts to what we want to study.
The notion of hypocoercivity was proposed by T. Gallay. The objective is typically to control the entropy at time ¢ by
the initial entropy multiplied by a constant C (always greater than 1) and a exponential decay factor, with exponential
decay rate as good as possible in big time. This theory is inspired by the hypoelliptic theory of L. Hormander, and the
terminology hypocoercivity accounts for the relationship between entropy and its derivative with respect to ¢t. There
would be coercivity if C = 1, which is clearly not possible in most cases considered in kinetic theory. It is well known
that, for the standard Langevin equation of Hamiltonian V (given by Eq. (1.2) in the case F = 0), the following assertions
are equivalent:

>0V e €XRY), pEnty[¢?] s2f|lV(p||2d0(. (1.34)
Jp>0, pH[|a] <2I[]|a]. (1.35)
Jp>0vr=0, HlpY|al <Hlyglale . (1.36)

These three equivalent assertions imply the T2—Talagrand inequality
%, (00 < 2H[al, (1.37)

inequality which, in turn, implies an exponential contraction in wasserstein metric #>, i.e. the exponential convergence of
the flow (p‘t/) =0 (solution of the Fokker-Planck equation associated with the standard Langevin process of Hamiltonian
V) to the maxwellian (invariant measure of the Langevin process that can also be seen from equivalently as the unique
argming, s, H[-|a]) o of the Fokker-Planck PDE given by Eq. (1.16) in the case F = 0:

2
VE=0, P, < =Hlpylale ", (1.38)
P

Eq. (1.34) and Eq. (1.35) respectively define the logarithmic Sobolev inequality ([5]) and its dual version. According to
the dimension curvature criterion of Bakry-Emery, we have

(30> 0v(x, W eR! xRY, (V)R h) > p||h||§) — Eq. (1.34). (1.39)
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Note that in the case of the symmetric Langevin-Kolmogorov process, we have

my=yy, m*=a E=H[lal, E(my)-E(m*)=Hp|a, (1.40)

d d
—E(E(mt)—E(m*)) = —%H[ma] =1V |a. (1.41)

The objective of this work is to identify a flow of measures (m(t”F)t>0 (flow solution of Eq. (1.16)) such that
VO (mF) —voF o) =10, (1.42)

as well as conditions ((HMV),(VFP)) that ensure that this convergence is exponential. To this end, we equip the space
¢! (RP) with a suitable distance function d: .} (RP) x ] (RP) — R and consider a corresponding gradient flow, where
the form of the flow is dictated by the choice of d. Such a problem has been dealt with in the case of the Fisher-Rao metric
(see [62]): the authors established from a Polyak-Lojasiewicz inequality the exponential convergence of the gradient
flow (m?’G) =0 described by the birth-death equation along VG towards VoG (m®*). In our case, Eq. (1.33) implies the
exponential decay in d-metric (transport distance):

dm?’", m™*) < y(vOF (mg ") =V (m®*))e P, (1.43)

Eq. (1.43) is a consequence of transport inequalities (see [90]). Moreover, given a measure m* satisfying the first order
condition Eq. (1.29), it is formally a stationary solution to Eq. (1.16) called the Maxwellian of the McKean-Vlasov PDE.
Therefore, formally, we have already obtained the correspondence between the minimiser of the free energy function
and the invariant measure of Eq. (1.2). In this paper, the connection is rigorously proved mainly with a probabilistic
argument. The study of stationary solutions to nonlocal, diffusive Eq. (1.16) is classical topic with it roots in statistical
physics literature and with strong links to Kac’s program in Kinetic theory [73]. We also refer reader to the excellent
monographs [1] and [4]. An important issue is the long-time behaviour of gradient systems which is often studied under
convexity assumptions on the potentials. In particular, variational approach has been developed in [24] and [78] where
authors studied dissipation of entropy for granular media equations Eq. (1.19) with the symmetric interaction potential of
convolution type (interaction potential corresponds to term 2,,F in Eq. (1.16)). Following on from the work done in [78]
and [24] (among others) on the long-time behavior of Eq. (1.19), in [43], the authors proved via a uniform logarithmic
Sobolev inequality in the number of particles that

2
V=0, Hwlv]<Hwlvole ™Sz and #Z(vs,Veo) < —Hw[vole P52, (1.44)
PLs

Eq. (1.44) translates the exponential decrease of the mean field entropy Hy (given by Eq. (1.33) with E = VOF) and the
contraction in Wasserstein metric (d = #5) of the solution flow of Eq. (1.16) in the case

1
o=v2 and F(u = EfW(x,y)p(dx)p(dy). (1.45)

The study of the long-time behaviour for the VFP equation is often more difficult than that of the McKean-Vlasov equation
because of two reasons:

(1) it is a degenerate diffusion process where the Laplacian acts only on the volocity variable and;

(i1) itis not a gradient flows but simultaneously presents both Hamiltonian and gradient flows effects.

In [44], combining the results of [43] and [74], the trend to equilibrium in large time is studied for a large particle system
(given by Eq. (3.16) in case of a two-body interaction) associated to a Vlasov-Fokker-Planck equation by the authors:
they showed that under some conditions (that allow non-convex confining potentials), the convergence rate is proven to be
independent from the number of particles. From this are derived uniform in time propagation of chaos estimates and an
exponentially fast convergence for the nonlinear equation itself.

Contributions. In this paper, we are going to prove

(1) entropic convergence to equilibrium for the nonlinear McKean-Vlasov SDE (mean field limit of the first order
system given by Eq. (3.5)) generalizing results (given in Eq. (1.44)) of [43].

(ii) by Villani’s hypocoercivity theorem (see e.g. [42, Theorem.3] or [89, Theorem.35]) the H! —convergence for the
kinetic Fokker-Planck equation with mean field interaction given by Eq. (3.16).

(iii) exponential convergence towards equilibrium in metric #,—Wasserstein for the flow solution of the Vlasov-Fokker-
Planck equation: mean field limit of the second order system given by Eq. (3.16).
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On the long-time behavior of the McKean-Vlasov PDE 2 NOTATIONS AND DEFINITIONS

In the literature, these results are obtained by purely analytical tools such as, among others, the gradient flow structure,
the Gronwall lemma. In this paper, we give rigorously probabilistic proofs (see §5, Fig. 1 and §6) based directly on the
propagation of chaos, the large deviations principle (see Proposition 5.13 and Proposition 5.14), the uniform log-Sobolev
inequality (see Theorem 5.17), Villani’s hypocoercivity ([42, Theorem.3] or [89, Theorem.18 and Theorem.35]) theorem
(see Proposition 5.20) and Hormander’s form (see e.g. respectively Theorem.7 and Theorem.10 in [74, [75]]). The fact
that the interaction is polynomial is important in calculations, among other things, for passing to the limit in the number
of particles: technical passage to the limit given by LDP.

Plan of the paper. Let us finish this introduction by the plan of the paper. In the next three sections, we will present
our mean field systems (Eq. (3.5),Eq. (3.16)), our set of assumptions ((HMV),(VFP)) and the main results (in §4) of the
paper concerning logarithmic Sobolev inequality of mean field particles systems as well as exponential convergences to
equilibrium for McKean-Vlasov (Theorem 4.1,Theorem 4.2), kinetic Fokker-Planck (Theorem 4.3) and Vlasov-Fokker-
Planck (Theorem 4.5) SDE:s. In §5, we sketch a proof of our results and we introduce the pre-proof tools. In §6, we prove
our main results. And we end the paper with the appendix, the acknowledgments and the bibliographical references.

2 Notations and Definitions

We try to keep coherent definitions and notations throughout the article, but as the various objects and what they represent
may become confusing, we list them here for reference :

Notations. We note ||| - |||;j1 g the operator norm associated with the weighted Sobolev Hl(pg) space induced by the
invariant measure p; of our second-order system given by Eq. (3.16). We have

H' ()= {0 e L2, Vo WMD" h 1l = 1l + f (19013 + 11 u00113) . .1

.....

n=1, &, is the n-th symmetric group. For all p € [1 + co), the Wasserstein p-distance between two probability measures
u and v on RP with finite p-moments is given by

1
= i _ p P = D D = =
W, v) = (YE}I(lEyV)jI;ZDx[RD llx=yll; Y(dxdy)) , T(wv): {Y eZR”xRY), my=p and my v}. (2.2)

We note Mlp (RP) the space of probability measures with finite p—moments and || -||op the matrix subordinate norm.

Definitions.

Good rate function: We recall the definition of a rate function on a Polish space E and the LDP for a sequence of
probability measures on (E, Z8(E)). 1 is said to be a rate function on E if it is a lower semi-continuous function from E to
[0,00] (i.e., for all L= 0, the level set {I < L} is closed). I is said to be a good rate function if it is inf-compact, i.e. {I <L}
is compact for any L € R. A consequence of a rate function being good is that its infimum is achieved over any non-empty
closed set.

®-entropy: Let (Q,9,P) be a probability space, ®:1c RP — R convex and X : Q — 1< RP a random vector such as
XeL!, ®X) e L! and E[X] € I. We call ®-entropy of X, the quantity defined by:

E?[X] := E[®(X)] - DE[X]). (2.3)

By assumptions, it is easy to see that 2% := Dom(E®) c L! is convex and moreover, E® : 2® — R, by Jensen’s inequality.

Remark 2.1. Variance and entropy are examples of ®—entropies for ® = ||-||? and @ : x — xlog(x). It is easy to prove
(by the theorem of the orthogonal projection on a closed convex set of a Hilbert space) that the variance of X is exactly
the square of the distance in norm L? of X to the subspace of almost surely constant random variables, that is:

VIX] = inf E[[X - A]?] = inf E[®X) + P(\) — D' (M)X] (2.4)
AeR AeR

and this lower bound is reached at A = E[X]. We talk about variational formulation of ®—entropies (Monge-Kantorovitch
duality and Wasserstein spaces). Moreover, we have:

Ent[(1 +€X)?] = 2e*V[X] + O(e®). (2.5)

If @ is strictly convex, then the ®—entropy of X is zero if and only if X is constant almost surely.
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On the long-time behavior of the McKean-Vlasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

Relative entropy: Let u € 2(RP). We define H[-|u] : 22(R?) — [0, +o0] such that

vy _. dvy
Ey(log d_u] =: Entu[du] if v .p., 2.6)
+00 otherwise.

H{v|u] ={

And we recall that in the first case of absolute continuity, % is the Radon-Nikodym density of v with respect to L.
Relative Fisher information: We also define the Fisher-Donsker-Varadhan information of v with respect to p by:

= [ ) au = [ |10 = [/ i @)
av

if v« pand e € Hfl, and I[v|p] = +oo otherwise. H;11 is the domain of the Dirichlet form

guig— [Ivglian (2.8)

UPIL. We say that p(dx) := %e‘H(X)dx (Gibbs probability measure of hamiltonian H : R"® — R) satisfies a uniform
Poincaré inequality if
IAN>0 Vn=2 VYeeEPR™M), AVl < [EH[IIV(pIIZ]. (2.9)

And we call Poincaré constant the best constant A; (1) for which we have such an inequality.
ULSI. We say that p satisfies a uniform logarithmic Sobolev inequality if

>0 VYn=2 VYeeE€ R™), pEnty(e?] <EulIVel?]. (2.10)

And the best constant prs (i) for which such an inequality holds is called the logarithmic Sobolev constant.

Remark 2.2. 'We recall that
ULSI. — UPI. (2.11)

The Poincaré and log-Sobolev inequalities for p are equivalent to exponential decreases of the semigroup (P;) ;50 respec-
tively in variance and in entropy, i.e.

> Poincaré
Vel 120, P =< Pllzgy <e MW = Hllzgy- (2.12)
> Log-Sobolev
vV fel'(wlogl'(w) ¢=0, Enty[P,f]<e PSWEnt,(f]. (2.13)
Here, the notation L' () logL! () denotes the entropy definition domain under .
We say that i satisfies a T, —transport (Talagrand) inequality if there exists a > 0 such that #},(-, u) < y/aH[-|p].

Remark 2.3. Moreover, as with the Poincaré and log-Sobolev inequalities, the second implies the first. The class of prob-
abilities verifying T is identical to that having an exponential moment of finite order 2. The T, inequality is significantly
more structured than the T; inequality since it involves a spectral gap inequality.

3 Mean-Field Systems and Assumptions

Throughout the paper, we consider a confinement potential of a particle V : R? — R € ¢*(R%) and N interaction potentials
such that
vie2,..., N}, WH:®RHF —Rre€*(®RN"). 3.1)

We recall that Vo € & and Vx = (x1,..., Xg),

1 1
WE G- x0)=WP (%), aldx):= Ee*Wx’dx, U,W0y=— Y w1, (3.2)

nl,.., irelk

where I’fl ={(i1,...,0) € Nklip #ig, 1<ip<n}is the set of possible arrangements of k integers of the set of 7 first
nonzero integers, which gives II’,ClI = A],Cl = (n+'k), We define W&~ := max(-W® 0) and WE* := max(W®0) the
negative and positive parts of W, vy such that W%~ e L (u®¥),

WO ] = E e (WO = E o (WP - E e WO L. (3.3)
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On the long-time behavior of the McKean-Vlasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

3.1 Our Systems
First order case. We consider the microscopic mean-field many-body interaction energy given by
n N K
Hy (X1, %) := Y V(xj)+n Y, U,(WH). (3.4)
j=1 k=2

The (non-kinetic) McKean-Vlasov process is defined as the mean field limit (under adequate assumptions given below)
of the sequence (X"),>N of Langevin-Kolmogorov process of Hamiltonian Hy,, i.e.: (N fixed)

Vn=N, dX!=v2dB,-VH,XMdt. (3.5)

Let
%n:=A-VH, -V (3.6)

be the infinitesimal generator and (P}) ;¢ the associated semigroup of unique invariant measure (under (HMV) below),
the Gibbs measure

n

1
Hn(dx) = Z—e‘H"(")dx with Zn:=f(Rd)ne‘H"(X)dx< +00 (3.7)

is the normalization constant (called partition function). Note that

Cn
W (dx) = Z—e*nzﬁzunth)a@"(dx). (3.8)

n

Without interaction (i.e. Yk, W =0 or constant), \, = a®7 (i.e. the particles are independent). We denote
1 n
Ln(x;):=— ) 8y,() (3.9)
niz

the map empirical measurement (which may be deterministic or random depending on the nature of the configurations).
We know that under general conditions, by propagation of chaos ([87]), L,,(X";) converges weakly towards the solution
of the nonlinear partial differential equation of McKean-Vlasov associated with the system of particles. We define

Z
W (dx) = e " k2 UnW ) o ®n (g x) = o Hn(d). (3.10)

The macroscopic mean-field energy is given by

Hiplo] + XN, wk if H +o0o and WK~ e LI (u®F),
Ew[p]:z{ [lod + T3, WOl if Hiplod < +oo an e L (u®k G
+00 otherwise.
Let
dom(HW)::{p, Hlplo] < +c0 and VK, W(k)'_ELl(p@’k)}. (3.12)

Remark 3.1. Hy := Ey —infEyy is called the mean field entropy. We can prove that Hyy is inf-compact (Theorem 5.9)
and that there is at least one minimizer usually called equilibrium point. From the point of view of statistical physics,
Hyy is an entropy or free energy associated to the nonlinear McKean-Viasov equation given by Eq. (3.5). The uniqueness
of the minimizer means that there is no phase transition for the mean-field. Works on the uniqueness in the case of pair
interaction: [43], [66] and [24]. These authors ([66],[24]) showed that Hyy is strictly displacement convex (i.e. along the
W>-geodesic) under various sufficient conditions on the convexity of the confinement potential V and the pair interaction
potential W® . In case of a many-body interaction, under assumptions in (HMV), we prove in Proposition 5.12 the
uniqueness: then we denote [l this minimizer.

Analogously, we define the mean-field Fisher information by:
1 OEw 2
twinl = [ [[75 2 09| wean. (3.13)

Remark 3.2. Without interaction (Vk, Wk = constant), we find the Lyapunov functionals associated with the standard
symmetric Langevin-Kolmogorov process whose Hamiltonian is given by the confinement potential V. More precisely, in

this case:
N

Ew =H[-|a] + Z constant, Hw =H[-|la] and Iy =I[-|a]. (3.14)
k=2
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On the long-time behavior of the McKean-Vlasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

Kinetic case. Set

12 N
2= (X1,.nn, Xy UL, -n ., Uy) € RE H%(z):5Zlvj|2+2V(xj)+nZUn(W(k)) (3.15)
j=1 k=2

and Z":= (X1, xmn oyl oy e (RE x R4 such that

dx"' =V, HA(Z"dt
(3.16)

v} = ~(Vo HEZD + Y, HE (2Dt + V2dB,.
We are going to study the long-time behavior of the mean-field limit of the Langevin process (Z%) ;o of Hamiltonian

H%(x, V) :=S1,,(x) + Sz, (v) with Sy, is none other than the Hamiltonian H,, of the McKean-Vlasov case and S, the
velocity part (S, := HS —S1 ,,). Invariant measure of the Langevin process is given by

1 1
wl(dxdv) = Ee_H%(Z)dxdv = e St dxC—e_SZ'”(’”)dy = 1, Qo n(dxdv). (3.17)

1,n 2,n

And the parabolic PDE in the sense of the distributions associated with this Kolmogorov-Fokker-Planck SDE is:
Btk =Ayp+VS2,- Vol =VS1 - Vol +VSg - Vol = Aypu+ -V = VS - Vo + 0-Vop = £ (3.18)

with
L7n:=0Ny—v-V,+VSy -V, —v-Vy (3.19)

the generator of the strongly continuous semigroup (P%,(H))tgo (if the hessian V?S1 5, is bounded, it is a Markovian semi-

group defined by the Kolmogorov-Fokker-Planck SDE) and we note ffg , adjoint in the sense of distributions. In other

words, for any test function ¢ € €° (R4 x R%)™), the function (t,z) — P%’(”)q)(z) is the unique solution of the Cauchy

problem:

oh _ oM _ cpt
6 =Ll VS = b (3.20)
h(0,) = . Mo =0.
Vlasov Fokker Planck free energy and associated mean field entropy are given by
1 2 X k) 7, @k
& :=HJ |dxdv]+—f llv]|“u(dxdv) + f w¥d +fV(x) (dxdv) 3.21
u u 3 Joaga 1VIH kgz o N u (3.21)
N
=Hlpla® A (0,1d,)] + f w® gk
o d kgz S 1
and
F =& -Inf& =& - &[Y%). (3.22)

They are Lyapunov functionals for the Viasov-Fokker-Planck partial differential equation whose solutions are obtained
as mean-field limits of our kinetic Fokker-Planck particle system given by Eq. (3.16). Mean Field Fisher Information for

Vlasov-Fokker-Planck is given by (A:z (I((i)d) € Mgd,d(R))

5 2
Vg6, V)HAA* wdxdv).  (3.23)

8 8
J[p]::f<vx’v—é"(p,x, V), AA* V) — & (1, X, u)>p(dxdu):ﬂ
om om

The functional obtained by replacing A by Z := (?igd) € Mo g4 ([R), we will talk about auxiliary Fisher information. We
21dg
have
d d
6= — s = - <o. (3.24)

3.2 QOur Assumptions

(HMV): We put the following hypotheses on the potentials which will ensure properties of existence, uniqueness and
contraction:

(H1)(Hessian) The hessian of the confinement potential is bounded from below and the hessians of the inter-
action potentials are bounded.
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On the long-time behavior of the McKean-Vlasov PDE 3 MEAN-FIELD SYSTEMS AND ASSUMPTIONS

Remark 3.3. This is a regularity condition. It also provides good properties on the confinement potential and
the interaction potentials: Since the Hessian V2V of V is bounded from below, and V satisfies a Lyapunov
condition (H2), by Cattiaux-Guillin-Wu, « satisfies a logarithmic Sobolev inequality.

(H2)(Lyapunov) There are two positive constants ¢; and ¢, such that
VerRd, x-VV(x)BclllxIIZ—CZ. (3.25)

This hypothesis is a Lyapunov condition.

(H3) (H)

®),-()—3k .
Hlplal +E o W] < 400, VA0, f MWLV gy < oo (3.26)
for some measure .
Remark 3.4. For exemple, can to take
N
we dom(Hy) (N {p, wh+ el (p®k)}. (3.27)
k=2
(H4) (H&,) There exists p =2 such that for some x( (hence any xg)
VA >0, f ) M=l 3 (dx) < +oo. (3.28)
R
(H5)(Logsob) The invariant measure [, of the system satisfies a logarithmic sobolev inequality such that
limsupprs(py,) > 0. (3.29)
n—+oo

Remark 3.5. This assumption is usually given by Zegarlinski conditions ([43],[95],[94]).
(H6)(Lipschitz) There exists a distance dr;, on a subset Z of PR such that (./%lz(Rd),%) continuously

injects into (Z,d;p) and ®: pe€ Z — O(dx) := Zlue_%(“’”_w") dx € Z satisfies
Jke©,1[, Yu,veZ, diip@), V) < kdyp(y,v). (3.30)

In others terms, ® is k-Lipschitz (contraction) for d;p.
Remark 3.6. This assumption is verified in the case

1
sup fllx—y||¢>(p)(dx)q>(v)(dy) <1, (3.31)
IJ,VE./%II(Rd),p#V %(uyv)
and in this case, we have
1
Z= Mf RY) dijp=m k= sup f||x—y||d>(p)(dx)CD(v)(dy). (3.32)
H,VEuﬂll (R‘h,p#v %(pr V)
Note that
1 f = VIR dIOW ) = = f llx = ylle™ 8 D= ZNVO-VD g gy, (333)
71/1(“;\/) %(HVV)ZMZV

Here, we assume a contraction assumption to ensure uniqueness. In [43], the authors used Eberle conditions
applied to Eq. (3.33) to establish this Lipschitz hypothesis Eq. (3.30): Lipschitzian spectral gap condition
for one particle. Some authors (see e.g. [78],[24]) rather use the displacement-convexity by assuming that
the functional G in VoG is displacement-convex. And as the relative entropy is strictly displacement-convex,
VG is also strictly displacement-convex, which implies the existence of an entropy minimizer ensuring its
uniqueness.

(VFP): In this case, we assume the following assumptions:

(HMV)
VFP1. Lipschitz interactions:

Vkef2,3,...,N} 3IK>0, [[vWH| <K (3.34)
VFP2. Lyapunov condition on confinement:
IV*Vllop < K1lIVVII +Ka. (3.35)

Remark 3.7. Either of these conditions ensures that the kinetic Fokker-Planck semigroup converges exponen-
tially ( as a family of operators of Jfl(ug) indexed by time ) towards p;; and uniformly in the number of
particles (see [42] or [89]).
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

4 Main Theorems

4.1 First-order case

Under (HMV), we establish (see §6 for the proof) the following two main results (thus generalizing those of [43]). Let
(Kp) r=0 (given by the arrow (1) in Fig. 1) be the flow of solution distributions of the McKean-Vlasov equation associated
with the particle system defined by the U—statistic and the confinement potential. Then for any initial condition admitting
a moment of order 2, the mean field entropy Hy decreases exponentially along the flow, i.e.:

Theorem 4.1 (Exponential decreasing of mean-field entropy). Assume (HMV) and let g € Jﬂf (R%) be an initial condi-
tion. Then .
V=0, Hwlp, <Hwlpole P52, (4.1)

From the exponential decrease of the mean field entropy along the flow, we deduce the following exponential convergence
in Wassertein metric:

Theorem 4.2 (Exponential convergence in Wasserstein metric from flow to equilibrium). Assume (HMV) and give us an

initial condition [ € Jllz R4). Then

2
VE20, H5(Me Hoo) < —Hw[uo]e“’LS?t- 4.2)
PLs

4.2 Kinetic case

For kinetic type models, the extension of the above results relies on applications of hypocoercivity arguments (see e.g.
[42] or [89] for background). In this setting, we first obtain an exponential decrease in ||| - ||| .1 norm (defined in §2).

Theorem 4.3 (Uniform exponential convergence to equilibrium in the weighted Sobolev space). Assume (VFP) and give
us an initial condition L € Jllz (R? x RY). Then

<ae P (4.3)

Z,(n)
>0 >0 vnz2, ||[PP" - .

Remark 4.4. We still have Theorem 4.3 if we replace the uniform logarithmic Sobolev inequality given in (HMV) by a
uniform Poincaré inequality. We keep the logarithmic Sobolev inequality to have the following Theorem 4.5. Note that
the constants a > 0 and > 0 can be made explicit uniform. The originality of the proof relies on functional inequalities
and hypocoercivity with Lyapunov type conditions, usually not suitable to provide adimensional results.

Theorem 4.5 (Exponential decay in Wasserstein metric). Under (VFP), there are constants C >0, £ > 0 and x > 0 such
that Ve 2R xRY), Yn=2and Vt >0,
HIp2 (1|2 < CH[pL (0)[pl]e ™, (4.4)
W2 (WP, p%) < kCF e, 4.5)

where L is the initial condition and ¥ (defined in Eq. (3.22)) is the mean-field entropy associated with our second order
system given by Eq. (3.16).

5 Sketch of proofs and preliminaries

5.1 Sketch of proofs

First order case. The diagram given in Fig. 1 summarizes the strategy of proof: we show (4) from (1) , (2) and (3). And
in this diagram, the quantities involved are:

> p.®”P§”) = p,(f) the law at time ¢ of the particle system induced by the confinement potential and the U—statistics;
> pg)(t) the i—th marginal of p,(?);

> pé.’f) = U, the invariant measure of the particle system;

> p.(ni) the i—th marginal of p;

> O; =, the law at time ¢ of the McKean-Vlasov process obtained by propagation of chaos;

> O = Moo the invariant measure of the McKean-Vlasov process;
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Ergodicity
Functional inequality
n—o0, [—00

4]

0, O
in d-metric

exponentially

Sanov's Theorem and
(1) (3) uniqueness of O
[—o0, H—o0

Propagation of chaos
n—oo, [fixed

(n)yii (), (i)
[ut@uPI JI:!] poo
in d-metric

exponentially
@rrplnl p["’
I's o0
2)

u

Ergodicity
Functional inequality
nfixed, 1—oo

Figure 1: Diagram of convergences

> d=#,.

Arrow (1). The McKean-Vlasov process classically appears as the mean-field limit of a particle system. This property is
recalled and studied, among others, in [27].

Arrow (2). The process X" is a homogeneous diffusion process of the Langevin-Kolmogorov type which is a class of
Markov processes. In the literature, the long-time behavior for this class is classically studied (see e.g. [5, [4]]). In order
to ensure this property (see §5.2.Theorem 5.17), exponentially in time and uniformly in number of particle n, we rely on
(H5) in (HMV) and the equivalence between Sobolev’s inequality, exponential decay of entropy and Talagrand’s second
inequality for Gibbs measures.

Arrow (3). This arrow is ensured by (H3) and (H4) in (HMV) which allow us to obtain large deviations principle and
Sanov-type theorem (see §5.2.Theorem 5.9.Proposition 5.11).

Arrow (4). To establish this last arrow, we will use the fact that the nonlinear Sobolev inequality (prsHw < 2Iy) given
in §5.2. Theorem 5.17 is also equivalent to the exponential decrease of the mean field entropy Hy along the flow () >0
of the McKean-Vlasov distributions and to the second nonlinear Talagrand inequality (prs 7/22(-, Hoo) < 2Hyw). Note that
Talagrand inequalities allow to recover usual Wasserstein convergence (and then convergence in law) from entropic con-
vergence. Note that concentration inequalities could also stem from Talagrand inequalities, although the stronger Loga-
rithmic Sobolev inequality is more often used in this context.

Remark 5.1. The exponential convergence in entropy (given in Theorem 4.1) should be equivalent to the mean field
log-Sobolev inequality prsHw < 2Iw (in Theorem 5.17), basing on (gradient flow and Gronwall lemma)

d d 1 ek
—— Hwlk] = Iwlkd = ——Hwlp] < =S prsHwlid = Hwli < Hwikole PLS2 5.1
noted by Carrillo-McCann-Villani in their convex framework. The proof of —%Hw[pt] =Iw(p;] demands the regularity
of t— p (Fig. 1) which requires the PDE theory of the McKean-Vlasov equation. That is why we prefer to give a rigor-
ously probabilistic proof based directly on the log-Sobolev inequality of |, (Fig. 1) in (HMV).H5. As for Theorem 4.2 on
exponential decay in Wasserstein metric, it follows from the previous one (Theorem 4.1) via Talagrand’s T2-inequality.
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Second order case. The proof in this case, can also be described by the diagram given in Fig. 1 but with the following
notations:

> p®”P§") = p(7) the law at time ¢ of the kinetic particle system induced by the confinement potential and the
U —statistics;

> (P D = (1) the i—th marginal of p}(1);

> pég) =y, the invariant measure of the particle system;

> p.g’m the i—th marginal of pJ;

> O = pyFP the law at time ¢ of the Vlasov-Fokker-Planck process obtained by propagation of chaos;
> Oy = pZ, the invariant measure of the Vlasov-Fokker-Planck process;

> d=|ll-—lllg g ord="7%>.

Arrow (1). We first recall the generator £y, ;, defined (in Hormander form) by Eq. (5.82) is a non-symmetric hypoelliptic
operator (see Remark 5.18). The related n-particle system given by Eq. (3.16) converges to the Vlasov-Fokker-Planck
equation (mean-field limit of Eq. (3.16)) when n — +oo (see e.g. [27]).

Arrow (2). The process Z is a homogeneous diffusion process of the Langevin type usually called kinetic Fokker-Planck
process. The study of the long-time behavior of the particle system requires the help of hypocoercivity tools (see e.g. [42]
and [89]). We recall that

N
VxeR™, $;,(0:=YVa)+n) U, WH). (5.2)
k=2

In particular, (VFP) ensures the following Poincaré and log-Sobolev inequalities

> UPIL We say that y; , satisfies a uniform Poincaré inequality if
A>0 Vn=2 VeeEPR'™), AV, [0 <Ey, IVl (5.3)
> ULSI. We say that p,,, satisfies a uniform logarithmic Sobolev inequality if
>0 VYn=2 Yee€ R™), pEnty,,[9°] <Ey, V@l (5.4)
Under (UPI), we are able to obtain as an application of Villani’s theorem the following exponential rate to equilibrium

< (Xe_ﬁ[ (55)

Z,(n)
vn=2, H|P’r "_ugl HlH!

with constants o > 0 and > 0 make explicit uniform. The idea in Villani’s proof of [42, Theorem.3] is as follows: if
one could find a Hilbert space such that the operator £, is coercive with respect to its norm, then one has exponential
convergence for the semigroup (P?'(")) =0 under such a norm. If, in addition, this norm is equivalent to some usual norm
(such as Jfl(pg)—norm), then one obtains exponential convergence under the usual norm as well. In his statement of
[89, Theorem.35], the boundedness condition is verified by IIVZSL,,IIOp < C(1 +IVSy nll) with a constant M depending
unfortunately on the dimension. The L? and H' norms are not suitable to obtain a result on the non-linear system (such
as Eq. (4.4) and Eq. (4.5)). On the other hand, thanks to (ULSI) playing a fundamental role in the exponential return in
Wasserstein metric (see e.g. [74, Theorem.7] or [75, Theorem.10]), we are able to prove Eq. (4.4) which in turn will allow
us to deduce Eq. (4.5).

Arrow (3). The results of large deviations on the U—statistics in the non-kinetic case in §5.2 and the fact that pj =
H1,n @ Ho,, allow to deduce that the random empire measurements of the kinetic particle system satisfy the principle of
large deviations under p; of good rate function defined by

V(e Ho) € 2o (RY) x 2,(RY),  T(py, 1y) := Hw (] + Hpy |4 (0,1d )] (5.6)

Thus there exists by inf-compactness a Maxwellian to the nonlinear Vlasov-Fokker-Planck equation and this equilib-
rium (invariant measure of the nonlinear Vlasov-Fokker-Planck process) is unique. See §5.2.Theorem 5.9.Proposi-
tion 5.11.Proposition 5.12.Appendix A.3.

Arrow (4). This part is obtained by the first-order case by exploiting the uniform logarithmic Sobolev inequality and the
Hormander form given by Eq. (5.82) (see §5.2).

Remark 5.2. By applying hypocoercivity tools to the system with n particles given by Eq. (3.16), we obtain a (uniform in
n) convergence rate to equilibrium which in turn extends to the limiting non linear system.
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5.2 Preliminaries

The results on the U—statistics (5.3,5.4,5.5,5.6) and the inf-compactness of the entropy functional Hy (5.7,5.9,5.11) are
inspired by [63] in the case S = R?. We recall that the expectation of WX under u®¥ exists if and only if

[Ep®k[W(k)'+]<+oo or [Ep®k[W(k)’_]<+oo. (5.7)

Back to U-statistics. First we present the law of large numbers of the U—statistic (see [[58], Corollary 3.1.1] or [[63],
Lemma 3.1]). We recall that U-statistics are defined in Eq. (1.22).

Proposition 5.3 (law of large numbers for U—statistics). Let (X;)n>1 be a sequence of independent and identically dis-
tributed random variables with values in a measurable space (E, B(E)) equipped with its Borelian tribe and ® : EF — R
a symmetric measurable function such that

n—+oo

E[l®Xy,...,Xp)] <400, then U,(®@) — E[D(X,...,X)] with probability 1. (5.8)
Proof. See Appendix A.5 or [63]. O
In terms of integrals, this result means that for any function ® € Ay, (EX,R) with EX provided with the tensor tribe (or
product) and any measure p € 22(E) such that ® € L! (u®*), we almost surely have

Un(@) "5°F o1 (0] := fE PPk dx). (5.9)

This result can also be seen as a law of large numbers for U—statistics. From this result, we deduce that Vk € {2,...,N}, if
Wk el (p®k), then we almost surely have Un(W(k)) tends to W) [u]. We first recall the decoupling inequality of Victor
H. De La Pena (see [[28], 1992]).

Proposition 5.4 (Decoupling and Khintchine inequalities for U—statistics). Let (X,) =1 be a sequence of random vari-
ables with values in a measurable space (E,B(E)), independent and identically distributed. We assume that

&I, XD ek (5.10)

.....

are k independent copies of (Xy,...,X,). Then for all increasing convex functions ¥ : [0,+00) — R and measurable
symmetric ®: EF — R such that E[|l®Xy,...,X)|] < 400, we have

e ¥ e, xp|)| <E[e(c] X ecd,...xb|)] (5.11)
(i1 e i) ETE (i1 e i) EIE
with .
Cp:=8 and Vk=3, Cp:=2FJ](/-D. (5.12)
j=2

Proposition 5.5. Let 1 < k< n, (X{)lsisn,ls#k be independent random variables with values in (E,2%8(E)). For all

<

(i1,...,ik) € I’,Cl, defining @, i, :E¥ —Ra measurable function of k variables, we have
1 . ‘ n—k+1 1 . r
log[E[ exp (@ Z;C (Dl (Xil’ . ’Xik))] < T Zk lOg[E[ exp (mfbl (Xi1 yoos ’Xik))] . (513)
i€ly, n iely
Proof. See Appendix A.5 or [63]. O

Proposition 5.6 (Decoupling corollary). For (X;)is1 a sequence of independent and identically distributed random vari-
ables according to o, we denote A, (-, W®) the log-Laplace transformation associated with the U—statistic of order k,
i.e. to within a factor, the logarithm of the moment generating function, namely

1
Vn=k=2, VYA>0, A,\W®):=_—logE
n

MU (5.14)

IFWR e L1 (a®k), then

1
Ap L, WE) < z1ogrE[exp (kaMW(’C) (xl,...,xk)|)]. (5.15)
Proof. See Appendix A.5 or [63]. [
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Large deviations: inf-compactness of mean-field entropy and existence of an equilibrium point. We will use a large
deviations result ensuring the infcompactness of the entropy functional to show the existence of an invariant measure for
the nonlinear process studied.

Proposition 5.7 (Lower bound of large deviations for L,, under W},). Under the integrability assumptions on the interaction
potentials (W(k))kk@], we have the lower bound of large deviations for {|\},(Ly € )} n=n, i.e.

1
YO < A, (RY) open, [*(0):= lrizrlli&f; log(u, (L, € 0)) (5.16)
>—inf{EW[p]) neo, v2<ks<N, whel'p®hl

In particular, we have

o1 .
l’%r_r}lg{;log(zn) —log(C)} > —1nf{EW[p]| netnH®RY, v2<ks<N, wHe Ll(p®k)}~. (5.17)
Proof. See Appendix A.5 or [63]. O

Proposition 5.8 (Exponential approximation of the U—statistic). Assuming that for all A >0,
ElexpAIW®|(X;,...,X4))] < +00, (5.18)

then there exists a sequence (Wﬁ,’?)m;l of bounded continuous functions such that

1
v8>0, lim 1imsup;10gu:>(|Un(vv,(j?) ~U,WH)|>8) = —c0. (5.19)

M—=+00 p—toco

Proof. See Appendix A.5 or [63]. O

Theorem 5.9 (Large deviations principle for U—statistics). Let (X;)i>1 be a sequence of independent and identically
distributed random variables with distribution o. We assume that we have exponential integrability of the interaction
potentials under the tensor products of a by itself, i.e.

Vke(2,...,N}, VA>0, ([E[e)‘lw(k)(xl ----- Xk”]<+oo<=>eA|W(k)‘€Ll((x®k)). (5.20)

Then
{P((Ln,Un(W(Z)),...,U,,(W(N))) € )} (5.21)

n=N

satisfies a large deviations principle on the product space 41 (R?) x RN"! and good rate function given by

Hiplal, if Yk, xe=WHE[],

. (5.22)
+00 otherwise.

Iy (Y, x2,..., XN) :={

Proof. Let (W ,(ff)) m=1 be the sequence of bounded continuous functions of the proof of Proposition 5.8 (see Appendix A.5)
such that for all A >0,

e m k) :=log [ DWWl go@k M=t (5.23)
®RAE
For all m =1, we set
Fr = (Wl W), f0= (W, W ). (5.24)
We consider the following metric on the product space
N
d((p,xz,...,xN),(v,yz,...,yN)) = dip (W, V) + ) Xk — Yl = dip (W, v) + llx = ylly, (5.25)
k=2
and note that N
d(fin(W, fF() =Y, ( f W% —wk)au®k|, (5.26)
k=2 J®RHE
The sequel of the proof is divided in three steps.
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Step 1: Continuity of f,,,. For this step, it suffices to show that for all k € {2,...,N}, g € ./ (R%) — W%‘) [p] is continuous
for the convergence topology weak. Let p, e W in (4, (R%),dpp) . By the Skorokhod representation theorem, there
exists a sequence (Y,), of random variables with values in R? such that Y, ~ M, and almost surely, Y, "Ry~ M.
Let (Yg) n=0, Y(i))1<,~< r be independent copies of (Y,,n = 0,Y). We have for all i, almost surely, Y(ni) noEpo Y% which
implies that almost surely, (Y,...,Y®) "=5° (v Y®). In particular, p®F tends weakly to p®*, which proves the
continuity of the above functional.

Step 2: Good exponential approximation of (L, U, (W), . U, WNy) by fm(Ly,). By exponential approximation of
the U —statistic, we have for all 8 >0,

lim limsup —logIP( ((Ln,Un(W(Z)),...,U,,(W(N))), (L, Up(W®), ...,U,,(WS;D))) > 6) _—
m=+00 p—toco

i.e. (Ln,Un(Wﬁ,zl)),...,Un(Wﬁ,T))) is a good exponential approximation of (L, U,( W), .. U, WNYy)

Moreover, (L, U,(W®),...,U,(W®™N)) and f,,(L,) are exponentially equivalent because we have the following uniform

estimate

Wi - [wibar 4] < (1 ) i, w1+ 1 ) (5:27)
<2(1- Ly |)||W(’C)||oo”*""o.

We get that when m — +o0, f;,(L,) is a good exponential approximation of (L, U, (W®),..., U, (W®™)).

Step 3: LDP. By Sanov theorem and the LDP approximation theorems, to get the desired LDP, it suffices to show that for
allL>0,
sup  d(fin (), F() "=0. (5.28)
u,  Hlplal<L
Indeed, for all A > 0, L > 0 and p such that H[p|a] < L, by the variational formula of Donsker-Varadhan and Fatou’s
lemma, we have for all k€ {2...,N},

1
f|w§jf)—w<k>|dp®ks X(H[p@km@k]+1ogf e“Wﬁff)—W(k”da@k) < (kL+s()\, m, k)). (5.29)

>

This completes the proof of the theorem because A is arbitrary and for all A > 0, (A, m, k) omanagdy} O

We are now able to prove the inf-compactness of the mean-field entropy functional.

Proposition 5.10 (Inf-compactness of the mean-field entropy functional). From (H(l) ) and (H(Z) ) in (HMV), the mean-
field entropy functional is inf-compact.

Proof of Proposition 5.10. We will do the proof in three steps. We recall that if we have a good rate function, then its
infimum on any closed nonempty is reached, that is to say that this infimum is a minimum.

Step 1: W) bounded from above. In this case, from (HS&V) and (H{,Z‘Zv) in (HMV), we have for all A >0,

E[MW® 10X ¢ 4 oo, (5.30)

In principle, large deviations for the U—statistic, under P := a®N, (L,,, U, (W®),..., U, (W™N)) satisfies a large deviations
principle on .4 (R%) x RN~1 of good rate function Iy. As

N
Y U, W) s continuous in (L, U,(W?),..., U, WMy, (5.31)
k=2

k;
Vp>1, hmsup—log[E e P UnWO | )

n—+oo

by what precedes and the theorem of R.Ellis, we deduce that pn((Ln,Un(W(Z)), ..., U, (WY e . satisfies a large devia-
tions principle with rate function defined by

N N
I, x2,...,x8) =Ty (W, X2,..., XN) + ) X —  inf {IU(p,xg,...,xN) +) xk}. (5.32)
k=2 W, X250, XN k=2
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

So
Ew[p] — inf, Ew([n] if Hlpla] <400, Vk, xp=W®[u],

. (5.33)
+00 otherwise.

I(H)XZ)---)xN)z{

We conclude by the principle of contraction that p,(L, € -) satisfies a PGD of rate function Hy. Note in this case that Ey
is inf-compact, so Hy too.

Step 2: General case. In this case, for all L > 0, we set W]Ek) :=min(W® 1). So

Hiplod + XN, WP if Hiplad < +oo,

E = 5.34
WL[p-] {+OO ( )

otherwise.

is inf-compact on .#; (R?) by step 1. This proves that Hy is also inf -compact by passing to the monotonous limit. For
all closed & < .4, (R%) and L > 0, we have

N N
WLy € F) = fuLneg exp(— ny Un(W(k)))doc@” < fﬂLngg exp(— ny Un(wi’“)))da@’” (5.35)
k=2 k=2
< exp ( - nulg;EwL (] + o(n))
and this last inequality is given by the LDP for the U—statistic and the Varadhan-Laplace lemma. It follows

1 1
limsup —logpy (L, € F) < — inf Ew, [u] = limsup —logp}, (L, € F) < — inf Ey[y] (5.36)
n HEF n HEF

n—+oo n—+oo

by monotone limit and inf-compactness. In particular, for & = .4, (R%), we deduce that

1
limsup{—loan —logC} <- inf Ewl[pl. (5.37)
n—+oo N HEM (RD)

By the lower bound of the large deviations for L,, under p}, obtained, this upper bound and given that Ew[p] = +oo if for
akef2,...,N}, W ¢ L1(u®k) we derive that

1
li —logZ,-logC{=—- inf E 5.38
nilllm{ n Og n Og } HEJZ}(Rd) W[H] ( )

which is a finite quantity by assumptions and inf-compactness. With this equality, we thus obtain upper and lower bounds

of large deviations for {p, (L, € )} >N.
O

Proposition 5.11 (Sanov’s theorem for the Wasserstein metric by Wang et.al). Let (X,,),»1 be a sequence of independent
random variables, identically distributed, with values in R% endowed with one of its norms that we will denote || - || and
law a. We have equivalence between the following two assertions
(i) (P(Ly € ))ns1 satisfies a principle of large deviations on the Wasserstein space (Jllp (Rd),Wp) with speed n and
good rate function H[-|«] .

(ii)
VA>0 xp€eRY, fd M50l o (dx) < +o0. (5.39)
R

Proof. Since we have established a LDP for the random empirical measure L,, under p, on .#; (R%) equipped with the
topology of weak convergence, it suffices to prove the exponential tension of (i, (Ly, € *)) =N On (j[lp ([R{d),Wp).

LetKc Jllp (R%) be compact and (a, b) € [1,+00]? a pair of conjugate exponents (% + lla =1). By Holder’s inequality, we
have

cn N
M (L € K) = —— f ﬂLneKexp(— ny. Un(w(’”))da@” (5.40)
n k=2

ol

< ;—n(o{@n(LnQK))‘ll(fexp(—nbliUn(W(k)))d(x(X)n) )

n
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It is deduced that

limsup — logpn(Ln ¢K) < —hmsup —log(x®"(Ln ¢ K) —limsup —log— (5.41)

n—+oo a n—+oo n—+oo

1 1
—hmsup exp (— n Z Un(bW(k)))da®".
b k=2

n—+oo

Now the right-hand side of this inequality is upper bounded by

1
- hmsup — 10ga® (Lp,e¢K)+ inf Ewlul—-= inf Epwlul, (5.42)
a n—+oo pey (RY) b pett; (RY)

and from the above, infME 6 RY) EwI[p] and

N
inf Epwlpl:= inf {H[pla] + Z bW(k)dp@’k}, are finite quantities. (5.43)
et (RY) He40 (RY) k=2

Under (H4) in (HMV), the LDP holds for L, under a®" on the Wasserstein space. So, for all L > 0, there is a compact
Ky, <.} RY) such that

limsup —log(x®”(Ln ¢Kp)s—al—a inf Ew[pl+ 4 inf  Epwlpl. 5.44)
—+00 ety (R b pe.t, %)
It follows that
limsup — log UnLy €Kp) < (5.45)
n—+oo
O

Uniqueness of invariant measure. The assumptions on the interaction potentials and the confinement potential ensure
the existence (via the inf-compactness of the entropy functional proven in §5.2 and [63]) of an invariant measure (global
minimum point for the entropy functional) for the McKean-Vlasov process obtained by propagation of chaos. It remains
to prove the uniqueness. To do this, we will use the characterization of the local extrema of a differentiable functional in
the sense of Fréchet (flat derivation) on an open set. Let

@:z{pegw(ued), Hlpla] < +oo, VK, fW(k)'_dp®k<+m} (5.46)
=H[-|o] (| — 00, +ooD) (V¥ (| — 00, +oo [N 1),
with

Yip— (fW(Z)'_dp®2,...,fW(N)’_dp‘X’N). (5.47)

We know that Ey = +o0 over GC. By Fréchet differentiability of the relative entropy H[-|a] and of ¥ on .#; (R%) endowed
with its structure of differential Fréchet manifold, @ is open as an intersection of open sets. We deduce that the local
extrema (here minimum) of Ey are critical points on @, i.e. p € @ such that

Zy :=fe_§7i(”’”_vmdx < +00, 8—(p, )=0< pu(dx) = Z—e =3 DV g (5.48)
1l
Proposition 5.12 (Fixed point uniqueness). The functional
I:pe@c R — T(wdx) = —e**(” D VO gxeo (5.49)
p

admits a unique fixed point.

Proof. Indeed, according to the hypothesis H6. of (HMV), we have

dpip T (W), TV) < kdpip(, v), (5.50)
and since there is a fixed point, suppose by absurd that there is more than one, i.e. there is p, l2 € @ such that p; # po
and for all i, I'(y;) = y;. It follows that k = 1 which is absurd because k < 1. O
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

Cesaro tensorial: About entropies and Fisher Information. We will establish convergences in entropy and Fisher
information which are useful for the proof of the exponential decrease of the mean field entropy and the establishment of
the nonlinear Talagrand inequality.

Proposition 5.13 (Convergence in relative entropy). For any probability measure v on R? such that H[v|a] < +oo, we

have:
n—+oo

1
;H[v "lunl — Hwlvl, where u, isdefinedin Eg. (3.8). (5.51)

Proof. For p such that p < a and for all k€ {2,...,N}, W0~ e L' (u®F), we have

du®”"

1 1
THW® M =~
nH[H IHnl = [E [d T

+n Z U, w®) +log (5.52)

=H[p|a] + Z fW(k)dp®" + ;loan ~logC.
k=2

We recall that a(dx) := efc(

f ) M 3 (dx) < +00. (5.53)
R
By asking:
7= f( " e IR Un W gen gy ey (5.54)
we get: (by Fubini-Tonelli)
c" N g W
W (dx) = Z—e—”zm "W a®m(dx). (5.55)

n

Letve 4, (IRd) be such that H[v|a] < +o00. Since
H[v®¥o®k] = kH[v]a], (5.56)

x— Ml e (o) and
k
Vke2,..,N} VxeR, (wWRP@I<pa+ Y Il (5.57)
j=1

by boundedness of its hessian V2W® (hypothesis (H1) in (HMV)), according to Donsker-Varadhan variational formula
of entropy, we have W® € L (v®¥). We have successively: (by a direct calculation and application of the Fubini-Tonelli
theorem)

dven 1 dave"
E t =— 1 av®: 5.58
|l1n] n Hn[ dlln nu[(le)" Og( dIJ.n ) v ( )
We deduce that:
1 ~
—H[V®”|pn = fZlog( (x;) ) ave" + ZfUn(W(k)dv®”+ﬁlog(Zn) (5.59)
nl_lgl@% log(Z,) = “11{R )EW [n] (see Theorem 5.9),
1 & dv
— log|—(x)|dv®" =H 5.60
nf; og (T (xn)av®" = Hivlad (5.60)
and finally, we also have: (see Proposition 5.3)
N N
Y f U,W®yaver =y f WO (x)v®* (dx). (5.61)
=2 k=2
Thereby:
N
VO ] " H v + Y f WRx)ve¥(dx)~ inf Ew[n = Hwv]. (5.62)
= ne (R4)
What needed to be proven. O
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

Proposition 5.14 (Fisher Information Convergence). If I[v|a] < +oo, we have:
1 -
—Iv®" ] " I ). (5.63)
n

Proof. For any probability measure v on R? such that I[v|a] < +oco, by the Lyapunov condition (H2) in (HMV) on the
potential V, we have:

clfllxllzdv<62+l[v|oc] < +00. (5.64)

As the second order derivatives of W® are bounded by the condition (H1) in (HMV) on its Hessian, V ij(k) has a linear

increase. So V ij(k) € L2(v®F). By the law of large numbers for independent and identically distributed sequences, we
have successively:

Vy, log(%)

1
~Iiv ] = on (5.65)

n

+ Z Vx,-Un(w(’C’)szv@"

—nfg’

v1og (xl)+val U, W®)|| aver
=3/l I

- k 2
marey fHVlog (y)+kzzzl Vx].W(k)(xl,...,xj_l,y,xj+1,...,xk)v®k_1(_ ﬂ#.dxl-)H v(dy)
j i=1,i#]

=Iwl[vl].
O

We recall the tensorisation property of relative entropy: The Proposition 5.15 on entropy and tensor product allows us,
in what follows, to show the exponential decreasing of mean-field entropy along the flow of solution distributions of the
McKean-Vlasov equation associated with the particle system.

Proposition 5.15 (Relative entropy and tensor product) Let HN 1 @i and Q respectively be a product probability measure
and a probability measure defined on Eq x --- x EN a product of Polish spaces. Denoting Q; the marginal distribution of
Xx; under Q, we have:

N N
HIQI [ o] = ) HIQ;la;]. (5.66)
i=1

i=1
Proof. See Appendix A.5 or [43]. O
Proposition 5.16 (Relative entropy and Boltzmann measure). Let | be a probability measure on a Polish space E and
U :E — (—o0, +00] be a measurable potential such that:

f e PYdu < +oo (5.67)

S e -U ;
for some p > 1. Considering the Boltzmann probability measure py := 4= d\, if for some measure v, H[v|py] < +oo, we
have successively:

(i) H[v|u] < +oo and U € L}(v).
(ii)
H[v|pyl =H[v|u] +[Udv+log[ e Vdp. (5.68)
Proof. See Appendix A.5 or [43]. O

Functional and transportation inequalities. Functional inequalities are powerful tools to quantify the trend to equilib-
rium of Markov semigroups and have a wide range of important applications to the concentration of measure phenomenon
and hypercontractivity. ¥n, we recall that p, (1) :=Po (X!)™! and B, := prs (Hn)-

Theorem 5.17 (Transportation inequalities). Under the assumptions in (HMV), we have
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

(i)
Hij, (0] < Hipg O)lpale P2 = Hp® ", e P2 (5.69)
pLs (M) HE[1p] < 211 ual; (5.70)
PLS ()57 () < 2H[ ). (5.71)

(ii) 3! Poo € A (R?) such that: (§5.2.Proposition 5.12)

Hoo = argmin{HW[v],v €M (Rd)}, (5.72)
with Hy the mean field entropy.
(iii) prs :=limsup prs(u,) > 0 checks:
n—+oo
vves4RY, prsHwlvl<2Iw[v] and prs#(V, foo) < 2HwI[V]. (5.73)

We say that we have a nonlinear log-Sobolev inequality for the first inequality and a Talagrand transport inequality
for the second.

Proof of Theorem 5.17. The logarithmic Sobolev inequality of constant f; := prs(u,) for u, given by (H5) in (HMV),
the large deviations principle ( Sanov’s theorem) in §5.2 and the uniqueness of the minimum argument (i) in Proposi-
tion 5.12 of the mean field entropy ensure that we have successively:

> Vu such as H[p|a] < +o00, (§5.2.Proposition 5.13.Proposition 5.14)

n—+oo n—-+oo

1 1
—HP®" ) "= Bl and T ] "= R . (5.74)

> Equivalence between Sobolev’s inequality, exponential decay of entropy and Talagrand’s second inequality for
Gibbs measures (Otto-Villani,[79],[90])

BnH[ W, <2I0Iu,]  and Bl () < 2HE [yl (5.75)

> Chaos propagation. ([27, [73]]) Denoting (1) =0 the flow of solution distributions of the McKean-Vlasov equation
associated with the particle system defined by the U— statistic and the confinement potential, if pg € MIZ(IR”Z), then

for any non-empty set I ¢ N* of finite cardinality, Pxn (i), CONVerges in metric L?>—Wasserstein to p?card(l) (arrow
(1) in Fig. 1).
> Denoting pg) the i-th marginal distribution of p,, we have by uniqueness and LDP (arrow (3) in Fig. 1)
N £
iy = Hoo- (5.76)

> By symmetry of y,, all its marginal distributions are identical and as
n .
WEW®" wn) = Y W WP, W = (W, (5.77)
i=1
we deduce:

nB (W, 1) < 2H[u® " |y, (5.78)

By equivalence of the logarithmic Sobolev inequality to the exponential decrease of entropy along the semigroup, we have
(arrow (2) in Fig. 1)

Hlpt, (0lia] <Hlp O)lpale 2 = Hp® " pale ™2, w,(0:=Pox) ™. (5.79)

And by lower semi-continuity of the Wasserstein metric, we deduce the nonlinear To—Talagrand inequality given by
(arrow (4) in Fig. 1)

PLS T3 (M, Moo) < prs iminf 5’ (u, ;) < 2Hwlpl, - prs = limsuppy, > 0. (5.80)

n—+oo

We also have the nonlinear logarithmic Sobolev inequality given by (arrow (4) in Fig. 1)

psHw[] < 2Iw[-]. (5.81)
O
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On the long-time behavior of the McKean-Vlasov PDE 5 SKETCH OF PROOFS AND PRELIMINARIES

In Kinetic case. We consider /7, := Ay —V,S1,,-V = £, the elliptical generator associated with p; , =, .

Remark 5.18. £z, admits the following Hormander form

0

$Zn_X0+Y+ZZX”, Xjj==— Xo=-v-V, Y=VS;,-V,-v-V, (5.82)
i=1j=1 avl‘)j
The family
{xl,l,...,x,-,j,...,xi,j,---,X,,’d,[Y,Xl,l],...,[Y,Xi,j],...,[Y,x,,’d]} (5.83)

form a basis of R>"? at any point. Which implies by Hormander’s theorem that %, , is hypoelliptic. Moreover, £, is
non-symmetric, i.e. in Lz(pg), we have :

.Zz*n =Lrn-2Y= (.,%Z*'n,@(ffz*’n)) is not a closed extension of (L7, 2(ZLz,n))- (5.84)
The following known lemma is a key to the Lyapunov type conditions. We include its simple proof for completeness.
Proposition 5.19 (Lemma.8 in [42]). For any function ¢ € €(R"?) strictly positive (¢ > 0), we have

WA
Ve . [ - Tov i< [ wwiap,. (5.85)

Proof of Proposition 5.19. Indeed, by integrating by parts, we successively obtain

A, 2
f n(szdp.l,nSf<V(p,V%>dp1,n (5.86)
2yV 2y
sf<V(p, ll!(pw w(p <P>d o

< f |VU/|2dpl,n-

And this last inequality follows from the inequality

\%
<2wV\p, < T +|Vyl©. (5.87)

O

This second Proposition 5.20 is the heart of the proof of Theorem 4.3: this proposition is inspired by [42, Lemma.10] for
the two-body interaction. It uses Lyapunov conditions, yet well know for being highly dimensional, but at the marginal
level, thus providing results independent of the number of particles.

Proposition 5.20. Under the conditions in (VFP) giving UPI, there are two constants Cy and Cy depending on N,K,K;,K>
and d (dimension of R?) and such that

Ve G, [ IV < C [ 1Vapidp+Cz [ wPdpn (5.88)

Proof of Proposition 5.20. This lemma follows from the Lyapunov property, from the particular form of the invariant
measure generator' (1 ,, and from the previous Proposition 5.19. Indeed, we have:

@)
IV2VIZ, < mi (1= YIIVVIE - AV) + 1, (5.89)
) , 25K{d? 1
M :=5K7 mn2:=4K5+ Y= 5 (5.90)
1 We have
n
Fon=Y Ti, Ti=Ax, —VV(x))- Vxl—nz Vi, UpWE) . v .
i=1 =2
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On the long-time behavior of the McKean-Vlasov PDE 6 PROOFS OF MAIN THEOREMS

(ii) Since the interactions are Lipschitz, we know that Yk € {2,...,N}3IK® such that |[VW® || < K®,
Let K:= maxiK®, k=2,... N It follows that

N K2
-nY Yy, U,(WP). vV (x;) < (N DKIVV|(x;) < (N - 1)(5 + gIVVIZ(x,-)). (5.91)
k=2
But for ¢(x) := ezV(xl we have
FE ;i
2t = = = XAV + G - DIVVEG) -7 3 V.U W) -7V (5.92)
¢ ¢ 2 k=2
Thereby
T, N N-1)K?2
2709 v + Y v + DK (5.93)
2 2y
Moreover, we have
H, (N-DK?
A= IVVIP () - AV(x) < 2208 220 (5.94)
YP 2y
Therefore, by the inequality obtained in (i),
T, (N-DK?
IVAV eIz < mi (2250 + === +np (5.95)
2y
Integrating with respect to y?d; ,,, we obtain
2 S, (N-DK?
flIVZV(xi)ll(z)pwzdm,n < %f n(p\llzdlll,n + (112 + Tm)f\vzdul,n- (5.96)
And we conclude by the previous Proposition 5.19 that
[iotveaig i, < i [1VaPdi s ca [ vidp, (5.97)
where C; = 2% and Cp =1 + —5 2~ (N-DKE DKZ ni.
O
6 Proofs of Main Theorems
Proof of Theorem 4.1. Indeed, we have the inequality (Proposition 5.15)
—H[Hn(f)|0(®"] > H[u (0)]a] 6.1)
and by lower semi-continuity of relative entropy and propagation of chaos,
11m1nf H p(l)(t)la] =Hpy o] (6.2)
On the other hand, we have (Theorem 5.9.Theorem 5.17.Eq. (5.52))
1 1
e TGITAES ;H[p?”lpn]e_ﬁ"?t and hmmf H[ "unlePr? = Hyy[pole P52, (6.3)
Also, as
n _ N g (k)
Hp(dx) = —e T2 UnW o ®n (g5, (6.4)
n
we also have
Hlp, (D) ps] = —H[pn(t)I(X®"] + Z f U, W*)dp, () + (— log(Zy) —log(C)) (6.5)
and (§5.2.Eq. (5.52))
N k n—+oo N k Rk N k 1 n—-+oo
Y fUn(w( Ndpa(t) "=y fw‘ 'auPt =Y WP, —logZ,) -log(C) "=~ inf Ewlul. (6.6
- k=2 k=2 n pel RY)
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On the long-time behavior of the McKean-Vlasov PDE 6 PROOFS OF MAIN THEOREMS

It is deduced that

Vt=0, Hwlpole P52 >11m1nf —H{a (1)) > Hljlod + ZW(k)[pt] inf Bwlpl=Hwlul. (6.7
k=2 pe (RY)
This completes the proof of the exponential decrease of entropy along the flow. O

Proof of Theorem 4.2. Just use the nonlinear T, —Talagrand inequality, i.e.: (Theorem 5.17)
VE=0, prs#y (e Hoo) < 2Hw . (6.8)

This completes the proof of the desired inequality: We conclude with the Theorem 4.1. O

Proof of Theorem 4.3. By the Lyapunov condition in the assumptions (VFP), we can apply Proposition 5.20 and obtain
that for any y € ' (u,,), it holds

fllVZV(xi)llﬁpwzdm,n <C1/|Vx1V|2dH1,n+C2fW2dll1,n, (6.9)

with C; = Y L and Cp = 1 + {EUK DK n: for instance which are independent of the number 7 of particles. It follows that

the boundedness condition in Vlllanl s theorem holds. Since the uniform Sobolev inequality implies the uniform Poincaré
inequality, we can apply Villani’s hypocoercivity theorem ([42, Theorem.3] or [89, Theorem.18 and Theorem.35]), which
completes the proof. O

Proof of Theorem 4.5. Note that (7} (£)) >0 is a solution of a (large dimensional) linear Fokker-Planck equation, for which
the exponential decay of the entropy is already known under assumptions including (VFP) (see e.g. [89]). Consider the

generator £z, given by Eq. (3.19). Then ¥, := dszi ) , the density of the law of the particle system given by Eq. (3.16)

with respect to its equilibrium distribution, solves
0:¥Yn=%;,¥n (6.10)

This is a linear kinetic Fokker-Planck equation, for which convergence to equilibrium has been proven by many ways. All
we need to check is that the explicit estimates we obtain do not depend on n (see e.g. respectively Theorem.7 and Theo-
rem.10 in [74, [75]]). The key point in Eq. (4.4) is that C and £ do not depend on n: Indeed, as pg = U1,n ® Mo, and these
measures satisfy logarithmic Sobolev inequalities of constants prs(p1,,) = p and prs(Hz,,) = 1, pj; satisfies an inequality
of logarithmic Sobolev of constant prs(p7) := max(p, 1). This enables us to prove the following: (T2—inequality)

>0 Vn Vi, HFEEWD, W) <ke THUZO)pY], pi0) =p®", pe 2R xRY), (6.11)

By symmetry, propagation of chaos and Sanov’s theorem (LDP), we have respectively

Vie(l,...,n, n#2urPm,u ) <w2@im,uwh, pr@m T, pOrER Gz (6.12)
We have by lower semi-continuity
Vue PR xRY),  #2(u,ul) < liminf?l/2 () < xliminf — H[pZ(O)ng‘] K[l (6.13)
H[p®"|p 1 =Hlpla® A (0,Idg)] + Z Un(VV(k))dp®”+ —log(Zy) ~log(C) "X plul = &lul - EluL ). (6.14)
k=2
According to Eq. (4.4), we have
SV <CcFule ™. (6.15)
It follows that
(p‘t’FP, pgo) < Ky[p‘t’FP] < KCy[p]efat. (6.16)
O
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On the long-time behavior of the McKean-Vlasov PDE A APPENDIX AND PROOFS

A Appendix and Proofs

A.1 McKean-Vlasov theory

Theorem A.1 (Existence and uniqueness of solutions of Eq. (1.15)). Let us assume that the functions b and o are globally
Lipschitz: 3K >0 Y (x, y, 1, V) € RP x RP x 22, (RP) x 22, (RP),

1bCx, 1) = b I+ oG, ) = o (I < K(Ilx = Y1+ #5(,v), (A.D)

where || - || denotes a vector norm, ||| ||| is a matrix norm and W5 denotes the Wasserstein-2 distance. Assume that
Ho € P([RP). Then for any T = 0 the SDE Eq. (1.15) has a unique strong solution on [0,T] and consequently, its law is
the unique weak solution to the Fokker-Planck equation Eq. (1.14) and the unique solution to the nonlinear martingale
problem Eq. (1.13).

The proof of this theorem is fairly classical. This proof is based on a fixed point argument that is sketched in [27,
Proposition.1].

Theorem A.2 (Polynomial Potential). Let E be a Polish measurable space. Let a € Z2(E). Let us consider a random
vector X" in B", distributed according to the Gibbs measure:

1
W (dx) = Z—e”F(“x)oc‘g’”(dx), (A.2)
n

where Z,, is a normalization constant and F is a polynomial function on 22 (E) (called the energy functional) of the form
given by Eq. (1.20). Then (for some symmetric continuous bounded functions W) the laws of px» satisfy a large
deviation principle in (22 (E)) with speed % and rate function

H— Hlpla] —F(u)—nelg,fE){H[nl(x] —-Fm}. (A.3)

A.2 Gibbs-Laplace Variational Principle

Definition A.3 (Distribution support). Let g be a probability measure on a Polish space E (or even a measure on a
topological space!). We call support of p noted supp(p) the closed set defined by

C
F= ( U o) . (A.4)
FcE closed, p(F)=1 OcE open, pu(0)=0

In other words, the support of a distribution is the complement of the largest open set over which it is zero: the smallest
closed set of maximum mass!

Definition A.4 (Extremum essential). Let p be a probability measure on a Polish space E and V : E — [—00, +00] mea-
surable. We call infimum p—essential of V the quantity

p—essinfV:=inffveR, p({V<uv}) >0} (AS5)

Theorem A.S (Variational principle). For any probability measure w on a topological space Q) and any measurable
function V: Q — R, we have

1
lim — logf e"™du = —p—essinfV. (A.6)

n—+oo n

Moreover, if V is upper semicontinuous, then

inf V=p—essinfV. (A7)
supp(u)

Proof Sketch: Suppose | — essinfV is finite. Check that we can assume without loss of generality that V.= 0 and p—
essinfV = 0. Then check ly<ze™ " < e <1 and conclude. Show that the limit is +oo with the lower bound when
W —essinfV = —oo.

Proof. > W —essinfV is finished:

1 1 .
~log f e ™ dp+p—essinfV = — 1og( f e—"W—P—eSS'“fV)dp). (A.8)
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On the long-time behavior of the McKean-Vlasov PDE A APPENDIX AND PROOFS

This implies that we can assume without loss of generality that V = 0 and p—essinfV = 0 because V—p—essinfV = 0
almost surely, its essential infimum under p is zero and the convergence that interests us is equivalent to

%log(fe—n(vfufessinf\/)dp) n-oo (A.9)
But for all € > 0 = pu —essinfV,
1 < 1
e B<se V<l = lognvs<e -€< —logf e™Vdus<o. (A.10)
n n

We deduce that by the bounding limit theorem, we have
. 1 —nV . . 1 —nV
limsup—log | e ""dp=liminf—log | e ™" du=0. (A.11)
n n n n
> p—essinfV = —oo: In this case, for all v € R, we have u(V < v) >0 and
f e‘"vdpzf e ™Vdpze " u(v < ). (A.12)
Q Vsu}

It is deduced that

1 1 <
Vv eR, —logf e_”vdpz—v++M (A.13)
n Q n
.1 v g _ .
:nlirfleOg[e dp = +o0o=—pu—essinfV.
O

Theorem A.6 (Gibbs measures and deviations). Let E be a Polish space, y a probability measure on E and V:E — R a
measurable function. We have:

>
inf V< p—essinfV. (A.14)
supp(p)
> If'V is upper semicontinuous, then
inf Vzpu-essinfv = inf V=p—essinfV. (A.15)
supp (K supp(p)

In particular, if V is continuous, then the principle of large deviations holds for

Wy (dx) == eV (dx) (A.16)

1
Je™du

with rate function IV 1=V + 1y — inf{V + Io} with

0 ifxe ,
Io(x) := { if x € supp(p) (A.17)
+oo else.
Proof sketch:
> Show that
{x, V() < inf v} Msupp(w) = . (A.18)
supp(p)
Then conclude.
> For all € > 0, show that
{x, Vx)< inf V+ z—:} is an open containing a support element: (A.19)
supp ()
their intersection is non-empty; then conclude.
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A.3 Principle of contraction and tensorization

Let f: X — G be continuous between two Polish spaces and (Xy) a random variable sequence of X satisfying the principle
of large deviations of rate function I: X — [0,+o0]. Then ((f(Xn)) satisfies the principle of large deviations of rate
function J : G — [0, +o0] such that

J(g):= inf L (A.20)

ftdgh

Let (Xp)n=1 and (Yy) n=1 be sequences with values respectively in E; and E,, independent (Px,, v, = Px, ® Py, ) and both
satisfying the principle of large deviations of the respective good rate functions I; and I». Then ((X;,Y,)) 51 satisfies the
principle of large deviations on the product space and of good rate function I defined by

I(x, ) =1 (x) +12(3). (A.21)

A.4 Entropy and Chaos

Theorem A.7 (Characterization of relative entropy: Sanov’s theorem). Let | and v be probability measures (even finite!)
on a Polish space E and (@) jen a dense sequence of functions bounded uniformly continuous. we have

1
lim lim lim —logp ({yeE”; Vjell,..., f(p]dv——z(pj(yl))<s ):—H[vlp], (A.22)

k—ooe—0hn—oon

We interpret n as the number of particles; the @ ; a sequence of observables whose mean value is measured; and € as the
precision of the measurements. This formula concisely summarizes the essential information contained in the Boltzmann
function H.

Theorem A.8 ((strict) convexity of relative entropy). Let pu € 22(Q). HI[-|u] has values in Ry, convex, strictly convex on
{v, HI[v|ul < +oo} and is zero only in .

Theorem A.9 (Tensorization property). Let p€ 2(Q), ve P(Q") with v; its i—th marginal. So
H[v|u®" = VI®v Z [Vilp] (A.23)
=1

Theorem A.10 (Villani). Let (X := (Xy,...,X,) be a random variable on E"™ with E a Polish space, |, := Px € 2(E"),
Ox := %Z dx,; and p € P (E). The following assertions are equivalent:

> &x converges in law to .

YV € 6,(E), f(pd&x nioof(pdp almost surely. (A.24)
>
VoeLipy(®), lim Ey, H f @d (5 - p)H = 0. (A.25)

Without repeating the proof, we can say that this result is obtained by defining a metric on 22(E) from a dense sequence of
Lipschitz functions and then by defining the transport distance Wasserstein’s #7 on 22 (2 (E)) associated with this metric.
Using this result, we can more formally prove the propagation of chaos.

Definition A.11 (U-statistics). Let E be a set, k € N* and ® : E¥ — R a symmetric function. Then the application: (n = k)

ki(n—k)!
X:=(x))j=1,.,n €E"—UX) := % > D(Xiy,...r Xi) (A.26)

1<i; <i2<...<ik$n

is called U-statistic of order k and kernel ®. U(X) is called U-statistic of order k and kernel ® associated with the
sample X. This statistic corresponds to the arithmetic mean of the kernel over all the parts at k elements of the set of
sample values. we often write U, (®)(X) := UX). If E is a measurable space, we generalize this definition to the space of
probabilities by the functional p— E &« [P].
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A.5 Proofs
all these proofs are inspired by [63] by setting S = R¥.

Proof of Proposition 5.3. Let &, be the group of permutations of {1,...,n} and B, the c—algebra defined by
B,,:= 0{By x CylCp € BE), B, e BEM, VTe®,, T, =lg,|. (A.27)

This o—algebra is invariant under permutations and verifies for all n = 1,

B < By (A.28)
By integrability,
V(i1,...,ix) € I],Cl, E[®X;,,...,Xi)IBp] = E[@X,...,X) By, (A.29)
which implies that
Un(®@) =E[®Xy, ..., Xp) Bl (A.30)

According to the limit theorems on martingales (closed martingale) and the law of 0 — 1 applied to the asymptotic tribe

B := [ B, we deduce that we almost surely have
n=l1

Up(@) " B[O, ..., X0 |Boo) = E[OX1, .., X)) (A.31)
O

Proof of Proposition 5.5. We prove this result by induction. Indeed, for k = 1 the inequality is verified since we have
equality of the two members. Suppose that for k—1 the inequality holds. Denote by By the left side of this inequality. We
have

k 1
By = logEX" [E[ exp [— — @ X, xE) |Xk (A.32)
[ [ (|I£Cl 1| (g ik71)61§71 l.ke{l.l ..... ik—l} n-— k+ 1 1 k 11 23 ) ]]
with X := (Xf,...,X’,;). Let’s pose
- 1
Oiyiiy 1= Y @i X XE). (A.33)

i @{i1,nip—1}

By induction hypothesis, we deduce that

Xk n—k+2 I & k
By <logE [exp(—llﬁ_ll | Z killog[E[exp(n_k+2<1>,1 ,,,,, ,H) X ])] (A.34)
(i1yeeri—1)€Ly
Since k42 )
xk n—K+ = . k
logE [exp(—u]’cl_1| | Z o log[E[exp(—n_ P ,,H) X ])] (A.35)
(i1yeeri—1)€ly
is upper bounded by
xk 1 . & n—k+2
logE [exp ( = Z o log ([E[ exp (md)il ,,,,, i/H) X ) ) , (A.36)
(l],..‘,lk_1)€1n
by convexity of X — logE[eX] (consequence of Holder’s inequality), we have
1 1 xk 1 _ k n—k+2 A3
Bk |Ik_1| Z Og[E [([E[exp(mq)il,m,ikil) X ) ] ( . 7)
(i, i) eIkl
In this last inequality, for all (i, ...,ix—1), the logarithmic term verifies
xk 1 - k n—k+2
E [([E[exp(md)ll ..... ik—l) X ]) (A38)
k 1 n—k+2
= |[E ;X! ..., X5y [x¥ ,
(e (Grrmm—ry e D))
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and by Holder’s inequality, we have

xk 1 < ' k n—k+2
| (E] exp (-~ @i ) [X*]) (A.39)
k 1 =
<E* [T E|exp(——=®..iX},....X0)|[x* .
i@ lit,enip_1} [ (n—k+2 Dotk 00 lk)‘ ]) ]
By Jensen’s inequality, we also have the upper bound of the right-hand side of this last inequality by
k 1
EX [T FElexp———@, 0 X},....XE))|XF||,
[ike{il ..... i) [ (n—k+1 Ltk lk)’ ”
and by independence, this quantity is equal to
1
Elexp|——— @, i, X} ,.... X)) . (A.40)
tkem ,,,,, i) [ (n k+1 "otn lk)]
O

Proof of Proposition 5.6. Let ((Xj ). Xfl)) j=lk be independent copies of (Xi,...,X;). By the two propositions above,

setting for all i € Iﬁ, D =w® , we have forall A >0

..... ir =

1
Aa W ®) = ~togE [exp (T 3 WH 0K X)) (A41)
n |Vll€Ik
and it follows that
An(A W<’€))<llo [E[ex (iZAnc w® ... x5 (A.42)
e Sh o8 P k] = k iR ’
nl jerk
1 Aan k 1 k
—— Y logE|exp | —=—w®x} ... . x5)]|.
nlI’fL‘llig g[ p(n—k+l i ‘k)]
Gold
AnCy n-k+1 AnC
logE Ak W X}, X5 = ——1logE Bl TGS eR1 I A43
i el )] - e (R )

It is deduced that
(ky g Bk+1 _AnCe oy .
A, A, WP < - lOg[E[eXp(n—k+1|W I(le,...,X;k))] (A.44)
1
< %log[E[exp (ka)\IW(k)I(Xl,---,Xk))]r

and this last inequality is obtained by growth on (0, +00) of a — élog[E[e“X] and from the fact that for all n and k such
that n = k, we have -7 < k. O

Proof of Proposition 5.7. To do this, we will show that for any probability measure u such that H{p|a] < +oo and for any
k, W® e L' (u®*), we have I* (@) = —Ewlpl. Let B(y,8) be the open ball with center  and of radius & > 0 in .4 (R%)
endowed with the Lévy-Prokhorov metric dip such that B(p,d)  @. Let’s introduce the events

>
A= {xe ®H™| Lp:=Ly(x,) e[B(p,S)}; (A.45)
g d
n
B, := {xe([Rd)” Zlog—(x,)——log( p) (x)sH[MIO(HE}; (A.46)
>
N N
Cri={xe ®)"| Y U,W®) < 3 WP +el. (A.47)
k=2 k=2
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We deduce that for all € > 0, we have

d ®n -1 n d .
W (Ly € B(,8)) > fA ( ;p* ) u8"dn = f e Zin OB 3a (19 g, UnWE) @ g ) (A48)
n n n
and
) N
f e~ Zi1 108 7 (50 XL, Un W) @ ) > @ (A, 1B, A Cy)e MHHO-Y  ith yi= (Y WH ] +e). (A49)
Ap k=2
Thereby
Wi (L, € B(W,8) = p®™(A, NB, NC,)e "Bwlk=2ne, (A.50)
We will prove that
u®"@A,NB,NC, "1, (A.51)
Indeed, by the law of large numbers, we have
u®7A,) "=, p®r®,) "= (A.52)
Moreover, by the law of large numbers for U—statistics (§5.2), we also have
u®r(c,) "=, (A.53)
It is deduced that .
1*(0) = lrizlll-ei—gof; W (Ly € B(W, 8)) = —Ewlu] —2¢, (A.54)
and we conclude by letting € tend to zero. O
Proof of Proposition 5.8. To do this, consider the truncation function
WHEL = max(-L, min(Ww®, 1)). (A.55)
We have by Lebesgue’s dominated convergence theorem
logElexp(m/W®L —w®|x;, ... X)) =20, (A.56)
So we can choose L = L(m) so that
1
logE[exp (m|W LM _w® x, X)) < —. (A.57)
m
For m =1 and L(m) > 0 fixed, we can find a sequence (ng)’L) ;=1 of continuous functions bounded such that
_ 1
WOEL, X TERE WL, X, Vi1, WP, X<, (A.58)
otherwise, we consider the truncation max(—L, min(W l(k)'L, L)). Seenthat VI =1,
exp (m(IW(k) —WEH K, LX) + (W - wiOL (xl,...,xk))) <exp (mIW(k) —WRLIX, LX) + 2mL), (A.59)
by dominated convergence, we have
1—
[E[ exp (m(IW(k) WO, LX) + WR WO .,Xk)))] Z¥e [E[exp (mIW(k) —WRL X, ,Xk))]. (A.60)
For L = L(m), we can choose I = [(m) so that
2
log[E[ exp (m(|w(k’ “WRLIx, LX) + (W —w§’“)’L|(x1,...,Xk)))] <. (A.61)
By setting Wf,{f) = WE&)L(’") bounded continuous function, we have by triangular inequality
2
log[E[ exp (mIW(k) —wﬁ,’j)uxl,...,xk))] <Z (A.62)
m
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Since by Jensen’s inequality, we have for all A >0,
A
VmsA, log[E[exp (Aw® —W},’;H(xl,...,xk))] < E[E[exp(mlw(k) —Wﬁ,’lﬂ(xl,...,xk))],

we deduce that
m~+oo

log[E[ exp ()\IW(k) WXy, ... Xk))] 0.
For all > 0 and A > 0, by the Markov-Tchebychev inequality, we have

P(U,W®) - U,WH)| > 8) < e*"m[E[exp (n)\Un(IW(k) —W,(,’;H))].
From the above (§5.2), we deduce that
1 1
~10gP(U(W™) ~ U (Wi > 8) < A8+ - log[E[exp (ka)\IW(k) —W,g’;)uxl,...,xk))].

We conclude that we have the expected result when m — +oo since A is arbitrary.

Proof of Proposition 5.15. Let Q!(-|xp1,;—1)) be the conditional distribution of x; knowing xp ;_1) := (X1,

knowing if i = 1). We have:

H[QIH(X]—[EQ[log( )] E [Zl (M)] E [ZHQ(Ixu, ]|

o; (dx;)

Since .
EqlQ' Clxp,i-1)] = Qi (),
we obtain by convexity of the relative entropy (Jensen’s inequality):

Eo[HIQ!¢1x1,i-1ple] | > HIQilow]
Which shows that we have the result of the proposition.

Proof of Proposition 5.16. For f a measurable function on E, we define:
Ap(f) = log([Ep[ef]) = logfefdp € (—00, +00]
the log-Laplace transformation under p which is convex in f by Holder’s inequality. We have:

1 1
Ay () =log[ el dpy = Ay(f —U) = Ay (-U) < ;Ap(—pU) + EAp(qf) — A1)

(A.63)

(A.64)

(A.65)

(A.66)
O

,Xi—1) (not

(A.67)

(A.68)

(A.69)
O

(A.70)

(A1)

by Holder’s inequality considering the conjugate exponent q := % of p. By the variational formula of Donsker-Varadhan,

we deduce that:

1 1
H[v|pyl= sup { fav—~Ayy (f)} = sup { fdv- —Ap(qf)} + Ap(=U) = =Au(=pU). (A.72)
fetty(E) fety(E) q p
Gold: . . . .
sup {ffd" - —Au(CIf)} +Au(=U) - —Au(—PU) = —Hvlpl+ Ay (-U) = —Ayu(=pU). (A.73)
fely(B) q q p
So if H[v|uy] < +oo, H[V|H] < +00 or equivalently, log( ) e L}(v) and:
dv dv
log(dHU) log(d )+U+A —U)eLlw). (A.74)
This proves the proposition. O
Acknowledgements
The author thanks Fabien PANLOUP for extensive discussions and suggestions. Thanks also
to everyone who has contributed in one way or another to the realization of this work. Last
but not least, thankful for the benefits from HENRI LEBESGUE CENTER? such as MASTER
SCHOLARSHIPS, LEBESGUE DOCTORAL MEETING, POST DOC POSITIONS...
¢ Program ANR-11-LABX-0020-0
Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 33 Mohamed Alfaki AG ABOUBACRINE ASSADECK

F-49000 Angers, France


https://blog.univ-angers.fr/panloup/
https://www.lebesgue.fr/en
https://www.lebesgue.fr/en/content/bourses_master
https://www.lebesgue.fr/en/content/bourses_master
https://www.lebesgue.fr/en/node/4878
https://www.lebesgue.fr/en/content/post-doc
http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Vlasov PDE REFERENCES

References

[1] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of probability measures.
Lectures in Mathematics ETH Ziirich. Birkhduser Verlag, Basel, 2005. 3 quotes pages 5, 6, et 7

[2] D. Bakry, F. Barthe, P. Cattiaux, and A. Guillin. A simple proof of the Poincaré inequality for a large class of
probability measures including the log-concave case. Electron. Commun. Probab., 13:60-66, 2008. no quotes

[3] D. Bakry, P. Cattiaux, and A. Guillin. Rate of convergence for ergodic continuous Markov processes: Lyapunov
versus Poincaré. J. Funct. Anal., 254(3):727-759, 2008. no quotes

[4] D. Bakry and M. Emery. Diffusions hypercontractives. In Séminaire de probabilités, XIX, 1983/84, volume 1123 of
Lecture Notes in Math., pages 177-206. Springer, Berlin, 1985. 2 quotes pages 7 et 14

[5] D. Bakry, I. Gentil, and M. Ledoux. Analysis and geometry of Markov diffusion operators, volume 348 of
Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer,
Cham, 2014. 2 quotes pages 6 et 14

[6] R. Bauerschmidt and T. Bodineau. A very simple proof of the LSI for high temperature spin systems. J. Funct.
Anal., 276(8):2582-2588, 2019. no quotes

[7] N. Bellomo, J. A. Carrillo, and E. Tadmor, editors. Active particles. Vol. 3. Advances in theory, models, and
applications. Modeling and Simulation in Science, Engineering and Technology. Birkhduser/Springer, Cham, [2022]
©2022. quoted page 3

[8] N. Bellomo, P. Degond, and E. Tadmor, editors. Active particles. Vol. 1. Advances in theory, models, and ap-
plications. Modeling and Simulation in Science, Engineering and Technology. Birkhduser/Springer, Cham, 2017.
quoted page 3

[9] N. Bellomo, P. Degond, and E. Tadmor, editors. Active particles. Vol. 2. Advances in theory, models, and ap-
plications. Modeling and Simulation in Science, Engineering and Technology. Birkhduser/Springer, Cham, 2019.
quoted page 3

[10] G. Ben Arous and M. Brunaud. Méthode de Laplace: étude variationnelle des fluctuations de diffusions de type
“champ moyen”. Stochastics Stochastics Rep., 31(1-4):79-144, 1990. quoted page 6

[11] S. Bobkov and M. Ledoux. Poincaré’s inequalities and Talagrand’s concentration phenomenon for the exponential
distribution. Probab. Theory Related Fields, 107(3):383-400, 1997. no quotes

[12] T. Bodineau, I. Gallagher, and L. Saint-Raymond. The Brownian motion as the limit of a deterministic system of
hard-spheres. Invent. Math., 203(2):493-553, 2016. quoted page 3

[13] T. Bodineau and B. Helffer. The log-Sobolev inequality for unbounded spin systems. J. Funct. Anal., 166(1):168—
178, 1999. no quotes

[14] T. Bodineau and B. Helffer. Correlations, spectral gap and log-Sobolev inequalities for unbounded spins systems. In
Differential equations and mathematical physics (Birmingham, AL, 1999), volume 16 of AMS/IP Stud. Adv. Math.,
pages 51-66. Amer. Math. Soc., Providence, RI, 2000. no quotes

[15] F. Bolley, L. Gentil, and A. Guillin. Uniform convergence to equilibrium for granular media. Arch. Ration. Mech.
Anal., 208(2):429-445, 2013. no quotes

[16] E. Bolthausen. Laplace approximations for sums of independent random vectors. Probab. Theory Relat. Fields,
72(2):305-318, 1986. quoted page 6

[17] L. Boltzmann. Lectures on gas theory. University of California Press, Berkeley-Los Angeles, Calif., 1964. Trans-
lated by Stephen G. Brush. quoted page 3

[18] L. Boltzmann. Wissenschaftliche Abhandlungen von Ludwig Boltzmann. 1. Band (1865-1874); II. Band (1875-
1881); III. Band (1882-1905). Chelsea Publishing Co., New York, 1968. Herausgegeben von Fritz Hasenohrl.

no quotes

[19] L. Boltzmann. Journey of a German professor to Eldorado. Transport Theory Statist. Phys., 20(5-6):499-523, 1991.
Translated from the German. no quotes

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 34 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Vlasov PDE REFERENCES

[20] P. Cardaliaguet, F. Delarue, J.-M. Lasry, and P.-L. Lions. The master equation and the convergence problem in
mean field games, volume 201 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2019.
quoted page 3

[21] R. Carmona and F. Delarue. Probabilistic theory of mean field games with applications. I, volume 83 of Probability
Theory and Stochastic Modelling. Springer, Cham, 2018. Mean field FBSDEs, control, and games.  quoted page 5

[22] R. Carmona and F. Delarue. Probabilistic theory of mean field games with applications. II, volume 84 of Proba-
bility Theory and Stochastic Modelling. Springer, Cham, 2018. Mean field games with common noise and master
equations. no quotes

[23] J. A. Carrillo, S. Jin, L. Li, and Y. Zhu. A consensus-based global optimization method for high dimensional machine
learning problems. ESAIM Control Optim. Calc. Var., 27(suppl.):Paper No. S5, 22, 2021. quoted page 3

[24] J. A. Carrillo, R. J. McCann, and C. Villani. Kinetic equilibration rates for granular media and related equa-
tions: entropy dissipation and mass transportation estimates. Rev. Mat. Iberoamericana, 19(3):971-1018, 2003.
3 quotes pages 7, 10, et 12

[25] P. Cattiaux, A. Guillin, and F. Malrieu. Probabilistic approach for granular media equations in the non-uniformly
convex case. Probab. Theory Related Fields, 140(1-2):19—40, 2008. no quotes

[26] P. Cattiaux, A. Guillin, and L.-M. Wu. A note on Talagrand’s transportation inequality and logarithmic Sobolev
inequality. Probab. Theory Related Fields, 148(1-2):285-304, 2010. no quotes

[27] L.-P. Chaintron and A. Diez. Propagation of chaos: A review of models, methods and applications. I. Models and
methods. Kinet. Relat. Models, 15(6):895—, 2022. 7 quotes pages 3, 4, 6, 14, 15, 23, et 27

[28] V. H. de la Pefia. Decoupling and Khintchine’s inequalities for U-statistics. Ann. Probab., 20(4):1877-1892, 1992.
quoted page 16

[29] P.Del Moral. Measure-valued processes and interacting particle systems. Application to nonlinear filtering problems.
Ann. Appl. Probab., 8(2):438-495, 1998. quoted page 3

[30] P. Del Moral. Feynman-Kac formulae. Probability and its Applications (New York). Springer-Verlag, New York,
2004. Genealogical and interacting particle systems with applications. quoted page 3

[31] P. Del Moral. Mean field simulation for Monte Carlo integration, volume 126 of Monographs on Statistics and
Applied Probability. CRC Press, Boca Raton, FL, 2013. quoted page 3

[32] J. Dolbeault. Functional inequalities: nonlinear flows and entropy methods as a tool for obtaining sharp and con-
structive results. Milan J. Math., 89(2):355-386, 2021. quoted page 6

[33] A.Durmus, A. Eberle, A. Guillin, and R. Zimmer. An elementary approach to uniform in time propagation of chaos.
Proc. Amer. Math. Soc., 148(12):5387-5398, 2020. no quotes

[34] A. Eberle. Reflection couplings and contraction rates for diffusions. Probab. Theory Related Fields, 166(3-4):851—
886, 2016. no quotes

[35] A. Eberle, A. Guillin, and R. Zimmer. Quantitative Harris-type theorems for diffusions and McKean-Vlasov pro-
cesses. Trans. Amer. Math. Soc., 371(10):7135-7173, 2019. no quotes

[36] W. L. Erhan Bayraktar, Qi Feng. Exponential entropy dissipation for weakly self-consistent vlasov-fokker-planck
equations. arXiv:2204.12049v1, 2022. no quotes

[37] I Gallagher, L. Saint-Raymond, and B. Texier. From Newton to Boltzmann: hard spheres and short-range potentials.
Zurich Lectures in Advanced Mathematics. European Mathematical Society (EMS), Ziirich, 2013.  quoted page 3

[38] F. Golse. On the dynamics of large particle systems in the mean field limit. In Macroscopic and large scale
phenomena: coarse graining, mean field limits and ergodicity, volume 3 of Lect. Notes Appl. Math. Mech., pages
1-144. Springer, [Cham], 2016. quoted page 3

[39] C. Graham, T. G. Kurtz, S. Méléard, P. E. Protter, M. Pulvirenti, and D. Talay. Probabilistic models for nonlinear
partial differential equations, volume 1627 of Lecture Notes in Mathematics. Springer-Verlag, Berlin; Centro In-
ternazionale Matematico Estivo (C..LM.E.), Florence, 1996. Lectures given at the 1st Session and Summer School
held in Montecatini Terme, May 22-30, 1995, Edited by Talay and L. Tubaro, Fondazione CIME/CIME Foundation
Subseries. quoted page 3

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 35 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Vlasov PDE REFERENCES

[40] S. Grassi and L. Pareschi. From particle swarm optimization to consensus based optimization: stochastic modeling
and mean-field limit. Math. Models Methods Appl. Sci., 31(8):1625-1657, 2021. quoted page 3

[41] A. Guillin, C. Léonard, L. Wu, and N. Yao. Transportation-information inequalities for Markov processes. Probab.
Theory Related Fields, 144(3-4):669-695, 2009. no quotes

[42] A. Guillin, W. Liu, L. Wu, and C. Zhang. The kinetic Fokker-Planck equation with mean field interaction. J. Math.
Pures Appl. (9), 150:1-23, 2021. 10 quotes pages 1, 2, 5,7, 8, 12, 13, 15, 24, et 26

[43] A. Guillin, W. Liu, L. Wu, and C. Zhang. Uniform Poincaré and logarithmic Sobolev inequalities for mean field
particle systems. Ann. Appl. Probab., 32(3):1590-1614, 2022. 8 quotes pages 1, 2, 5, 7, 10, 12, 13, et 22

[44] A. Guillin and P. Monmarché. Uniform long-time and propagation of chaos estimates for mean field kinetic particles
in non-convex landscapes. J. Stat. Phys., 185(2):Paper No. 15, 20, 2021. 2 quotes pages 1 et 7

[45] A. Guillin and F.-Y. Wang. Degenerate Fokker-Planck equations: Bismut formula, gradient estimate and Harnack
inequality. J. Differential Equations, 253(1):20-40, 2012. no quotes

[46] A. Guionnet and B. Zegarlinski. Lectures on logarithmic Sobolev inequalities. In Séminaire de Probabilités, XXXVI,
volume 1801 of Lecture Notes in Math., pages 1-134. Springer, Berlin, 2003. no quotes

[47] M. Hauray and S. Mischler. On Kac’s chaos and related problems. J. Funct. Anal., 266(10):6055-6157, 2014.
quoted page 3

[48] K. Hu, Z. Ren, D. Siska, and L. Szpruch. Mean-field Langevin dynamics and energy landscape of neural networks.
arXiv preprint arXiv:1905.07769, 2019. no quotes

[49] K.Hu, Z. Ren, D. Sigka, and L. u. Szpruch. Mean-field Langevin dynamics and energy landscape of neural networks.
Ann. Inst. Henri Poincaré Probab. Stat., 57(4):2043-2065, 2021. 2 quotes pages 3 et 5

[50] P.-E. Jabin. A review of the mean field limits for Vlasov equations. Kinet. Relat. Models, 7(4):661-711, 2014.
quoted page 3

[51] P.-E. Jabin and Z. Wang. Mean field limit for stochastic particle systems. In Active particles. Vol. 1. Advances in
theory, models, and applications, Model. Simul. Sci. Eng. Technol., pages 379-402. Birkhduser/Springer, Cham,
2017. quoted page 3

[52] P-E. Jabin and Z. Wang. Quantitative estimates of propagation of chaos for stochastic systems with W~ kernels.
Invent. Math., 214(1):523-591, 2018. 2 quotes pages 3 et 4

[53] A. Jingel. Entropy methods for diffusive partial differential equations. SpringerBriefs in Mathematics. Springer,
[Cham], 2016. quoted page 6

[54] M. Kac. Foundations of kinetic theory. In Proceedings of the Third Berkeley Symposium on Mathematical Statistics
and Probability, 1954—1955, vol. 11I, pages 171-197. University of California Press, Berkeley-Los Angeles, Calif.,
1956. quoted page 3

[55] M. Kac. Aspects probabilistes de la théorie du potentiel, volume 1968 of Séminaire de Mathématiques Supérieures,
No. 32 (Eté. Les Presses de I’Université de Montréal, Montreal, Que., 1970. no quotes

[56] M. Kac. The Boltzmann equation: theory and applications. In E. G. D. Cohen and W. Thirring, editors, Proceed-
ings of the International Symposium “100 Years Boltzmann Equation” in Vienna, 4th-8th September 1972, pages
Xii+642. Springer-Verlag, Vienna-New York, 1973. Acta Physica Austriaca Supplementum, X. quoted page 3

[57] M. Kac. Fluctuations near and far from equilibrium. In Statistical mechanics and statistical methods in theory
and application (Proc. Sympos., Univ. Rochester, Rochester, N.Y., 1976), pages 203-218. Plenum, New York, 1977.
no quotes

[58] V. S. Koroljuk and Y. V. Borovskich. Theory of U-statistics, volume 273 of Mathematics and its Applications.
Kluwer Academic Publishers Group, Dordrecht, 1994. Translated from the 1989 Russian original by P. V. Malyshev

and D. V. Malyshev and revised by the authors. quoted page 16
[59] S. Kusuoka and Y. Tamura. Gibbs measures for mean field potentials. J. Fac. Sci. Univ. Tokyo Sect. IA Math.,

31(1):223-245, 1984. quoted page 6
Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 36 Mohamed Alfaki AG ABOUBACRINE ASSADECK

F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Vlasov PDE REFERENCES

[60] M. Ledoux. Logarithmic Sobolev inequalities for unbounded spin systems revisited. In Séminaire de Probabilités,
XXXV, volume 1755 of Lecture Notes in Math., pages 167—-194. Springer, Berlin, 2001. no quotes

[61] C.Léonard. Large deviations and law of large numbers for a mean field type interacting particle system. Stochastic
Process. Appl., 25(2):215-235, 1987. no quotes

[62] L. Liu, M. B. Majka, and A. Szpruch. Polyak-lojasiewicz inequality on the space of measures and convergence of
mean-field birth-death processes. arXiv, 2022. 2 quotes pages 3 et 7

[63] W. Liu and L. Wu. Large deviations for empirical measures of mean-field Gibbs measures. Stochastic Process.
Appl., 130(2):503-520, 2020. 6 quotes pages 1, 6, 16, 17, 20, et 30

[64] F. Malrieu. Logarithmic Sobolev inequalities for some nonlinear PDE’s. Stochastic Process. Appl., 95(1):109-132,
2001. no quotes

[65] F. Malrieu. Convergence to equilibrium for granular media equations and their Euler schemes. Ann. Appl. Probab.,
13(2):540-560, 2003. no quotes

[66] R.J. McCann. A convexity principle for interacting gases. Adv. Math., 128(1):153-179, 1997. quoted page 10

[67] H. P. McKean, Jr. A class of Markov processes associated with nonlinear parabolic equations. Proc. Nat. Acad. Sci.
U.S.A., 56:1907-1911, 1966. no quotes

[68] H. P. McKean, Jr. Propagation of chaos for a class of non-linear parabolic equations. In Stochastic Differential
Equations (Lecture Series in Differential Equations, Session 7, Catholic Univ., 1967), pages 41-57. Air Force Office
Sci. Res., Arlington, Va., 1967. quoted page 3

[69] S. Mei, A. Montanari, and P.-M. Nguyen. A mean field view of the landscape of two-layer neural networks. Proc.
Natl. Acad. Sci. USA, 115(33):E7665-E7671, 2018. quoted page 3

[70] S.Méléard. Asymptotic behaviour of some interacting particle systems; McKean-Vlasov and Boltzmann models. In
Probabilistic models for nonlinear partial differential equations (Montecatini Terme, 1995), volume 1627 of Lecture
Notes in Math., pages 42-95. Springer, Berlin, 1996. quoted page 3

[71] S. Mischler. Introduction aux limites de champ moyen pour des systeémes de particules. In DEA, pp.166. cel-
00576329. Université Paris-Dauphine, 2011. quoted page 3

[72] S. Mischler. Kac’s chaos and Kac’s program. In Séminaire Laurent Schwartz—Equations aux dérivées partielles et
applications. Année 2012-2013, Sémin. Equ. Dériv. Partielles, pages Exp. No. XXII, 17. Ecole Polytech., Palaiseau,
2014. no quotes

[73] S. Mischler and C. Mouhot.  Kac’s program in kinetic theory.  Invent. Math., 193(1):1-147, 2013.
3 quotes pages 3, 7, et 23

[74] P. Monmarché. Long-time behaviour and propagation of chaos for mean field kinetic particles. Stochastic Process.
Appl., 127(6):1721-1737, 2017. 5 quotes pages 1,7, 8, 15, et 26

[75] P. Monmarché. Generalized I calculus and application to interacting particles on a graph. Potential Anal., 50(3):439—
466, 2019. 4 quotes pages 1, 8, 15, et 26

[76] A.Muntean and F. Toschi, editors. Collective dynamics from bacteria to crowds, volume 553 of CISM International
Centre for Mechanical Sciences. Courses and Lectures. Springer, Vienna, 2014. An excursion through modeling,
analysis and simulation. quoted page 3

[77] G. Naldi, L. Pareschi, and G. Toscani, editors. Mathematical modeling of collective behavior in socio-economic and
life sciences. Modeling and Simulation in Science, Engineering and Technology. Birkhiduser Boston, Ltd., Boston,

MA, 2010. quoted page 3
[78] F. Otto. The geometry of dissipative evolution equations: the porous medium equation. Comm. Partial Differential

Equations, 26(1-2):101-174, 2001. 3 quotes pages 6, 7, et 12
[79] F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with the logarithmic Sobolev inequal-

ity. J. Funct. Anal., 173(2):361-400, 2000. quoted page 23
Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 37 Mohamed Alfaki AG ABOUBACRINE ASSADECK

F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

On the long-time behavior of the McKean-Vlasov PDE REFERENCES

[80] F. Otto and C. Villani. Comment on: “Hypercontractivity of Hamilton-Jacobi equations” [J. Math. Pures Appl. (9)
80 (2001), no. 7, 669-696; MR1846020 (2003b:47073)] by S. G. Bobkov, I. Gentil and M. Ledoux. J. Math. Pures
Appl. (9), 80(7):697-700, 2001. no quotes

[81] R. Pinnau, C. Totzeck, O. Tse, and S. Martin. A consensus-based model for global optimization and its mean-field
limit. Math. Models Methods Appl. Sci., 27(1):183-204, 2017. quoted page 3

[82] M. Pulvirenti. Kinetic limits for stochastic particle systems. In Probabilistic models for nonlinear partial differential
equations (Montecatini Terme, 1995), volume 1627 of Lecture Notes in Math., pages 96—126. Springer, Berlin, 1996.
quoted page 3

[83] J. Sirignano and K. Spiliopoulos. Mean field analysis of neural networks: a law of large numbers. SIAM J. Appl.
Math., 80(2):725-752, 2020. quoted page 3

[84] D. W. Stroock and B. a. Zegarliiski. The equivalence of the logarithmic Sobolev inequality and the Dobrushin-
Shlosman mixing condition. Comm. Math. Phys., 144(2):303-323, 1992. no quotes

[85] D. W. Stroock and B. a. Zegarlifiski. The logarithmic Sobolev inequality for continuous spin systems on a lattice. J.
Funct. Anal., 104(2):299-326, 1992. no quotes

[86] D. W. Stroock and B. a. Zegarlinski. The logarithmic Sobolev inequality for discrete spin systems on a lattice.
Comm. Math. Phys., 149(1):175-193, 1992. no quotes

[87] A.-S. Sznitman. Topics in propagation of chaos. In Ecole d’Eté de Probabilités de Saint-Flour XIX—1989, volume
1464 of Lecture Notes in Math., pages 165-251. Springer, Berlin, 1991. 2 quotes pages 3 et 10

[88] C. Totzeck. Trends in consensus-based optimization. In Active particles. Vol. 3. Advances in theory, models,
and applications, Model. Simul. Sci. Eng. Technol., pages 201-226. Birkhduser/Springer, Cham, [2022] ©2022.
quoted page 3

[89] C. Villani. Hypocoercivity. Mem. Amer. Math. Soc., 202(950):iv+141, 2009. 6 quotes pages 7, 8, 12, 13, 15, et 26

[90] C. Villani. Optimal transport, volume 338 of Grundlehren der mathematischen Wissenschaften [ Fundamental Prin-
ciples of Mathematical Sciences]. Springer-Verlag, Berlin, 2009. Old and new. 2 quotes pages 7 et 23

[91] L. Wu. Gradient estimates of Poisson equations on Riemannian manifolds and applications. J. Funct. Anal.,
257(12):4015-4033, 2009. no quotes

[92] N. Yoshida. Application of log-Sobolov inequality to the stochastic dynamics of unbounded spin systems on the
lattice. J. Funct. Anal., 173(1):74-102, 2000. no quotes

[93] N. Yoshida. The equivalence of the log-Sobolev inequality and a mixing condition for unbounded spin systems on
the lattice. Ann. Inst. H. Poincaré Probab. Statist., 37(2):223-243, 2001. no quotes

[94] B. Zegarlinski. The strong decay to equilibrium for the stochastic dynamics of unbounded spin systems on a lattice.
Comm. Math. Phys., 175(2):401-432, 1996. quoted page 12

[95] B. a. Zegarlifiski. Dobrushin uniqueness theorem and logarithmic Sobolev inequalities. J. Funct. Anal., 105(1):77-
111, 1992. quoted page 12

Univ Angers, CNRS, LAREMA, SFR MATHSTIC, 38 Mohamed Alfaki AG ABOUBACRINE ASSADECK
F-49000 Angers, France


http://www.univ-angers.fr/
https://www.cnrs.fr/fr
http://recherche.math.univ-angers.fr/
https://sfrmathstic.univ-angers.fr/fr/index.html
https://www.angers.fr/
https://mon-portfolio-de-chercheur.webnode.fr/
https://orcid.org/0000-0002-3281-1954

	Introduction
	Notations and Definitions
	Mean-Field Systems and Assumptions
	Our Systems
	Our Assumptions

	Main Theorems
	First-order case
	Kinetic case

	Sketch of proofs and preliminaries
	Sketch of proofs
	Preliminaries

	Proofs of Main Theorems
	Appendix and Proofs
	McKean-Vlasov theory
	Gibbs-Laplace Variational Principle
	Principle of contraction and tensorization
	Entropy and Chaos
	Proofs

	Acknowledgements
	References

