EasyChair Preprint
Ne 10296

‘j“‘ 220

Morgan-Stone Lattices

Alexej Pynko

EasyChair preprints are intended for rapid
dissemination of research results and are
integrated with the rest of EasyChair.

October 25, 2023



MORGAN-STONE LATTICES

ALEXEJ P. PYNKO

ABSTRACT. Morgan-Stone (MS) lattices are axiomatized by the constant-free
identities of those axiomatizing Morgan-Stone (MS) algebras. Applying the
technique of characteristic functions of prime filters as homomorphisms from
lattices onto the two-element chain one and their products, we prove that
the variety of MS lattices is the abstract hereditary multiplicative class gen-
erated by a six-element one with an equational disjunctive system expand-
ing the direct product of the three- and two-element chain distributive lat-
tices, in which case subdirectly-irreducible MS lattices are exactly isomorphic
copies of nine non-one-element pair-wise non-isomorphic subalgebras of the
six-element generating MS lattice, and so we get a 29-element non-chain dis-
tributive lattice of varieties of MS lattices subsuming the four-/three-element
chain one of “De Morgan”/Stone lattices/algebras (viz., constant-free versions
of De Morgan algebras)/(more precisely, their term-wise definitionally equiva-
lent constant-free versions, called Stone lattices). Among other things, we pro-
vide an REDPC scheme for MS lattices. Laying a special emphasis onto the
universal/[quasi-Jequational unbounded approximation of MS algebras (viz.,
the greatest universal/[quasi-Jequational class of MS lattices without members
with both bounds but expandable to no MS algebra), we find a 29-element
non-chain distributive lattice of its sub-quasi-varieties, subsuming the fifteen-
element one of the [quasi-Jequational join (viz., the [quasi-]variety generated
by the union) of De Morgan and Stone lattices, in its turn, subsuming the
eight-element one of those of the variety of De Morgan lattices found earlier,
each of the rest being the quasi-equational join of its intersection with the
variety of De Morgan lattices and the variety of Stone lattices, as well as pro-
vide a complete description of their relative subdirectly-irreducibles resulting
from REDPC for MS lattices. In this connection, we also prove that relatively
simple quasi-varieties of MS lattices/algebras are exactly varieties of almost/
De Morgan lattices/algebras, the reservation “almost” meaning presence of
subdirectly-irreducibles not expandable to MS algebras, in which case there is
a strictly decreasing countable chain of quasi-varieties of almost De Morgan
lattices containing all De Morgan lattices, and so its intersection is not finitely
axiomatizable, though the lattice of quasi-vaarieties of almost Kleene lattices
is proved to be finite but not distributive.

1. INTRODUCTION

The notion of De Morgan lattice, being originally due to [16], has been indepen-
dently explored in [11] under the term distributive i-lattice w.r.t. their subdirectly-
irreducibles and the lattice of varieties. They satisfy so-called De Morgan identities.
On the other hand, these are equally satisfied in Stone algebras (cf., e.g., [8]). This
has inevitably raised the issue of unifying such varieties. Perhaps, a first way of
doing it within the framework of De Morgan algebras (viz., bounded De Morgan
lattices; cf., e.g., [2]) has been due to [3] (cf. [24]) under the term Morgan-Stone
(MS) algebra providing a description of their subdirectly-irreducibles, among which
there are those being neither De Morgan nor Stone algebras. Here, we study un-
bounded MS algebras naturally called Morgan-Stone (MS) lattices. Demonstrating
the usefulness of the technique of the characteristic functions of prime filters and

2020 Mathematics Subject Classification. 06D15, 06D30, 08 A30, 08B05, 08B26, 08C15.

Key words and phrases. De Morgan lattice, Stone algebra, quasi-variety, REDPC..

1



2 A. P. PYNKO

functional products of former ones as well as disjunctive systems, we briefly dis-
cuss the issues of subdirectly-irreducible Morgan-Stone lattices and their varieties.
Likewise, summarizing construction of REDPC schemes (cf. [7]) for distributive
lattice[ expansion]s originally being due to [9] [and [13, 22]], we provide that for
Morgan-Stone lattices and an enhanced one for the {quasi-}equational join of De
Morgan and Stone lattices. Nevertheless, the culminating issue of this study is to
find the lattice of sub-quasi-varieties of the equational unbounded approximation
of MS algebras upon the basis of that of the variety of De Morgan lattices found
in [18]. In this connection, we also prove that relatively simple quasi-varieties of
MS lattices/algebras are exactly varieties of almost/ De Morgan lattices/algebras,
while the equational unbounded approximation of MS algebras is equally the uni-
versal one, whereas there is a strictly decreasing countable chain of quasi-varieties
of almost De Morgan lattices subsuming all De Morgan lattices, its intersection be-
ing then not finitely axiomatizable, though the lattice of quasi-vaarieties of almost
Kleene lattices is proved to be finite but not distributive.

Perhaps, the principal advance of this study with regard to [18] consists in not
merely extending it beyond De Morgan lattices but mainly in providing complete de-
scription of relative subdirectly-irreducibles of the finitely-generated quasi-varieties
of MS lattices under consideration, essentially based upon REDPC for MS lattices
as well as congruence decomposition (in its turn, going back to congruence ideality
[7]) for varieties with REDPC, thus once more demonstrating the power of the ideas
underlying the outstanding work [7].

In general, we seek to expand our results to bounded MS lattices properly sub-
suming MS algebras, whenever it is at all possible. This equally concerns the issues
of subdirectly-irreducibles and the lattice of varieties but not the one of quasi-
varieties because of the well-known infiniteness (more specifically, Q-universality)
of that of De Morgan algebras [1].

The rest of the work is as follows. Section 2 is a concise summary of basic set-
theoretical and algebraic issues underlying the work. Then, in Section 3 we briefly
summarize general issues concerning REDPC in the sense of 7] as well as equational
implicative/disjunctive systems in the sense of [21]/]20] in connection with simplic-
ity /“subdirect irreducibility”. Next, Section 4 is devoted to preliminary study of
Morgan-Stone lattices as for their generating algebra, subdirectly-irreducibles and
the lattice of varieties. Further, Section 5 is a thorough collection of culminat-
ing results on sub-quasi-varieties of the equational unbounded approximation of
Morgan-Stone algebras. Likewise, Section 6 is devoted to characterizing relatively
semi-simple quasi-varieties of MS lattices/algebras. Finally, Section 7 is a concise
collection of open issues.

2. GENERAL BACKGROUND

2.1. Set-theoretical background. Non-negative integers are identified with the
sets/ordinals of lesser ones, “their set/ordinal”|“the ordinal|[set class” being de-
noted by w|(oo||T). Unless any confusion is possible, one-element sets are identified
with their elements. To avoid any confusion because of the standard identification
of T™ (viz., the class of functions with domain n € w) with [T"71x]T, when
n = (1[+m]) [where m € w], the projection operator/function w is endowed with
the superscript specifying the domain of arguments only in such cases {but not in
general}.

For any sets A, B and D as wellas § C A2, h: A — B and g : A2 — A, let
©1x]((B,)A) be the set of all subsets of A (including B) [of cardinality in K C
00, D Ck A standing for D € pr(A)], ((Aalve)||(A/0)[Ix5) = ({(a,al0[{a}]) |

a € A}llve[AJI(((A N B) x {1}) U ((A\ B) x {0})), A1 £ (Upne o)1) A™);
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he: A — B*:a s (aoh), gr 0 A* — A ((@,8),]0) — [g)((g+({a, ), ]c) and
ep : (YP)2 = o(B),(d,e) — {b € B| m(d) = my(e)}, A-tuples {viz., functions with
domain A} being written in the sequence form ¢ with ¢,, where a € A, standing for
7o (t). Then, for any (a|C) € (A*[p(A)), by induction on the length (viz., domain)
of any b = ([¢,d]) € A*, put ((a=b)|(b(N/\)C)) = (([(Jal+c, d)])|({[e(N/\)C( D))

|[(provided d € / ¢ C)]. Likewise, given any S € p(D)? and f € [[,cp Si', we
have its functional product ([T" f): A — (Ilyes Sb):a = (fo(a))vep such that

(2.1) kee([ 7)) = (4200 ([ (ker fy))).

beB
(2.2) weB:f, = ([ Hom)

fo ® f1 standing for ([T" f), whenever B = 2.

A lower/upper cone of a poset P = (P,<) is any C' C P such that, for all
ac€Candbe P, (az2/<b)= (beC). Then, an a € S C P is said to be
minimal/mazimal in S, if {a} is a lower/upper cone of S, their set being denoted
by (min / max)p <(S), in case of the equality of which to S, this being called an
anti-chain of P.

An X €Y C p(A) is said to be [K-Jmeet-irreducible in Y, [where K C oo, if
VZ € pir)(Y) : ((AN(N 2)) = X) = (X € Z), their set being denoted by MI*I(Y),
“finitely-” standing for “w-” within any related context. Next, a U C p(A) is said
to be upward-directed, if V8 € p,(U) : 3T € (UN p(lUS, A)), subsets of p(A) closed
under unions of upward directed subsets being called inductive. Further, a [finitary]
closure operator over A is any unary operation on p(A) such that VX € p(A),VY €
P(X): (XUuC(C(X)ul(Y)) C C(X)[= (UClpwu(X)])]- Finally, a closure system
over A is any C C p(A) containing A and closed under intersections of subsets
containing A, any B C € with € = {AN(N8) | 8 C B} being called a (closure) basis
of € and determining the closure operator Cp = {(Z, AN (N(XNp(Z,A))) | Z €
p(A)} over A with (img C'z) = €. Conversely, img C is a closure system over A with
Cimg ¢ = C, being inductive iff C' is finitary, and forming a complete lattice under
the partial ordering by inclusion with meet/join (A,4)/C)(AN((N/U)S)) of any
8 C (img C), C and img C being called dual to one another. Then, C(X) € (imgC)
is said to be generated by an X C A, elements of Clgp,,/(n}(A4)] /“with n € (w|[{1})”
being said to be finitely/n-generated|principal.

Remark 2.1. Due to Zorn Lemma, according to which any non-empty inductive set
has a maximal element, M I®](@) is a basis of any inductive closure system C. [

A filter/ideal on A is any F C p(A) such that, for all § € ., (p(A)), (8§ CF) &
(AN ((N/W)8)) € F) “the set Fi(A) of them being an inductive closure system
over p(A) with dual finitary closure operator (of filter generation) Fg, such that

(2.3) Fg(T) = p(AN (7). 4),

for all T € p,(p(A))”/. Then, an ultra-filter on A is any filter U on A such that
p(A)\ U is an ideal on A.

2.2. Algebraic background. Unless otherwise specified, we deal with a fixed but
arbitrary finitary functional signature X, 3-algebras/ “their carriers” being denoted
by same capital Fraktur/Italic letters (with same indices|suffixes|prefixes, if any)
“with denoting the class of all [one-element] ones by A[2: 1]”/ . In general, any no-
tation, being specified for single Y-algebras, is tacitly supposed to be extended to
their classes member-wise. Given any a € (o0 \ 1), let Tm§;, be the carrier of the
absolutely-free Y-algebra Tm$:, freely-generated by the set Vo, £ {x3}gcqa of (first



4 A. P. PYNKO

) variables, and Eqs; £ (Tm$)?, ¢ ~ /(S | )¢, where ¢,1 € Tm$ /“and A € X7,
meaning (¢/(¢ A1), v /(P|Y)) “and being called a X-equation of rank /. /“Like-
wise, for any Y-algebra 2 and a,b € A, (a(< | =)%b)|[a,b)a stands for ((a|b) =
(aA¥B)l{c € Al a << b} Then, any (T, B) € (9o (Ba2) x Fag)
/“with a € w” is called a X-implication/-[quasi-Jidentity of rank «, written as
I' — & and identified with @, if ' = @&, as well as treated as the universal
infinitary /first-order strict Horn sentence Vgeozg((AL) — @), the class/set of
those of any /finite rank true in a K C Ay, being called the implicational/[quasi-
Jequational theory of K and denoted by (3/[Q]€)(K).

Subclasses of An{NK with K C Ag} “closed under {Kﬂ}(I|H|S(>1)\P[SD”U])”/
“containing each -algebra with finitely-generated subalgebras in them”/“contain-
ing no infinite finitely-generated member” are called “{relatively} abstract|image-
closed| (non-trivially- )hereditary| [ultra-|| sub-]multiplicative”/local /locally-finite (cf.
[15]). Then, a skeleton {of a(n abstract) K C Ay} is any S C Ay without pair-wise
distinct isomorphic members {such that S C K C IS (i.e., K=1S)}. Given K, K’ C
Az 3 9, set hom () (%, K) £ {h € hom(2,%B) | B € K[, (imgh) = BJ(, (kerh) =
A4)} and Cok(2) £ {6 € Co() | (A/0) € K}, whose elements are called K-
(relative )congruences of A, K' < K standing for K’ C ISK and thus providing a
quasi-ordering on Ay, in which case, by the Homomorphism Theorem, we have

(2.4) (ker[hom® (24, K){\(@{A*})}) = Comas ..., )k (),
and so “by the Homomorphism Theorem”|, for all B € Ay, and h € homs‘(s”)(%@l,
A|B):
(2.5) V8 € (Coyyajas))k (B) N p((ker h)|Ag, B?)) :
V0] € (Copyay sy () N (A (ker h), A%)),
RVIRED (0] = (0.0 (BIR[A])?)

“yielding an isomorphism between the posets Coprg) (B)Np(ker h, B?) and Copk) ()
ordered by inclusion as well as”|| |“implying:

(2.6) h;l[Cg[?IH(IS))K](h*[XD =2 Cg[Q(LIH(IS))K] (X U (ker h)),
for all X C A2, while, as, for any set I, B € AL and f € ([]
F
(2.7) (IT £) € hom(2, ] By,
icl

by (2.1) and (2.2) with [finite] I £ Coys))k(2) [if either A is finite or, by (2.4),
both 2 is finitely-generated and K as well as all its members are finite] for B,
B2 (B/i)icr, D= (User Bi) and f = (v)ier, we get:

;e hom(2,%B;)):

(28) (@ e IPRUTH{TIS)K)) & (A7 N ([ ker[hom®| (A, K)])) = As),

whereas, since, for any I £ 6 C Cox (%), § £ (42N (NO)) € Co(A), B £
A/i)icr € (As(NK))' as well as, by the Homomorphism Theorem, f £ vy'o
Vidier € ([];c; hom(A/6,8;)), taking (2.1), (2.2) and (2.7) into account, we see that
e = ([I f) is an embedding of /6 into ¢ éiniel 9B,) such that €[(imge), being
isomorphic to 2/6, is a subdirect product of B ( in which case (2/6) € IPSPK, and
so, providing K is both abstract and sub-multiplicative, 8 € Cok(2l)). In particular,
[providing K is both abstract and sub-multiplicative], Copxj(2) is a closure system

over A%, the dual closure operator being denoted by Cgﬁl(].



MORGAN-STONE LATTICES 5

Remark 2.2. By (2.4), the |-right alternative of (2.5) with h = vy, where ¥ €
Corpso () (ms)k (), B = (A/V) and 0 = Ap as well as (2.8), since ¥ = h'[],
while h_! preserves intersections, Co(rjas)k () is a basis of the closure system
COIPSD([I]H([I]S))K(Q[) over A2. O

Given any Y-algebra 2 and any function f with (dom f) = A and (ker f) €
(Co(A)/{A4}), we have its homomorphic/isomorphic image/copy f[A] by f with
carrier f[A] and operations ¢/[% £ £ [¢¥], for each ¢ € ¥, in which case f €
hom® (2, f[2]), and so f[2] € (H|T)2, such exhausting all members of (H|T)2.

According to [23], pre-varieties are abstract hereditary multiplicative subclasses
of Ay, (these are exactly model classes of theories constituted by ¥-implications of
unlimited rank, and so are also called implicative/implicational; cf., e.g., [4]/[18]),
PV (K) £ ISPK = IPSD(I)S[>1]K = Mod(J(K)) being the least one including and
so called generated by a K C Ayx. Likewise, [quasi-Jvarieties are [ultra-multiplicative]
pre-varieties closed under HIW[2 T] (these are exactly model classes of sets of ¥-
[quasi-]identities of unlimited finite rank, and so are local and also called [quasi-
Jequational; cf., e.g., [15]), [Q]V(K) £ HUSP[PVIK = Mod([Q)J(K)) being the
least one including and so called generated by a K C Asx. Then, ((pre-/quasi-
)varieties generated by finite classes of finite Y-algebras are called finitely-generated,
in which case, by [(2.8)] (and [6, Corollary 2.3]), they are locally-finite (and quasi-
equational)/. Further, intersections of a K C Ay with [pre-/quasi-]varieties are
called its relative sub-[pre-/quasi-Jvarieties, in which case, for any & C Eqs,

(2.9) (IPSP (K) N Mod(€)) = IPSP (K N Mod(€)),

and so S — (SN K) and R — IPSPR are inverse to one another isomorphisms
between the lattices of relative sub-varieties of IP®PK and those of K.

Then, a [pre-]variety P C Ay is said to be [(relatively)] congruence-distributive,
if, for each 2 € P, Coypy(2) is distributive.

Remark 2.3. Given a [quasi-equational] pre-variety P C Ay, and a € (c0\ 1), by the
|-right alternative of (2.4) with K =P and 2 = Tm§;, any X-implication I' — ® of
rank o is true in P iff ® € Cgd(T') [in which case, by the Compactness Theorem
for ultra-multiplicative classes of algebras (cf., e.g., [15]), Cgp is finitary, and so is
Cgp, for any B € Ay, in view of the left ||-alternative of (2.6), when taking a = | B
and h to extend any bijection from V, onto BJ. O

Furthermore, [given an abstract K C Ag] an 20 € (As[NK]) is said to be [K-
{relatively }]simple/(K -)subdirectly-irreducible /(where K C 00), if Ay € (maxc /
MI(K))(CO[K] () \ ({A%}/2)), in which case |A| # 1, the class of (those of) them
(which are in a K’ C (Ag[NK])) being denoted by (Si/SI(K))[K]<(K’)>,1 and so, by
(2.4) and (2.8),

(2.10) (Si | SI) rpso sy (TIPS (S)K”) C I(S., )K",

for any K” C Ay,. Then, a [pre-Jvariety P is said to be [{relatively}] (finitely)
semi-simple/subdirectly-representable, if

(STiiy, (P)/P) | = (Sijpy (P)/TPP(Si / SI)) (py) (P)),

any variety V C Ay, being well-known, due to Birkgoff’s Theorem, to be subdirectly-
representable. More generally, we have:

Remark 2.4. Given any [quasi-|variety Q C Ay and A € ({QN}Ay,), by Remarks

2.1, 2.2, 2.3 and the right ||-alternative of (2.5), MI)(Coq(21)) = Cogrion ) () 1
Q

IThis is abstract (whenever K’ is so), in view of (2.5).
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a basis of both Coq () and Co ,sp S1¢)(Q) (), in which case these are equal {and
Q

so, since va,, € hom® (A, A/A ») is injective, A € IPSP SISJ)(Q)}. In particular, Q
is [relatively] (finitely) subdirectly-representable. O

Recall that, according to [14], a[n implicational] K C Ay, is congruence-permutab-
le, i.e., for each A € K and all 8,9 € Co(), (6ov) C (Yob), if[f] it has a congruence-
permutation term, viz., a w € Tm% such that K satisfies the Y-identities in {x; ~
(oi(m)) | i € {0,2}}, where, for every j € 3, 0; £ [z, /m1; 2k /0]ke(3\(j})- Likewise,
a minority|majority term for K |{with £, = {A,v} C ¥ and the ¥ -reducts of
members of K being lattices} is any u € Tm% such that K satisfies the 3-identities in
{21 -mine-iim0 = (@:(1) | i € 3} [{ut £ (A4 (2sV (Tmax(1-1,0) AT24min(i,1—1) ) Yie3)
being so}, in which case it is so “as well as a congruence-permutation term”| for the
variety generated by K, and so this is congruence-distributive [17], while, for any
congruence-permutation term 7 for K, 7[z1/p] is a majority|minority term for K
“and so p[z1/p] is a majority term for K”|. Finally, a (ternary) |dual discriminator
(term) for K is any § € Tm3, such that, for each 2 € K, §% = ((mo0l(Aa x
A)) U (mo2 (A% \ Ay) x A))), in which case 2 is simple, because, for every 6 €
(Co(A)\{A4}), any (a,b) € (I\A4) # @ and all ¢ € A, we have (a|c) = §*(a,b,c) 0
6%(a,a,c) = (c|a), so getting # = A2, while § is a |dual discriminator for ISPVK as
well as a minority|majority term for K, whereas, for any congruence-permutation
term 7 for K, m[x1/d] is a dual| discriminator for K “and so d[x1/d] is a dual
discriminator for K”|, {(quasi-/pre-)varieties generated by classes of} Y-algebras
with [dual] discriminator § being called [dual] §-discriminator, with denoting the
class of [dual] d-discriminator members of a C C Ay by Cc[sa]. Then, [dual] J-
discriminator quasi-varieties are exactly quasi-equational [dual] d-discriminator pre-
varieties.

2.2.1. Filtral congruences. Let I be a set, F a{n ultra-}ilter on I [P C Ay a (quasi-
equational) pre-variety], & € (Ax[NP])! and 9B a subalgebra of its direct product.
Then, by (2.5), for each i € I, (B?> N (kerm;)) = ((m; FB);I[AA,J € Cop(B), as
(mi[B) € hom(B,2A;) and A, € Copy(2;), in which case, for all K C J C I,
the closure system Cop;(B) on B? contains %7 £ (B2 ne;'[p(],1)]) = (B*N
(Njeskerm;)) C 0%, ©F £ {98 | L € F} being thus upward-directed (and so
Cojp|(B), being inductive, in view of Remark 2.3, contains 6F £ (JOF) = (B*n
e7 ' [F)), called (F-){ultra-} filtral). Clearly, for any X C Fi(I) |“with (JX) € Fi(I)”,

(2.11) 01Uy = (B2N ((ﬂ | U){Gg | F e X})).

A [pre-]variety P C Ay is said to be [relatively] (subdirectly) {finitely/principally)
filtral, if every (finitely-generated/principal) [P-]congruence of each member of SP
STip) (P)(NPSP SIjpy(P)) is filtral (cf. [7) for the equational case).

2.2.1.1. Filtrality versus semi-simplicity.

Lemma 2.5. Any [relatively] subdirectly principally filtral [pre-Jvariety P C As is
[relatively] semi-simple.

Proof. Consider any 2l € SIjpj(P), in which case |A| > 1, and any 6 € (Copj(A) \
{A4}) as well as any @ € (6\ A4) # @, in which case B £ A € PSP SIp;(P), while
h 2 (79| B) € hom®(%B,2) is injective, whereas B> 3 b 2 (aoh ') € ¥ & Cg‘[%] (b) =
0%, for some F € Fi(1), and so, by (2.5), n £ h;[0] € (Cojpy(B) N p(d, B?)), while
6 = h.[n], whereas @ = ¢1(b) € F. Then, F = p(1), in which case n 2 ¥ = B2, and
s0 0 2 h,[B?] = A%. Thus, 2 € Sijp|(P), as required. O
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2.2.1.2. Filtrality versus congruence-distributivity.

Lemma 2.6 (cf. [10] for the [J()-non-optional case). Let Q C Ay be a [quasi-
Juariety, I a set, A € QL, B € S([]2) and 6 € MI(“’)(CO[Q] (|B)). Suppose Coiqy(B)
is distributive. Then, there is an ultra-filter U on I such that 0{% cé.

Proof. By (2.11), S £ {F € Fi(I) | 68 C 0} > {I} is inductive, for Fi(I) is
S0, in which case, by Zorn Lemma, it, being non-empty, has a maximal element
U, and so, for any X € @, (p(I)) such that Y £ (JX) € U, (X NU) # 2, as,
for each Z € X, 0 € Cojq(B) with U C F, £ Fg,(UU{Z}) € Fi(I), while
U=Fg;(U) =Fg,(UU{Y}) = (p(I) N (({Fz | Z € X})), in view of (2.3), since
Fg; is finitary, whereas, by (2.11), § = Cg[%] (QUof) = Cg%] (0u(B2n (N{6%, |
Z € X})) = (B*n (ﬂ{Cg%](H Uo6f) | Z € X})), that is, for some Z € X,
0 = Cgig(0U0F,) 268 e, UCFz €8, viz., Z € Fz =1, as required. m

This, by (2.5), Birkgoff’s and the Homomorphism Theorems [as well as [6, Corol-
lary 2.3]/[21, Lemma 2.1]], immediately yields:

Corollary 2.7. Let K be a [finite/] class of [finite/] L-algebras (with {dual}
discriminator 6) and P 2 HUOSPK. Suppose P is a [relatively]| congruence-
distributive [/locally-finite] [quasi-|variety. Then,

(pc‘g@} C Si| ey (P) C) SITJAC{O(P) c HIMNspUK[c HIWDSK](C pga})
[in which case its members are finite, and so Slfpy(P) = Slipy(P)//. In particu-
lar, {dual} (8-)discriminator quasi-varieties are exactly [semi-simple] {dual} (§-
)discriminator varieties.

Corollary 2.8. Let Q C As be a ([relatively] semi-simple) [quasi-Jvariety, I € T,
A € Si(Q)!, D £ ([IA), B € S{D} and 0 € (Coq(B) \ {B?*}). Suppose
Sijq(Q)" is both ultra-multiplicative and non-trivially-hereditary {while Cojq(B)
is distributive}. Then, 0 is mazimal in Coiq(B) \ {B?} if {f} it is ultra-filtral.
{(In particular, all elements of Coyq)(B) are filtral.)}

Proof. First, assume 6 = 65, for some ultra-filter U on I, in which case € =
(@/05) c PUY Sijq(Q) € Sijq(Q), while A £ (Apo ugg) € hom(®B, ¢), whereas
(kerh) = (AB),:l[H{?] = 0, and so by (2.4) and Footnote 1, as 6 # B2, (%B/0) €
IS-1 Sifq(Q) C Sijq)(Q). Then, by (2.5), # € max(Coq)(B) \ {B?}). {Conversely,
assume 0 € max(Coq)(B) \ {B?*}) € MI(Coq)(B)), in which case, by Lemma 2.6,
there is some ultra-filter U on I such that, as 6 # B2, (Cojq)(B) \ {B?}) 3 i C 0,
and so, by the “if” part, = 6F. (Then, Remarks 2.1, 2.3, 2.4, (2.5) and (2.11)
complete the argument.)} O

2.2.2. Subdirect products versus subalgebras.

Lemma 2.9 (cf. [12]). Let % € Ax, and B a subalgebra of A. Then, hE = {(a,b) €
(4% x B) | |\ u(@w x {B})] € w} 2 (Ul{{w x {b},B)} U {{((w \ {i}) x {b}) U
{(i,a)},b) | i € w,a € A} | b € B}) is a function forming a subalgebra of A< x B,
in which case it is a surjective homomorphism from €8 £ (A[(dom hE)) onto B,
and so €5 is a subdirect product of w x {A}. In particular, the variety generated
by any K C As. is equal to TPSPK.

2.2.2.1. Filtrality versus non-trivial hereditarity of simplicity.

Corollary 2.10. Let P C Ay be a [relatively] subdirectly principally filtral [pre-
Jvariety. Then, (SIipj(P) UASY)(\AS!) is (non-trivially-)hereditary.
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Proof. Let 2 € (SIip)(P)UAS!) and B a non-one-element subalgebra of 21, in which
case |A| # 1, and so, by Lemma 2.9, h = h% is a surjective homomorphism from
the subdirect product € £ €5 of (w x {A}) € SIjp|(P)“ onto B. Consider any
0 € (Copy(B) \ {Ap}) and take any (a,b) € (6 \ Ap) # @, in which case, by
(2.5), Copy(€) 39 £ h0] 5 (¢,d) £ (w x {a},w x {b}), while h.[9] = 6, and so
9OnE Cg[cp]((é, d)) = 05, for some F € Fi(w). Then, @ = ¢,(¢,d) € F, in which
case F = p(w), and so ¥ D n = C?. Thus, § D h,[C?| = B2, in which case § = B2,
and so B € Sijp)(P), as required. O

2.2.3. Locality versus local finiteness. As an immediate consequence of [21, Lemma
2.1], in its turn, being that of [6, Corollary 2.3], we, first, have the following useful
universal observation:

Corollary 2.11. Any abstract hereditary local subclass of a locally-finite quasi-
variety is ultra-multiplicative.

Aside from quasi-varieties as such, certain representative subclasses of them are
local as well.
2.2.3.1. Local subclasses of local pre-varieties.

Lemma 2.12. Let P C Ay be a [local (more specifically, quasi-equational) pre-
Jvariety. Then, (SI*|Si)p))(P) UAS?) is local.

Proof. Consider any B € (P \ ((SI*|Si)ip))(P) U AS!)), in which case there are
some a € (B*\ Ap) # @, n € (w[{1}) and 6 € (Cojpy(B) \ (img¥?))", where, for
any C C B, 9 & ((Ac)|(Ac, C?)), “such that (B2 N (N(imgf))) = Ap”|, and
so some (0%9)IEMP e (TIEM ((6;\ 92) U (92 \ 6;))) # 2. Let A be the finitely-
generated subalgebra of B generated by {ag, a1} U {bi’j |ien,je (12),k €2}, in
which case, by (2.5) with h = Ax, 71 £ (0; N A?)icn, € (Cop(A) \ (imgd4))", as
I € (THEN™ (m\ 9 L5 \m))). s0 A € (P\ (ST Si)e)) (PYUATY)), for
a € (A%\Ay) “and (A*N(N(img7))) = (A°N(N(imgh))) = (A*NAp) = Ax”"]. O
2.2.3.1.1. Finite semi-simplicity versus semi-simplicity and local finiteness. Lemma
2.12 immediately yields:

Corollary 2.13. Any locally-finite [relatively] semi-simple [local (more specifically,
quasi-equational) pre-Jvariety P C As; with hereditary SIjp(P) U AS! s [relatively]
finitely semi-simple.

2.2.4. Subdirect irreducibility versus homomorphisms onto simple algebras.
Lemma 2.14. Let 2,8 € As and h € hom®(A,B) (as well as n € (w\ 2)).
(Suppose B is simple, while |A| = n, whereas |B| = (n—1).) Then, A is subdirectly-
irreducible if(f) its congruences form the three-element chain Aa C (ker h) C A2.
Proof. The “if” part is immediate. (Conversely, assume 2l is subdirectly-irreducible,
in which case 6 £ (A2 N (N(Co(A) \ {A4}))) € (Co(A) \ {A4}), and so, by (2.5),
{6 C}(ker h) € [max5](Co(A) \ {{Aa, }A?}), for 1 # n{£ (n —1)}. Then, by the
Homomorphism Theorem, g £ (v, ' o h) € hom® (2/6, B), in which case (n — 1) <
|A/0] < n, for 0 # A4, and so |A/0| = (n —1). Thus, g is injective, in which case
(ker h) = 6, and so its maximality completes the argument.) O

3. PRELIMINARIES: QUATERNARY EQUATIONAL SCHEMES

A quaternary X-(equational )scheme is any U C Eq%. This is called an implica-
tion scheme for a K C Ay, if this satisfies the Y-implication:

(3.1) {zxo = 21} UD) — (22 = x3).
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Likewise, it is called an identity|reflexive|symmetric|transitive one, if K satisfies
the Y-implications of the form (&|2|0|(C U (Oza+i/x3+4i)ic2))) — ¥, where ¥ €
(O([xs/x2)|[rayi/mi)ic2|[Ts/xe, xa/x3]|[x3/24])), reflexive symmetric transitive ones
being also called equivalence ones. Then, U is called a congruence one, if it
is an equivalence one, while, for each ¢ € X of arity n € (w \ 1), K satisfies
the X-implications of the form (U, (Olz24i/224it(2.5)]ie2)) — ¥, where U €
(Olzati/s({Toyit(2-5))jen)]ic2).] Finally, U [being finite] is called a “restricted
equationally definable principal {relative} congruence (REDP{R}C)’/“(equation-
al) implicative|disjunctive scheme/system for a “{pre-}variety”/ K C Ay, if, for
cach A € K and all a € A* (V0 € (Copy(A)/{Aa}) ¢ ((a0,a1) € | € 0) =
(ag,az) € 0) & (@ = (AD)[ws/aidier [ef. [7/[21][20]] /“and so for IS[PU]K,
(pre-varieties generated by classes of) Y-algebras with [finite] implicative|disjunctive
system U being called ([finitely]) U-implicative|-disjunctive with the class of U-
implicative|-disjunctive members of any K’ C Ay, denoted by Kf; “in which case U,
being an implication scheme for (the pre-variety generated by) K, providing this
is quasi-equational, includes a finite one, by the Compactness Theorem for ultra-
multiplicative classes of algebras [15]”|, and so implicative quasi-varieties, being
thus finitely so, are exactly those in the original sense of [21]. Then, by Remark 2.4
therein, quasi-equational/finitely implicative pre-varieties are finitely disjunctive.

Given any 2 € Ay, let U% : p(A)? — p(A),(X,Y) — {3 [xi/ai, T21i/bi)ic2,
¢F [vi/ai, x21i/bilieo) | € U,a € X, b e Y}

Given any 7 € Tm%7 put

67 & {1~ (rlxa/z3))},
022 & {(r[zo/mask, 21/T3-k, T2/ (T[T2/T21k])]) = T2pk | k € 2},
Oy £ A{(rlzo/7,x1/(t[2/23))]) = ([o/T, 21/ (T][w2/73]), 22 /23]) },

in which case UY is defined by U7 according to [21, Remark 2.4].

Remark 3.1. Given any [dual] discriminator 7 € Tm3. for a K C As, U(T[ab)/v is a
Yy )

finite implicative/disjunctive system for K. In particular, any [dual] discriminator
pre-variety is finitely both implicative and disjunctive. O

This enables us to build easily an example of a non-quasi-equational finitely
both implicative and disjunctive pre-variety well-justifying the generic framework
of pre-varieties we follow here:

Example 3.2. Let ¥ = {-,V, 7}, where = and V are unary, while 7 is ternary,
2 the Y-algebra such that A £ w, 7(zg,71,22) is a (dual) discriminator for A
and, for all @ € A, V¥(a) £ min(a,1), whereas =*(a) £ max(0,a — 1). Then,
by Remark 3.1, the pre-variety P generated by 2, being (dual) 7-discriminator,
is finitely both implicative and disjunctive. Let us show, by contradiction, that
it is not a quasi-variety. For suppose it is a quasi-variety. By induction on any
n € w, put =0 Hg; & [—=7]2;[= =" —x;], where i € 2, and set " £ (V(—"zg) ~
V(="z1)). Then, given any N C w, set ey = {"|n € N}. Note that the X-
implication €, — (zp &~ x1) is true in 2, and so in P. Hence, by Remark 2.3,
there is some N € g, (w) such that the X-quasi-identity ey — (zg &~ z1) is true
in P > 2. However, A |= en[z;/(i + m + 1)]ic2, where m £ (JN) € w, though
(m+1) # (m+ 2). This contradiction means that P is not a quasi-variety. O

3.1. Implicativity versus REDPRC and relative semi-simplicity.

Lemma 3.3. Let U C Eq% be an implication scheme for a [pre-Jvariety P C Ay,
AeP, abe A2 and 0 = Cgﬁg] (@). Suppose A = (A\OU)[xi/a;, v24i/bilica. Then,
bed.
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Proof. As (3.1) is true in P > (4/0) = (AU)[xi/ve(a:), vati/ve(bi)]ic2, while a €
0 = (kervy), we get b € 0. O

Corollary 3.4. Let U C Eqs, be an implication/REDPC scheme for a [pre-Jvariety
P C As. Then, Ps C / = (Sip(P) UASY). In particular, any implicative [pre-
Jvariety is [relatively] both semi-simple and subdirectly representable.

Proof. Consider any non-one-element 2 € Py and 9 € (Cop(A) \ {A4}), in
which case there is some @ € (9 \ Aq) # &, and so, for any b € A% A |=
(AU)[zi/ai, v21i/bilica- Then, “by Lemma 3.3°/ b € ¥, in which case ¥ = A2,
and so 2 is [P-]simple. Conversely, for any A € Sipj(P), Cojp(A) = {A4, A%}, in
which case, for all a € A*, as (a2, a3) € A%, we have (V0 € Copp () : (ap 0 a1) =
(az 0 a3)) < ((ap = a1) = (a2 = a3)), and so A is U-implicative, whenever U is an
REDP[R]C scheme for P > 2L O

Theorem 3.5. Any U C Eq% is an identity congruence implication scheme for afn
equational] pre-variety K C Ay, if[f] it is an REDPC one.

Proof. The “if” part is immediate. [Conversely, if U is an identity congruence
implication scheme for K, then, by induction on construction of any ¢ € Tm$, we
conclude that K satisfies the X-identities in Olxa1,/(p[ro/2:])]ic2, in which case, by
Mal’cev Lemma [14] (cf. [7, Lemma 2.1]), for any A € A, @ € A% and b € Cg™(a), we
have 2 = (A U)[zi/a;, ©2+i/bilic2, and so Lemma 3.3 completes the argument]. O

This, by Lemma 3.3 and the Compactness Theorem for ultra-multiplicative
classes of algebras (cf., e.g., [15]), immediately yields:

Corollary 3.6. Any quasi-variety with REDPRC scheme U has a finite one C U.

Theorem 3.7. Let U C Eqs,. Then, any [(not necessarily) quasi-equational pre-
Jvariety P C Ax is U-implicative iff it is [relatively (both subdirectly-representable
and)] semi-simple with REDP[R]C scheme U, in which case ((SI|Si)ip)(P)UAS!) =
Ps.

Proof. If P is U-implicative, that is, is the pre-variety generated by Py, then, for any
2 € P and a € A* such that A £ (A U)[z;/a;]ica, by (2.8), there are some B € Py
and i € hom(2A, B) such that B = (A U)[zs/h(a;)lica, that is, h(ag2) = | # h(ays),
in which case, by (2.4), (agj2,a1j3) € | € (kerh) € Coppy(2), and so Remark 2.4,
Lemma 3.3 and Corollary 3.4 complete the argument. O
3.1.1. REDPC versus congruence decomposition.
Definition 3.8. Given any n € w, a U C Eqé("ﬂ) is called a(n) restricted equa-
tionally definable n-generated [relative] congruence (n-REDG[R]C) scheme for a
[pre-Jvariety P C Ay, if, for each 2l € P and every a € (A?)"*1, (a, € Cgﬁ[)] (@ln]))
& = (AO)[@itj/mj(ai)lien+1),5e2)-

Given any U C Eqé, by induction on any n € w, define U,, C Eqé(nﬂ) b
Bo £ {zo = 21} and Bpp1 £ (U{On[z2n)1i/@ilice | ¢ € (Olzj/2@2n)15]5e4)})-

Lemma 3.9. For any [pre-Jvariety P C Ay, with a REDP[R]C scheme U C Eqs,
and any n € w, G, is an n-REDPG[R]C scheme for P.

y

Proof. By induction on n. For consider any 21 € P, in which case A4 is the
least [P-]Jcongruence of A, and so Uy is a 0-REDPGRC scheme for P. Now, as-
sume U,, is an n-REDPGRC scheme for P and consider any a € (A?)""2 in
which case, by the right alternative of (2.6) with B = (/) € P and h =
vy € hom®(A,B), where § 2 Cgﬁé](d[n]) € Cop)(A), as € = (kerh), we have
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(@11 € Cgly(@ln+1]) = Cely(0Ufa,})) & (hu(ansn) € Cely({ha(an)}) & (B
(AO)[(2i)15/M(mj(ansi)]ije2) & (0 ({an}t,{ant1}) € 0) & (A | (AVns1)
[Trt1/m1(ar)]ke(nt2),1€2), and so Upq1 is an (n + 1)-REDPGRC scheme for P. O

Theorem 3.10. Let P C Ay be a ([relatively] semi-simple) {[quasi-Jequational}
[pre-Jvariety, 5 C Bqs, I € T, A € (SI[p])(P)I, B a subalgebra of [[,c; U and
X € pu|o(B?). Suppose U is an REDP[R]C scheme for P, while |B| € (colw).
Then, Cgfp)(X) = (B2 N (Ne; (miIB), " [Capp (i1 B)-[XD)) (= 05 v cp1x10.0)-
in which case (all elements of)

(3.2)  Cgp)[9((wlso)u) (2 (wiuso})) (B?)]
(€= {32(ﬂi (mi[B), ' [6:]) | 6 € (Hiel Coppy(2:))})

(are filtral in the ()-non-optional case {and so is P}). In particular, any /“finitely||
[quasi-Jequational” implicative [pre-Jvariety is [relatively] both subdirectly-represen-
table and finitely/ filtral.

Proof. Take a bijection @ from n £ | X| € w to X, in which case, by Lemma 3.9, Vb €
B?: (b€ Cgp(X)) & (B = (AU wjn/mr(a5); 2@y 11/biljensniez) & (Vi€ I :
A = (NOn)[zjr/mi(mh(az)); @y +1/Ti(0)]jenikie2) & (Vi € I : (mi]B)«(b) €
Ce(mB)[X]) & (b € (B2 N (Nies (mlB) [Co (mIBLLXDD) (& (10
(NerlX]) C (e1(b)) < (b € Hg(mm <1 (x]),)))s and so ((3.2) holds [“in view of
(2.5)”, while) ({for every n € Cojp(®B), since, by Remark 2.3, Cg% is finitary,
whereas Fi(I), being inductive, contains F £ (Uyepo U N (NerlY]), 1)), for
{p(I N (NerlZ2),I) | Z € pu(n)} C Fi(I) is upward-directed, as g, (1) is so, by
(2.11), n = Cg%(n) = (U Cg% [0w(n)]) = 0F}. Finally, assume U is finite, in
which case, by Theorem 3.7, it, being an implicative system for K/ £ SIipy(P), is
so for K” £ TPVK’ D K/, and so Q £ QV(K') = PV(K”) D PV(K’) = P, being
U-implicative, is [relatively] semi-simple with REDPC scheme U and SIjp)(P) 2 K'.
Then, by the {}-optional case, P is filtral, for Q is so.) In this way, Corollary 3.4
and Theorem 3.7 complete the argument. O

el

Whether the converse of the [J-optional version of the /-right alternative of the
||-left one of the last statement holds remains an open problem. On the other hand,
the ()-optional restriction by merely finitely-generated [P-]Jcongruences of 98 in (3.2)
can not be omitted, even if P is equational, as it is demonstrated by the following
apparently simplest counter-example:

Example 3.11. Let ¥ 2 (X, U2U{=}), P the variety of De Morgan algebras and
(A|€) € (Si| SI)(P) the Kleene|Boolean algebra with carrier (A4|C) = (2U({1}|@)),
in which case, by [22], P has an REDPC scheme, while € is a subalgebra of 2, and
so, by Lemma 2.9, there are a subdirect power B of 2 of degree I £ w and some
h € hom®(%B,€). Then, by (2.5) and the subdiract irreducibility of €, (kerh) €
MI(Co(B)). Therefore, if the ()-optional version of (3.2) held for arbitrary [P-
Jecongruences of B, then, by the simplicity of 2, there would be some J C I such that
(ker h) = (B? N (N;c s (ker(m;1B)))), in which case there would be some j € J such
that (ker h) = (ker(m;|B)), and so, by the Homomorphism Theorem, h™! o (7, B)
would be an isomorphism from € onto 2, contrary to the inequality 2 # 3. (|

Corollary 3.12. Let V C Ay, be a variety with an REDPC scheme, P C Ayx, a pre-
variety, A, B, C[,D(, &) € V, § € P a finite subalgebra of (A[(xE)]) x € and [both]
(hllg]) € homyay (A[|€], B[|D]) Assume both Co(A|E[([|€)]) = {Aaciey, (AlC

[(12))2} U ({ker h}||(2[ufker }))[(|2)]), while ({(mg " 1F) [ (rg TV 1F) @ ((
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T 1) 0 )1 (731F) © (W IF)EN} N P) = @ {cf. (27)}, whereas § £
((B[(x®)]) x €). Then, § € SIp(P).

Proof. Then, by (2.1), {ker(ﬂg(—H) [F)Ng |0 e {FQ[,ker((ﬂ'f((ii)) [F) o g)(,ker(m3|
F))]}} is disjoint with © £ Cop(§) 2 0’ 2 (0\ {Ar}) # AF = (ker(re ™ 1F)[(N

ker(m$ [ F))] N ker(ﬂf&i; [F)) € O, in which case, by the finiteness of § € V and

Theorem 3.10(3.2) [(as well as the injectivity of g)], ©®" C p(ker((ﬁg(ﬂ) [F) o

)[(Nkex(x$ 1 F))] N ker(xy{ 1] 1F), F2), and so, for any ©” C €/, (F2n (6")) 2

(ker((mo "V 1F) o B)[(Mker(r3 | F))] Nker(rY{ 1] I F)) # Ap, for, otherwise, by (2.1)

and (2.7), (((W§(+1) I[F) o h)(@(ﬂf(—H) [F)) © (WTEIB IF') would be an embedding of
§ into (B(x€)) x €. O

3.1.1.1. Implicativity versus filtrality.

Theorem 3.13. Any [quasi-]equational/ [pre-Jvariety P C Ay, is implicative iff it is
[relatively] / “both subdirectly-representable and” (subdirectly) /“finitely|principally”
filtral.

Proof. The “only if” part is by Theorem 3.10. Conversely, assume P is [relatively]
/“both subdirectly-representable and” subdirectly principally filtral, in which case,
by “Remark 2.4 as well as”/ Footnote 1, Lemma 2.5 and Corollary 2.10, P is
[relatively] both subdirectly-representable and semi-simple with abstract and non-
trivialﬁf—hereditary K £ (Si| S (E) Let I 2 {0 € Cox(Fmy,) | (x0 0 1) = (2 0
z3)}, AL (A/i)ier € KL, D 2 ([T), h £ ([[;e; i) and @ 2 (h(v)))jes, in which
case, by (2.2) and (2.7), h € hom(¥mg, D), while B £ (D[(imgh)) is a subdirect
product of 2, whereas h € hom®(¥m%,B), and so ¥ £ Cg%((ao,al)) = 08, for
some F € Fi(I). Then, (ag,a;) € ¥, in which case er({(az,a3)) 2 er({ap,a1)) € F,
and so e7((ag,a3)) € F, ie., (az,a3) € 9. Let U £ (kerh) C Eqs.. Consider any
¢ € K and g € hom(¥my, ). Then, providing O C 7 £ (kerg) > (xg, 1), by
the Homomorphism Theorem, f = (h™! o g) € hom(%B, €), in which case, by (2.5),
(ag,a1) € ¢ £ (ker f) = f7'[A¢] € Copi(B), and so (az,a3z) € ¥ C ¢. In that
case, (x2,x3) € n. Now, assume ((zg,x1) € n) = ((x2,23) € 1), in which case
U C 1, ie., €= (AU)[g], whenever n = Eqs,. Otherwise, by the {}-optional ver-
sion of the right alternative of (2.4), n € I, in which case, by (2.1), U C 7, i.e.,
¢ = (AU)[g], and so U is an implicative system for K. Thus, P, being [relatively]
subdirectly-representable, is U-implicative. (]

This relativezes [7].

3.1.2. Generic identity equivalence implication schemes for distributive lattice ex-
pansions. Here, it is supposed that ¥, C ¥. Given any 2 € Ay, X C A and
Q C Tmy,, we have Q% : A — p(Q),a — {p € Q| p*(a) € X}.

Given any @ € (Tmz)* with 79 € = 2 (imgp), + € Q € p(V1,=), i € 2 and
A€ p(E), let el5 £ (A {(BNA) * (8N A) o [wo/a1]), t(w244))) T (V4((8\ D) *
((#\ &) o [wo/x1]), (w3—:))) € Eag, and UF £ {e(5 | i € 2,0 € QA € p(F)} €
9w (Eds).

Lemma 3.14. Let 2 be a X-algebra with (distributive) lattice Xy -reduct, ¢ €
(Tms,)* with zo € = 2 (img @) and Q € p(V1,E). Then, UF is an identity reflexive
symmetric (transitive implication) scheme for 2.

Proof. Clearly, for all j € 2, . € Z and A € p(E), there are some ¢,9,£ € Tm3,
such that (e2'Alz3/22]) = (¢ A &) T (¥ V€)), in which case this is satisfied in
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lattice Y-expansions, and so in 2. Likewise, there are then some 7,( € (Tsz)+
with ((imgn) N (img()) # @ such that (eZA[r24i/7ilic2) = (A1) £ (V40)),
in which case this is satisfied in lattice Y-expansions, and so in 2. Furthermore,
(U§[xe/x3, x3/22]) = U§. (Next, since the ¥ -quasi-identity {(zo A z1) 5 (2 V
x3), (xo ANxg) S (@2 Va)} — ((xo Ax1) S (w2 V 24)), being satisfied in distributive
latices, is so in 2, so are logical consequences of its substitutional Y-instances
(G5 U (Ug[acg+i/x3+i]i€2)) — U, where U € (U8[23/24]). Finally, consider any
a € Aand b € (A%2\ A,), in which case, by the Prime Ideal Theorem, there
are some k € 2 and some prime filter F' of 2 such that by € F & b;_j, and
s0, as A 2 Z%(a) € p(=) and 29 € Q, A = (AVH)[2i/a, T2 /b)ica, for A -

52”32’ [zi/a, xa1:/bilic2.) .

This, by Corollary 3.4, immediately yields:

Corollary 3.15. Let 2 be a non-one-element X-algebra with distributive lattice
Yy -reduct, ¢ € (Tmy)* with xop € Z 2 (img @) and Q € p(V1,Z). Suppose UF is
an implicative system for A. Then, A is simple.

3.1.2.1. Equality determinants versus implicativity. Recall that a (logical) ¥X-matriz
is any pair A = (A, D) with a ¥-algebra 2 and a D C A, in which case an Q C Tmy,
is called an equality/identity determinant for A, if Q% is injective (cf. [20]), and so
one for a class M of Y-matrices, if it is so for each member of M.

Theorem 3.16. Let M be a class of S-matrices and @ € (Tms)* with zg € = £
(img @). Suppose, for all A € M, mo(A)[X; is a distributive lattice with set of its
prime filters w1 [M N7y [{mo(A)}]]. Then, = is an equality determinant for M iff
Uy, is an implicative system for (ISp>1{PY})mo[M] (fin which case its members
are simple]).

Proof. Let A= (A, D) € M, a € A% and, for any b € A2, hy = [;/a;, To1i/bi)ica-
First, assume Z is an equality determinant for M. Consider any b € A%. Assume
A B Eé’wﬁ[hg], for some j € 2 and A C =, in which case, by the Prime Ideal
Theorem, 3B = (A, D') € M : Vk € 2 : A = =%,(ax), and so ap = a;. Then,
by Lemma 3.14 with Q = Z| Uf’,l is an implicative system for 2. Conversely,
assume U%r is an implicative system for 2 and A £ Z%(ag) = Z%(a1). Take any
be (Dx(A\ D)) # @, in which case, as A C Z > zg, A £ Eg’ﬁ[hlf,], for D is
a prime filter of A3, and so ap = a;. (Finally, Corollary 3.15 completes the
argument.) O

3.2. Disjunctivity. Unless otherwise specified, fix any U C Eq%.

3.2.1. Disjunctivity versus finite subdirect irreducibility and congruence-distributi-
vity.

Lemma 3.17. Any U-disjunctive /finite non-one-element A € As, is finitely/ sub-
directly-irreducible. In particular, any disjunctive pre-variety is (relatively) finitely
subdirectly-representable.

Proof. Consider any 6,9 € (Co(A)\{A4}) and take any (a|b) € ((0]9)\{A4}) # 2,
in which case the ¥-identities in U[zy3/2¢2], being true in 2, are so in 2/(6]?) (in
particular, under [oj2/Vpj9((alb)o), Z(2(0)+i/Vojs((bla)i)]ie2), and so A s 2 {(¢™[xi/
ai,x2+i/bi]i€27 ¢m[$i/ai,$2+i/bi]i€2> | (¢ ~ ’l/)) S U} Q (9019) Then, (90’[9) # AA.
Thus, induction on the cardinality of finite subsets of Co(2) ends the proof. g

Lemma 3.18. Let P C Ay, > 2 be a U-disjunctive pre-variety and X,Y,Z C A2,
Then, Cgp (U*(X,Y)U Z) = (Cgd (X UZ)NCgd (Y U Z)).
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Proof. In that case, P is generated by K £ Py = ISK, so, by Remark 2.2 and (2.8),
Cok () is a basis of Cop(2A). Then, for any 6 € Cok (), 2/6 is U-disjunctive, in
which case (0*(X,Y) U Z) C 6 iff either (X UZ) C or (Y UZ) C 0, and so, for
any a € A2, (a € Cgp (BX(X,Y)U Z)) & (V0 € Cok(A) : (DX(X,Y)UZ)CH) =
(@€0)) < (V0 € Cok(A) : (XUZ)C )= (ach)&(V0e Cok(A): (YUZ)C
) = (@a€h) < (ac (Cgh(XUZ)NCgh(Y UZ))), as required. O
Corollary 3.19. Any U-disjunctive [pre-Jvariety P C Ay is [relatively] congruence-
distributive, and so is any [quasi-equational/finitely] implicative one.

Proof. Then, by Lemma 3.18, for any 2 € P and 0,9, € Cop(2), we have (Cg (U
n) N Cep (VUn)) = Cgp (BH(6,9) Un) = Ce (Cgp (G (6,9)) Un) = Cgp ((Cgp (0) N
Cgd(9)) Un) = Cg((6 NY) Un), as required. O
Lemma 3.20. Let P C Ay, be a G-implicative pre-variety and U’ a disjunctive
system for Py. Then, every U'-disjunctive member of P is U-implicative.

Proof. In that case, U, being is an identity implication scheme for Py, is so for
P = ISPPy¢, while the X-identities in |J{U'[z2+:/pi]ic2 | @ € U}, being true in Py,
are so in P, and so ¥/-disjunctive members of P are U-implicative, as required. [
Corollary 3.21. For any U-disjunctive [pre-Jvariety P C Ay, Py = (SIjp(P) U
ASY). In particular, any [quasi-equational/finitely] implicative [pre-Jvariety is [rel-
atively] finitely semi-simple.

Proof. Then, any one-element -algebra is O-disjunctive, while, for any 2 € Sl (P)
and a,b i (A%\ AAQl), éince ng,l;] (alb) € (Coppy () \ {AA}),’ whereas, byg%emma
318, (Cefh (@) N Oy (B) = ey (03 (a)). we have U™(alb) # Aa = Cily(A.).
ie, A E (AO)[x;/ai,x24i/bilic2, in which case 2 is U-disjunctive, because the
Y-identities in Uje2 Oz (2.5)/2(2.5)41], being true in P, are so in ISPP; = P > ,
and so Lemmas 3.4, 3.17, 3.20 and [21, Remark 2.4] complete the argument. O

Theorem 3.22. Any [pre-Jvariety P C Ax is disjunctive iff it is [relatively both]
congruence-distributive [and finitely-subdirectly-representable] with Slip;(P) U At
being “a universal (infinitary) model class”/hereditary.

Proof. The “only if” part is by Lemma 3.2.1 and Corollary 3.21. Conversely, assume
P is [relatively both] congruence-distributive [and finitely-subdirectly-representable]
with hereditary SIfp(P) U AS', in which case, by Remark 2.4, it is [relatively]
finitely-subdirectly-representable, while, by (2.5), Cop (Tmy) N p(0, Bqs), where
6 £ (Eqs, N(N Cosrs, (p) (Tmy;))) € Coppy (Tmy,), is distributive, for Corpy (Tms,/0) is

Pl .
Tmy

so. Let Vj €2:9; £ Cgpy “(0 U {(z25,2025)11)}) € (Co[p](Tmé) N e(0,Eqs)) >
U 2 (WoNv) C Eqy. Consider any 2 € SIip/(P) and any a € A*. Let h
hom(¥my;, A) extend {(x;,a;) | i € 4}, in which case B £ (A[(imgh)) € (SIipy(P)U
ASY), and so (({{ao,a1), (az,a3)} N A4) # @) &|& (A E F[RIVA]), unless B €
SIfp(P). Otherwise, by (2.5) and the Homomorphism Theorem, 6 C n £ (kerh) €
MI*(Coppy (¥m3)), in which case we have:

(A | B[RIVA]) & (D0 N01) =T 1) & (= Cey ™ (nU (9 N1)) =
(Cepy > (nUdo) N Cgp (U h)) & (3j € 2: 9= Cgp>(nUY,)) &

(3_] €2: 79]’ - ’17) = (3] €2: <.’L’2.j,$(2.j)+1> S ’I]) = (3] €2: az.; = a(g.j)+1)7

and so U is a disjunctive system for SIip;(P). Thus, P, being [relatively] finitely-
subdirectly-representable, is U-disjunctive, as required. (]
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This, by Remark 2.4 and Corollary 3.21 (as well as the Compactness Theorem
for ultra-multiplicative classes; cf., e.g., [15]), immediately yields:

Corollary 3.23. Any [quasi-Jvariety Q C Ax is (finitely) disjunctive iff it is [rel-
atively] congruence-distributive with Slig (Q) UAS! being “a universal (first-order)
model class’/ “hereditary (and ultra-multiplicative)”.

This, in its turn, by Footnote 1, Corollary 2.11 and Lemma 2.12, immediately
yields:

Corollary 3.24. Any locally-finite [quasi-Jvariety Q C Ay, is (finitely) disjunctive
iff it is [relatively] congruence-distributive with Slig(Q) U AS' being “a universal
{infinitary} model class” /hereditary.

Finally, this, by the congruence-distributivity of lattice expansions (cf., e.g., [17])
and Corollary 2.7, immediately yields:

Corollary 3.25. Suppose ¥y C 3. Then, any finitely-generated variety V C Ay
of lattice expansions with non-trivially-hereditary SI(“)(V) 18 finitely disjunctive.

This provides an immediate (though far from being constructive) insight into
the finite disjunctivity of the finitely-generated variety of distributive/Stone|“De
Morgan” lattices/algebras|algebras||lattices, a constructive one being given by [19,
Example 1/2] and [20, Lemma 11].
3.2.1.1. Implicativity versus finite semi-simplicity and disjunctivity. By Footnote
1, Theorem 3.13, Corollaries 2.8, 2.11, 2.13, 3.21, 3.23, 3.24, Lemma 2.12 and [21,
Remark 2.4], we eventually get:

Theorem 3.26. Any locally-finite/ [quasi-Jvariety Q C Asx is implicative iff it
is /finitely both disjunctive and [relatively] semi-simple iff it is [relatively] both
congruence-distributive and semi-simple with Sijq(Q) U A being “a universal
/first-order model class”| “hereditary /“and ultra-multiplicative””.

This, by the congruence-distributivity of lattice expansions (cf., e.g., [17]), Corol-
laries 2.7, 3.4 and Footnote 1, immediately yields:

Corollary 3.27. Suppose ¥ C X. Then, any locally-finite variety V C Ax, of lat-
tice expansions is implicative iff it is semi-simple “and (finitely) disjunctive”| “with
non-trivially-hereditary (Si|SI)(V)”.

Corollary 3.28. Suppose X, C X. Let K C Ay be a finite set of finite lattice
expansions without non-simple non-one-element subalgebras and V the variety gen-
erated by K. Then, V is implicative with (Si|SI)(V) = ISs1K.

These provide an immediate /{though far from being constructive} insight into
the not/ implicativity of (and so not/ REDPC for; cf. Theorem 3.7) the not/ semi-
simple finitely-generated variety of Stone/distributive|“De Morgan” algebras/latti-
ces|algebras||lattices /(cf. [9]|[22]||) /“a constructive one being given by Theorem
3.16 and [19, Example 1]|“Remark 4.3"”.

Whether the /-alternative stipulations are necessary in Theorem 3.26 remains
an open issue. On the other hand, the necessity of the “[relative] congruence-
distributivity”// “lattice expansion” stipulation therein// as well as in Corollaries
3.23, 3.24, 3.25, 3.27, 3.28 and Theorem 3.22 is demonstrated by:

Example 3.29. Let ¥ = {A} and SL the variety of semi-lattices, in which case,
for any filter F # A of any 2 € SL, x4 is a surjective homomorphism from 2
onto &, € SL with Sy £ 2 and A®* £ (N[22), and so, by (2.8), SL = IP°PG,.
Now, assume |A| > 2, in which case, providing 2 is a chain, for any a € A% with
|imga| = 3 such that ag <* a1 <* ap and i € 2, Ay # 6; = ([ai,ai_l,_l]%[ U
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Ay) = Cg?({{ai,ai11)}) € Co(2A), while (§p N 6;) = A4, and so 2 is not finitely-
sibdirectly-irreducible. Otherwise, take any b € A? such that ¢ = (bg A% by) &
(img b), in which case, for each j € 2, 9; = (U{[cA%d,b; \*d]4 | d € A})UAL) D
A 4 is symmetric and forms a subalgebra of 22, and so the transitive closure n; =
Cg®({{c,b;)}) D ¥; of ¥; is a congruence of 2 distinct from A 4. By contradiction,
prove that (79N 71) € A4. For suppose (9N n1) € Aa. Take any € € ((no N m1) \
A4) # @, in which case, for all k,1 € 2, (ex,e1_x) € (61 \ A4a), that is, there are
some m; € w, fl € A™*2 and g' € A™+! such that f} = ey, fme = e1_ and,
for every n € (m; + 1), leL[H] € [e A® gL, by A% gl]ar, and so e <* ¢, when taking

n = 0, because {l,1—1} = 2, while e}, = fé‘(l_l) < (byj1—1) A2 gé‘(l_l)) < byji—1)-

By induction on any ¢ € (m; + 2), show that e, <* f/. The case ¢ = 0 is by the
equality ex = fJ. Otherwise, (m; +2) > (¢ — 1) < ¢, in which case, by induction
hypothesis, we have ¢ =% e, <¥ fl_| <¥ (b A% g, ;) <* g}_,, and so we get
er <M (eA* gl ) < fL. In particular, ey < ej_g, when taking ¢ = (m; + 1),
since fl, 1 = e1_r. Then, eg = e1, in which case this contradiction shows that
(no N m) = Au, and so 2 is not finitely-sibdirectly-irreducible. Thus, by (2.10)
as well as the simplicity of two-element algebras and absence of their proper non-
one-element subalgebras, ((SI)|Si)(SL){UAS!}) = (I62{UA5!}) is the class of
{no-more-than- }two-element semi-lattices {that is, the universal first-order model
subclass of SL relatively axiomatized by the single universal first-order sentence
Viest,((x2 &= x1) V (22 = x0) V (21 = x0))}, while SL, being finitely-semi-simple
and finitely-generated, is semi-simple and locally-finite. On the other hand, since
Fi(2) = {p(N,2) | N C 2}, the set {Ag,(22)?} U {ker(m,]2%) | 7 € 2} of filtral
congruences of G2 does not contain its congruence Ay U{((0,k), (0,1 —k)) | k € 2},
in which case, by Theorem 3.13, SL, not being filtral, is not implicative, and so, by
Theorem 3.26, is neither congruence-distributive nor disjunctive. (]

3.2.2. Disjunctivity versus distributivity of lattices of sub-varieties.

Lemma 3.30. Let K be a class of ¥-algebras with a disjunctive system U C Eqé
as well as R and S are relative sub-varieties of K. Then, so is RN|JUS. In
particular, relative sub-varieties of K form a distributive lattice.

Proof. Take any J,d C Tm: with (R|S) = (KNMod(J|d)), in which case (RN [|US)
= (KN Mod((JU )| U{O[xi/bs, xari/ilica | (9110) € ((3F)]x5/72.5)+0)]ie0) )5

and so the distributivity of unions with intersections completes the argument. [

This, by (2.10), (2.9) and Lemma 3.17, immediately yields:

Corollary 3.31. Let K be a [finite] class of finite Y-algebras with a disjunctive
system U C Eq‘é and P the pre-variety generated by K. Suppose P is a variety.
Then, SI(P) = IS-1K, in which case S +— (SNS~1}K) and R — IPSPR are inverse
to one another isomorphisms between the lattices of sub-varieties of P and relative
ones of S;>13K, and so they are distributive [and finite/.

Likewise, by (2.10), (2.9), Theorem 3.7 (as well as [21, Remark 2.4] and Lemma
3.30), we immediately have:

Corollary 3.32. Let K be a [finite] class of [finite] 3-algebras with a (finite) im-
plicative system U C Eq42 and P the pre-variety generated by K. Suppose P is a
variety. Then, (SI|Si)(P) = P5' = IS51K, in which case S — (SN S>11K) and
R — IPSPR are inverse to one another isomorphisms between the [finite] (distribu-
tive) lattices of sub-varieties of P and relative ones of Sy=13K.
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4. MORGAN-STONE LATTICES VERSUS DISTRIBUTIVE ONES

From now on, we deal with the signatures E(![)Ol] 2 (L (U{=D[U{L, T},

[bounded] {distributive} lattices being supposed to be ¥ j-algebras with their
variety denoted by [B]{D}L and the chain [bounded] distributive lattice with car-
rier n € (w\ 2) and the natural ordering on this denoted by D, 1], in which case
5 £ {(0,0), (1,n — 1)} is an embedding of Dy 91 into D,,[ 1), while, for each i € 2,

18 (@D O+,

€34 = (X
Prime Ideal Theorem, (2.8), (2.10) and Corollary 3.14 into account, we immediately
have the following well-known fact (cf. [9] as to REDPC for [B|DL):

Lemma 4.1. Let 2 € B]L and F C A. Suppose F is either a prime filter of 2
orin {@, A}. Then, [unless F € {@, A}] h £ x € hom(2, Dy 1)) [and h[A] = 2],
in which case [B]DL = IPSDQ%OH, and so [B|DL is the semi-simple [pre-/quasi-
Jvariety generated by D01 with (Si|SI)([B]DL) = 1Dy 01 and REDPC scheme

O,

is an embedding of D3| o) into 333[ 01" First, taking the

A [bounded] (De) Morgan-Stone {(D)MS} lattice is any ¥ [o1-algebra, who-

se X[ oy-reduct is a [bounded] distributive lattice and which satisfies the X7 -
identities:

(4.1) ﬁ(,To/\.’L‘l) ~ (ﬁ{Eo\/ﬁ.’L‘l),

(4.2) Ty S o,

in which case, by (4.1) [and (4.2)[zo/T]], it satisfies the ¥ -quasi-identity [and the
¥ [ o1)-identity]:

(4.3) (o g 21) — (~21 £ o),
(4.4) -1 = T

and so the E;Lmridentities:

(4.5) —(xo V1) = (-x0 A1),
(4.6) ——mxy A @),

(4.7) -1 = T]

their variety being denoted by [B](D)MSL. Then, bounded Morgan-Stone lattices,
satisfying the X7 o -identity:

(4.8) T,

are nothing but (De) Morgan-Stone {MS} algebras [3] (cf. [24]), their variety being
denoted by (D)MSA. An a € A is called {a} (negatively-)idempotent {element of
an A € MSL}, if {(=%)a} forms a subalgebra of A[|X7], i.e., =*(=*)a = (-%)a,
with their set denoted by %({), [bounded] Morgan-Stone lattices with carrier of car-

dinality no less than 2({—1}) and with({out non-}negatively-)idempotent elements
being said to be ({totally} negatively-)idempotent.

Remark 4.2. By (4.1), (4.5), (4.6), Corollary 3.14 and Theorem 3.5, G20~ ") |
is an REDPC scheme for [B]MS(L[/A]).

4.1. Subdirectly-irreducibles. Let 9S¢ be the X7 -algebra with (MM&e[X7) =
(D%1(22\ {(1,0)})) x D3) and =MS6g £ (1 — ap,1 — ag, 1 — a1), for all @ € M Ss
(the Hasse diagram of its lattice reduct with its [non-]idempotent elements marked
by [non-Jsolid circles and arrows reflecting action of its operation — on its non-
idempotent elements is depicted at Figure 1), in which case it is routine to check
to be a Morgan-Stone lattice, and so are both 9MS;5.9) = (MSe[(M Ss \ {(0,0,1)})
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(1,1,1)

0,1,1)
(1,1,0)

(0,1,0) (0,0,1)

(0,0,0)
F1GURE 1. The Morgan-Stone lattice 9MSg.

and MSy.0) = (MS51{(i,1,0) | i € 2}) as well as, for each j € 2, MSy,; =
(M54 [(MSs545\ (((7+1) x {1}) x {1 —j}))). Likewise, let (((D)M)[&), be the

S -algebra with ((M|&)4157) £ Djl, and = 2 ((((m2) 0 (22 Ag)) x

((m012)0 (22\ A2)))[x3), in which case €53 £ ((((m[22) x (m0122)) x (m1122))| (e} X
Xg\l)) is an embedding of (DM|S),; into (MS|MS)g ;. Finally, for any n €
({3,4}{2}), let (R]B),, be the X7 -algebra with ((&|B),,[37) £ D, and =(}B). £
{{m,n—1—m) | m € n} in which case 62” is an embedding of B, into Ky,
while, for every [ € 2, €3, is an embedding of f3 into DMy, and so €5, o €§ is that
into MS 4.(1—y). Moreover, {MSg, M S5, M Sz, img(e5 0 €3) } U (U{{M Sk, img(e3,,
€$)} | k € 2}) are exactly the carriers of members of S519MSg, in which case
these are isomorphic to those of the skeleton MS = ({M&, | ¢ € {6,5,2}} U
{MG4x | k € 2} U {DMy, Rz, S3,B>}), and so this is that of IS 1MSe with the
embeddability partial ordering < between members of MS, for these are all finite.
And what is more, Dg £ (MSs N my *[{1}]) is a prime filter of MSe[,, while
Q = {20, "wg, "z} is an equality determinant for (91Ss, D), in which case, by
20, Lemma 1], Bgy £ {(r(,) A plas,)) S (r(w10) V plsy)) | 1,7 € 2.7, p € Q)
is a disjunctive system for 91Sg, and so, for ISIMGSg.

Remark 4.3. Elements of PF, £ {22 N7 '[{1}] | i € 2} are exactly all prime filters
of ®2, while {zg, -2} is an equality determinant for M £ ({DM,} x PF,), in which
case, by Theorem 3.16, U%O’ﬂw is an implicative system for IS¢~ 1,09y {and so,
by Corollary 3.15, its members are simple, as it is well-known but shown directly
in a more cumbersome way}. O

Theorem 4.4. For any prime filter F' of the X4 -reduct of any A € MSL there is an
h € hom(A, MSq) with (kerh) C (ker xk), in which case MSL is the [pre-/quasi-
Jvariety generated by MSs with REDPC' scheme Ugo’ﬁmo’ﬁﬁx‘)), and so SI(MSL) =
IMS.

Proof. Let f 2 x4, G 2 (=*)7'[(=*)'[F]}, H
X%) © xf), in which case, by (2.1) and (4.6), (ker f (((ker £) N (ker X§)) N
(ker X)) = (kerh) C (=% o h), while, by (4.1) and (4.5), G|H is either a prime
filter of A[X4 or in {@&, A}, whereas, by (4.2), F C G, and so, by (2.2), mo(h(a)) <
m1(h(a)), for all @ € A. Then, by (2.7), Lemma 4.1 and the Homomorphism
Theorem, h is a surjective homomorphism from 2 onto the ¥ -algebra B with
(BIL,) £ (D3Ih[A]) as well as =T 2 (h~1 o =% o h), in which case B C M Sg,
since mo(h (a)) < mi(h(a )) for all @ € A, and so B = (MSg[h[A]), as, for all
a€ A (-*acG) e (-*a € F)s (a g H), in view of (4.6), as well as (—=%a €
H) & (-*=%a ¢ F) < (a ¢ G). Hence, h € hom(2, MSg) and (ker h) C (ker f).

(A}( N 7F) and b 2 (f©

£
(

an
-
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Thus, the Prime Ideal Theorem, (2.8), Corollary 3.31 and Remark 4.2 complete the
argument. O

The X7 -reduct of any 2 € MS, being a finite lattice, has zero/unit a/b, in
which case we have the bounded Morgan-Stone lattice o1 with (Ap1[X7) = A
and (L/T)%01 £ (a/b), and so, for all € € MSp; = {Bo; | B € MS} and D €
MS_201 = (MSp1 \ {M&S201}), (DIT]) = (€1T])) = (D = €). Then, since
MS2.01 & MSA D (ISMMGg 01) 2 MS_3 01, while surjective lattice homomorphisms
preserve lattice bounds (if any), whereas expansions by constants alone preserve
congruences, by (2.8), (2.9) and Theorem 4.4, we immediately get:

Corollary 4.5. Let K = (@|{IMGq,01}. Then, V = (BMSL|MSA) is the [pre-/quasi-
Jvariety generated by {IMSg 01, MS2,01} \ K with SI(V) = I(MSp; \ K) and REDPC

o, Xg, T
scheme Uélo’ 0:77T0)

This subsumes [3] and also yields a uniform insight into REDPC for Stone and
De Morgan algebras, originally given by separate distinct schemes in [13, 22] and a
bit enhanced in Corollary 4.7.

4.2. The lattice of sub-varieties. [Bounded/] Morgan-Stone lattices[/algebras],
satisfying either of the following equivalent — in view of (4.2) — X7 -identities:
(4.9) (m=xo(Vzo)) ~ || 5 (wo(V—o)),

are called [bounded/] (nearly) {De} Morgan lattices[/algebraas], their variety being
denoted by [B/](N){D}M(L[/A]). Likewise, those, satisfying the X7 -identity:
(4.10) (zo A —w0) S 1,

are nothing but [bounded/] Stone lattices[/algebras] [cf., e.g., [8]], their variety
being denoted by [B/]S(L[/A]). Then, members of [[B/]B(L[/A]) = ([B]DM(L[/A])N
[B]S(L[/A])) are exactly [bounded/] Boolean lattices[/algebras]. Further, [bounded/|

Morgan-Stone lattices[/algebras], satisfying “either of the former”|“the latter” of
the following X7 -identities:

(4.11) (——zo A o) ~|| S (o Azo),

(4.12) X0 é (l‘o V (—\—\.’L‘l V —\331)),

“in which case they satisfy the er[

o1-duasi-identities [(4.8) and]:

(4.13) {(mzo{A71}) & (= z0{Va2})(; (m20 V = 7T0) = (m70 V 70))} —
(mzo{Az1}) S (o{Vaz})),

[in view of (4.7)]”| are said to be quasi-|pseudo-strong, their variety being denoted
by [B/](Q|P)SMS(L[/A]). Then, members of

[B/ISMS(L[/A]) = ([B/JQSMS(L[/A]) N [B/]PSMS(L[/A])) 2
([B/IDM(L[/A]) U [B/IS(L[/A]))
are said to be strong. Next, [bounded/] ((|[quasi-|pseudo-]|strong|) {weakly} Klee-

ne(-Morgan) (-Stone) lattices [/algebras] are [bounded/] (| [quasi-|pseudo-|strong])
De-Morgan(-Stone) lattices[/algebras] satisfying the following X7 -identity:

chl\%} 2 (((mma2A) (o A ) S ((w2V)(ma1 V {==}1))),

~

their variety being denoted by
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(([B/IDM(L[/A]) U [B/I(LIQIPTS]IW}K(S)(L[/A]))))
{in view of (4.2)}. Likewise, members of
[B/INK(L[/A]) = ([B/HW}KS(L[/A]) N [B/INDM(L[/A]))

are called [bounded/] nearly Kleene lattices[/algebras]. Further, the variety of to-
tally negatively-idempotent [bounded] Morgan-Stone lattices, being relatively ax-
iomatized by the X} -identity:

(414) —TXo =X X,

is denoted by [B]TNIMSL. Likewise, the variety of one-element [bounded/] Morgan-
Stone lattices[/algebras], being (relatively) axiomatized by the ¥} -identity:

(4.15) To R X1,

is denoted by [B/JOMS(L[/A]). Furthermore, members of [B/]|(M[{W}K)S(L[/A]),
satisfying the following ¥ -identity:

(4.16) ((—\.230 N —\_%‘0) N —\_‘l‘l) é (("J)o N 330) V _\33‘1),
are said to be almost quasi-strong, their variety being denoted by
[B/JAQS(M{W}K)S(L[/A]) 2 ([B/]QS(M{W}K)S(L[/A]) U ([B]TNIMSL[/2])).
Then, members of
[B/JAS(M{W}K)S(L[/A]) £ ([B/JAQS(M{W}K)S(L[/A])N
[B/IPS(MHW}K)S(L[/A])) 2 ([B/IS(MH{W}K)S(L[/A]) U ([B]TNIMSL[/2]))
are said to be almost strong, in which case, due to the truth of the ¥ -quasi-identity

(4.17) {((zo A z2)(Az3)) S ((21 A z2)(Vg)), (T0 V 22) S (1 V 22)} —

- (wo(Az3)) S (a1 (Vaa)

in distributive lattices:

(4.18) ([B](A){Q}SMSL N [BINDML) = [B](A)DML.
Likewise, members of [B/](M|{W}K)S(L[/A]), satisfying the following X7 -identity:
(419) (—\—\330 A —\—‘l‘l) é (l‘o V —\3:1),

are called [bounded/] almost “De Morgan”| “{weakly} Kleene” lattices[/algebras],
their variety being denoted by [B/]JA(DM|{W}K)(L[/A]) 2 ([B/](DM|{W}K)(L[/A])
U ([B]JTNIMSL[/2])). Finally, [bounded/] Morgan-Stone lattices[/algebras], satisfy-
ing the optionallnon-optional version of the following X7 -identity:

(4.20) (ﬁxo Vv fﬁﬁ-‘ $0) ; ry,
are called [bounded/] almost Stone|Boolean lattices[/algebras], their variety being
denoted by [B/]A(S|B)(L[/A]).
Let?
M8ory ()] £ ({[(4.8),](4.9), ((4.9)), (4.10), (4.11), (4.12), K, KW,
K, K3, (4.16), (4.19), (4.20), [(4.20)], (4.14)} [N E(A)])

|where 2 € MSjqq;].

2From now on, to unify equation environment references, those <not> incorporated into option
brackets mean corresponding <non->optional versions of referred quasi-identities.
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DMy 01]

G301

Bol,01

FIGURE 2. The poset (MSgy}, =) [with merely thick lines].

Lemma 4.6. For any A € MSyg1, M801)(A) is given by Table 1, in which case
(zo,mmo[,m=mol)
{zo[,mzo [, =201}

implicative members marking (non-)solid circles-nodes [and merely thick lines/, and

s0, for any B € MSg1}, (MSjo1) NHDB) C ISB. In particular, relative sub-varieties
of MSgy) are exactly its relatively both abstract and hereditary subclasses.

the poset (MSjg1), X) is given by Figure 2 with (non-)simple/C

Proof. Clearly, for any line of Table 1, the identities of the second column of it are
true in the algebra of the first one. Conversely,

MS(s/6),01] me[wi/ﬂ —min(1,4), 1| max(1 —,i — 1), min(1,))]se(2)3),
Garoyy = ((((4.9)]1(4.9))1((4-19)]1(4.20))) [/ (1 +9)]ie1)2)
DMy ¥ KW/ (6,4, 1 = Diea,
MSuaroy K (4.12)[x0/(0,1,1),2,/(0,0,1)],

TABLE 1. Identities of M§py] true in members of MSjgy;.

MGql,01) 0[U{(4.8)}]

MSs0y {[(4.8),](4.12), XV, K[}

MSa.0L,01) {[(4.8),1((4.9)), (4.12), %, KV, Knr, K3y }

th‘l:l[vOl] {[( ) ](4 )7 7j<M>g<Maj<‘1\]/\[]7(416)}
DM | MSjor \ 1K, K, (4.10), (4.20), [(4.20)], (4.10)]
MSopon | Mo \ (8], ](49), (A1), (L10)]
Roou | WSy \{(4.10), (4:20), [(120)], (4.10)}
Ssion | Mo \ 119), (4.9)), (4.19), (4.20), (4.14]]
%2[,01} MS[OI \{(414)}




22 A. P. PYNKO

MByor01) W (416)[xi/(i, 1,9)]ie2,
R F ((4.10)]([(4.20)]][(4.20)))[zo/1, 21 /(0[2)],
(BIMS)yoy ¥ (L14](LIJ411)[r0/ (010, 1,0))]
MSq01 = (4.8)].

Moreover, by Remark 4.2, Ugo’ﬁx”’ﬁﬁx“) is an REDPC scheme for [B]MSL 2 MS(qyj,

in which case, by Corollary 3.4, any simple member 2 of it is io ™70 "0

implicative, and so all those members of MS, which are embeddable into 2, being
then Uggo’wo’ﬁﬁmw—implica‘cive as well, are simple too. On the other hand,

(4.21) Xg\l = (e5om) € homs(Gg[’Ol],%g[,m]),

in which case (kerxg\l) € (Co(G3101)) \ {As3,3%}), and so S3(01) is not simple.
Likewise,

ag+a;+as+1

2

in which case (ker fig) € (Co(MS4.07,01)) \{AMSs.0> MS2,}), and so NG 4.0[,01) is not
simple. Thus, the fact that varieties are abstract, image-closed and hereditary, the
simplicity of two-element algebras, the equality (4.11) = ((4.10)[zo/—xo, x1/(T0 A
—z9)], Lemma 3.17, Theorem 4.4, Corollary 4.5, Remarks 4.2, 4.3 and the truth of
the identity (4.9)[(—zo ~ —z1) in (DMMS),, complete the argument. O

(422) ho e {<C_l,[ D | ac MS4;()} S homs(i)ﬁ64:0[701},ﬁ3[701]),

Corollary 4.7. Sub-varieties of [B/IMS(L[/A]) form the non-chain distributive
lattice with 29[(+11)/(—9)] elements, whose Hasse diagram with [both thick and]
thin lines is depicted at Figure 3, any (non-)solid circle-node of it being marked by

a (non—)semi—simple|ﬁltml|(U@O’WO [,oaol) Yimplicative variety V C [B/]MS(L

{wol,~@o,~wo]1}
[/A]), numbered from 1[+(0/20)] to 29[+11] according to Table 2 with k = (9 -
(1[/0])) [as well as £ £ (29 - (0/1))] and MSy[o1 £ max<((MS[_s01][UK]) N'V),

TABLE 2. Maximal subdirectly-irreducibles of varieties of [bound-
ed/] Morgan-Stone lattices[/algebras].

1[+¢ [BIMS(L[/A]) {MSe,011 }HUK]
2[+¢ [BIPS(WK)MS(L[/A]) {MS51,017, DMup 011} [UK]
3[+1][+4] [B]WKTM]S(L[/A]) {MSs51,017, MS 1011 [, DMag 011 [ HUK]
5[+/] [BJPSWKS(L[/A]) {MS51,011}UK]
6[+1][+4] [BIKIM]S(L[/A]) {MSy.if01) | 7 € 2 [U{DMy 01} [UK]
8[+1][+/] [BIPSK[MIS(L[/A]) {MS 101,01 Ss01 [, DMy 011 HUK]
10[+/] [BJNDM(L[/A]) {MS 401,011, DMap 011 HUK]
11[+¢] [BINK(L[/A]) {MS 400,01 HUK]
12 [BJTNIMSL {93?62[701]}
22| k| [B/][A]QSMS(L[/A]) {MS 411,01, DMar 011} [UK]
23[—k] | [B/][AJQS{W}KS(L[/A]) {MS 411,01} UK]
24[ k| [B/][AJSMS(L[/A]) {S31,011, DMap011} UK]
25| k]| [B/][A]DM(L[/A]) {DMy 011} UK]
26(—k] | [B/][AJS{W}KS(L[/A]) {S31.011 Rapo1)}HUK]
27| k]| [B/][AJ[{W}K(L[/A]) {Rsp01} [UK]
28| k| [B/I[AIS(L[/A]) {Ssp01} UK]
29| k]| [B/][A]B(L[/A]) {Bopo1} [UK]
21 [B/JOMS(L[/A]) &
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FIGURE 3. The lattice of varieties of [bounded/] Morgan-Stone lattices[/algebras].

where K £ ({MSy011}[/2]), given by the third column, in which case SI(V) =
IS.1MSy|01), and so V is the (pre-|quasi-)variety generated by MSyj g1y, while

[B]SMSL is that generated by {SI}([B]DML U [B|SL) with REDPC scheme o o)

{wo,~w0}’
whereas any disjunctive sub-pre-variety of [B/IMS(L[/A]) is equational, and so is

any quasi-equational//finitely implicative one.

Proof. We use Lemma 4.6 tacitly. Then, the intersections of MS;_; 1j[UK] with
the 29[(4+11)/(—9)] sub-varieties of [B/][MS(L[/A]) involved are exactly all lower
cones of the poset (MS|_; 01[UK], X), i.e., the sets appearing in the third column
of Table 2 are exactly all anti-chains of the poset. So, (2.8), (2.9), (4.1), (4.5),
Theorems 3.7, 3.13, 4.4, Corollaries 3.14, 4.5, Lemmas 3.17, 3.30, [21, Remark 2.4],
the truth of the X} -quasi-identities in {(U,co{(z2 A%i) S (21-5 V23), (T2 A —23) <
(_‘xl—i vV 1‘3)}) — ((1‘2 A ﬁ—\.rj) é (_\—\.231_]‘ vV l‘g)) | j S 2} in {@93?4,63} and the
fact that pre-varieties are abstract and hereditary complete the argument. O

It is in this sense that [B]SMSL is the implicational/[quasi-]equational join of
[BIDML and [B]SL. Likewise, QSMSL is the greatest sub-variety of MSL not con-
taining 9MS,, in which case it is that containing the ¥ -reduct of no member of
BMSL \ MSA, and so it is in this sense that it is viewed as “an equational unbounded
approximation of MSA” due to absence of any class of ¥ -implications axiomatiz-
ing MSA relatively to BMSL, simply because any sub-pre-variety of MSL including
K' £ (MS\ {M&S,}) contains MS, € SK’ (this is why the node 30 at Figure 3
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corresponds to no sub-variety of MSL). The finite lattice of its sub-quasi-varieties
is found in the next Section. This task (as well as that solved in [18]) cannot be
solved with using tools elaborated in [21] because of Proposition 5.11 therein. And
what is more, despite of implicativity of {sub-varieties of} [B](A)DML and Remark
3.1, we have:

Remark 4.8. Clearly, 6 £ (A3 U ({1} x 3)) C (32\ ({0,2}?\ Afg2})) forms a subal-
gebra of R?%[,OI]’ in which case, if R3[,01] had a dual discriminator ¢, then we would
have 2 = §%31011 (1,0, 2) 6 673011 (0,0,2) = 0, and so, by Theorem 4.4 and Corollary
2.7, no sub-variety of [BJMSL containing |“the non-simple subdirectly-irreducible”
R[G5 01y (viz., including [B](K|S)L; cf. Corollary 4.7) is {dual} discriminator. [

On the other hand, the majority term py for the variety of lattices, being a dual
discriminator for ®y, is that for {Ba[ o1, MGy 011}, in which case, by Corollary
4.7, sub-varieties of [BJABL are dual p.-discriminator, and so, by Remark 4.8,
these are exactly all dual (p.-)discriminator sub-varieties of [BJMSL. Nevertheless,
since -z ~ T is true in MSy o1, its isomorphic copy by mo[M Sy is term-wise-
definitionally equivalent to © o1 generating the variety BDL (cf., e.g., [2] or Lemma
4.1), in its turn, being well-known (e.g., due to [5] {cf. [21, Lemma 2.10]} and
existence of a three-element subdirect square of Ds 1 with carrier 2%\ {(0,1)},
though 3 # 1 is odd), in which case MGy 1) has no congruence-permutation term,
for, otherwise, 3,01 would have one, and so, by Corollaries 2.7 and 4.7, [B]|BL is
the only discriminator sub-variety of [BJMSL.

5. QUASI—VARIETIES OF ALMOST QUASI-STRONG MORGAN-STONE LATTICES

5.1. Non-idempotencity versus two-valued Boolean homomorphisms. Gi-
ven any K C [B]MSL, (N)IK stands for the class of (non-)idempotent members of
K (in which case it is the relative sub-quasi-variety of K, relatively axiomatized by
the X7 -quasi-identity:

(51) (_‘ZL'O ~ CCo) — ([L’O ~ (El),

and so a quasi-variety, whenever K is so).
Given any K’,K” C [B]MSL, set (K’ @ K") £ {2 x B | (A|B) € (K'|K")}.

Let p £ (m2o V=) € Tml,_ and 7 2 ((2o V~21) Azy) € Tm2 . Then, given
+ +

any 7 € Tmlz,, [by induction on any i € w] put
+

et & (ollzo/m)wo/ (rlwo/opr i)l 1 /trisa]) € T 7Y,

Finally, for any n € (w\ 1), set t, =1, € Tmy, .
+

Lemma 5.1. Any (non-one-element finitely-generated) A € [B]JMSL is non-id-
empotent if(f) hom(A, By 1) # I, in which case |[B]SMSL C [BIDML, and so
[B]S(M|K)SL = (NI[B]S(M|K)SL U [B](M|K)L). In particular, (NI[B]SMSL U [B]KL)
= (NI[B]SMSL U [BISKSL), while NIMSg1] = {S3[,017, Ba[,01]}, whereas any variety
V C [BIMSL with NIV ¢ [BJOMSL contains B o).

Proof. The “if” part is by the fact that B[ ;) has no idempotent element. (Con-
versely, assume hom (2, By 91]) = @, in which case, by (4.21), hom(2, &3 01]) = 9,
and so (hom (2, {MSe(o1)[, MS2,01]}) N (img e3)?) = @. Then, by (2.8), Theorem
4.4 [resp., Corollary 4.5] and the right alternative of the following claim, 2, being
non-one-element, is idempotent:)

Claim 5.2. Let B € [BIMSL, n € (w\ 1), b € B", € € {MS¢01)[, MS2,01]},
h € (hom(%B, €) \ (o|(imge3)?)) and T € (Tmlzf [{e}). Suppose “for each i € n,
+
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h(=B7®(b;)) <& h(=®=27%(b;))”| “B is generated by imgb”. Then, h(=BL>, (b))
<& | = h(=B=BE, (b)), in which case =212, (b) <P ~P=PLB (b), and so the £ -
(quasi-)identity ({—~z; < ——z; | j € n} )(—\L(T7)n < ) n) of rank n is true in
[BJMSL.

Proof. By induction on n, (2.8), Theorem 4.4 [resp., Corollary 4.5], the equality
(C'\ (imge])) = S as well as the truth of the X7 -quasi-identities

=l

(5.2) 2|{~zo = ~mxo}) — (m & -m),
(53) {—\Jj] é || ~ _\_\.ﬁj,_\xl_]‘ é _‘_‘xl—j} — (—\71' é || ~ —|—\1'|')7

where j € 2, in [B]MSL, in their turn, being due to that of (4.1), (4.5) and (4.6). O

Finally, (2.8), (4.21), Corollary 4.7 and absence of proper subalgebras of By o1
complete the argument. O

Lemma 5.3. R3,011[({0,2}(U{1})) is embeddable into any A € ((MSANBJMSL)\
((NI[B]MSLU)[B]TNIMSL))[= ((I)MSA \ OMSA)] 2 ((1)([MSA N B]QSMSL) \
[BJOMSL).

Proof. Then, we have some (a, )b € A such that (=%a =)((aV?)((aA*)-*-%b)) #
—%b, in which case, by (4.1), (4.3), (4.5) and (4.6) [as well as (4.7) and (4.8)],
c 2 (([LEAM(an®) (=26 A =2=2p))) = =4 =%c <* (a <M)d £ —%¢, while -%d =
c(# a, for, otherwise, we would have —=%b >* q AAp, the latter imply-
ing, by (4.3) and (4.6), =*b <* a), whereas d ¢ {c(,a)}, for, otherwise, we
would get ((cv3)((eA®)([ LA -2 -25))) = ((av®)((aA®)([T2VE]-2))), and so
{(0,¢), ((1,a),)(2,d)} is an embedding of Ra[o1)[({0,2}(U{1})) into A, as required,
for, by Corollary 4.7, ([BJQSMSL N [B]TNIMSL) [BJOMSL C NI[B]MSL. O

The stipulation of quasi-strength [resp., MS-algebraicity] here can be neither
omitted nor replaced by the one of pseudo-strength nor, even, weakened with re-
placing it by that of almost quasi-strength, when taking 2 = MG, 1)

The above two lemmas, by (2.1), (2.7) with I = 2, (2.8), (2.10), Corollary 4.7, the
locality of quasi-varieties, the quasi-equationality of finitely-generated pre-varieties,
the simplicity of two-element algebras and the equality NI[B]JTNIMSL = [BJOMSL,
immediately yield:

Corollary 5.4. Let K C [BIMSL and P 2 PV(K). Suppose either B0y € | =
(P|K) (more specifically, either [BJOMSL 2 (K||P) C [BJQSMSL or both [BJOMSL 2
NI(K|[P) and P is equational) or IK = @. Then, NIP = PV((IK ® ({B2[01)} N
(P|(ISK))))UNIK), in which case, for any variety V C [B]MSL {such that [B]BL C V
(i.e., [BJTNIMMSL 2 V)}, NIV = (P//Q)V(2{U((MSy[o1) \ {S3[01), Bao1}) @
{Bo011}) }U(MSy (011N {S3[,01), Ba011})), and so NI[B/[{(PSM)|(WK(M))|(PSWK)
}S(L[/A]) is the pre-//quasi-variety generated by ({IMSgq—1}),01) HU{DMap011}
{IS (4:1),01)(; DMap01)) } D) HU{MS2,01}/D)]) @ {Bay01)}, while NI[B/I{(PS)|((A
1LQJS)} ({IMI}(KIM1))S(L/A]) is the one generated by (106 won |1 € 2{\({1
HEINLN DU {HDMaon HHE U (212 U ({800 H121) [U{DMy 00 }])) U
(BU{MS2.01}/2)) (2 (U{MSs101}1/21))) &4 Baton DU({Ss00H({Ssp0m}
\{Gsp011}])), whereas NI[B/[{N}(M[K)(L[/A]) is that generated by (({((DM)]
R) 3,0 H\@H{&a,01 ) D{V{MS (4:0) 1,01 HUEMS 2,01 /D)1 }) @ {Bao11}- In pa-
rticular, any (non-one-element) A € [B]MSL is non-idempotent if(f) hom(A, By o1
)£ 5.

Corollary 5.5. NI[BJMSL U [B]TNIMSL is the sub-quasi-variety of [BJMSL rela-
tively axiomatized by the X7 -quasi-identity:

(5.4) (mxo = x0) — (20 =~ 1)
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and is the pre-/quasi-variety generated by {9MSg[ 1) X Bap01), MSap01]}-

Proof. Clearly, (5.4) = (5.1[z1/—x1]) is true in both NI[BJMSL and M&;[o;). Con-
versely, any 2l € I[B]MSL, satisfying (5.4), has an idempotent element a, in which
case, for any b € A, as A |= (5.4)[xg/a, x1/(=%)b], we have =*b = a(= —*=%b), and
so 2 € [BJTNIMSL. Then, Corollaries 4.7 and 5.4 complete the argument. O

Likewise, we have:

Corollary 5.6. For any (equational) /quasi-equational pre-variety P C [B]MSL,
the class NIPU(P N [BI{W}KSL) is the relative/ sub-quasi-variety of P relatively
aziomatized by the X7 -quasi-identity:
(5.5) (mzo & x0) — (zo T ({~}a1 V —21))
(and is the pre-|quasi-variety generated by MSpng)rwiksy),o1) U ((MSv o1 \ {S3[,01),
Boro11}) @ {Bapon}))- In particular, NI[B][A](D(|[Q]S))M(S)L U [AJ([Q]S)K(S)L
is the sub-quasi-variety of [B]|A](D{||[Q]S))M(S)L relatively aziomatized by either
version of (5.5) and is the pre-|quasi-variety generated by

({24101 [, MS2p011]} @ Bopo17) U ({Rs,011( Sspo11) HINS D (TU{Raci01 )

Proof. Clearly, (5.5) is satisfied in NIP U (P N [B]{W}KSL). Conversely, consider
any 2 € IP satisfying (5.5) and any a,b € A, in which case there is some ¢ € A
such that =%*c = ¢, and so, as 2(5.5)[zg/c, x1/(alb)], we have ¢ <* (=%(al|b) V*
{=*-%*}(a|b)). Then, by (4.2), (4.3) and (4.5) {as well as (4.6)}, we get (a A*
—%a) <* ¢, in which case 2 € (P N [B]{W}KSL), and so Corollaries 4.7, 5.3 and 5.4
complete the argument. O

More generally, we, clearly, have:

Lemma 5.7. For any a € (0o \ 1), any J C (p(Eqs- ) x Eqg, ) and any
+[,01]

) +[,01

KCAs (KN (Mod(d) UMod((5.1))) = (KN Mod({({~za ~ 7a} UT) — @ |

This, by Corollaries 4.7, 5.4 and Lemma 4.6, immediately yields:
Corollary 5.8. Let V £ [B]<[A]QS>MSL. Then,
(NIV{{n[B]KSL)} U ([B](A)|QSM|S|L{ N [B]KSL}< NV>)
is the sub-quasi-variety of V relatively aziomatized by the X7 -quasi-identity:
(5.6) {=21041) = 7141 s 2o < o)} — ((kzo(Anmz1)) =~ (20(V—21)))

{collectively with the one ({-x2 ~ x2}{(NQ)) — K} <and is the pre-/quasi-variety
peratl By (T By | Mo ¢ B D < B

L0]
ﬁg[,ou}}>.
5.2. Regularizations versus regularity.

Definition 5.9 (cf. [18, Definition 4.6] for the non-otional case). Members of any
/quasi-equational K C [B]MSL, satisfying the X7 -quasi-identity of rank 2{+41}:

RO 2 (({=20 S w0, (20 A =21) £ ((~wo V a1)}) —

(b2 {A=m2}) 3 ()2 {Vaz}))

are called (weakly-){ Morgan-}regular, their relative/ sub-quasi-variety of K being
denoted by ((W){M}RK. O
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Given any [bounded] {quasi-strong} ((weakly) Kleene) MS lattice 2, by (4.1),
(4.2), (4.3) and (4.5) (as well as (4.6)) (together with K™W)) {collectively with
(4.13)}, (F)w) = {a € A| (=*-Ma(< | 2)*-2a} 2 {b(AIV)*-"b| b€ A} # 2,
for A # @, is alan lower|upper cone of the poset (A, <) (being an|a ideallfilter

2 2 2 .
of AME4) such that =*[(J|F) )] S (FI)wy(= ((F19)” U (FH{na})]@)) (in
which case éR?lw) = ((ﬂw) X {1})9 (J(Q‘W) x {0}))({= R*}) forms a subalgebra
of A x By g1) such that, for every d € %‘:?‘W), (di =1) = (dy € ?(Q‘W)), and so the
(weak) regularization Rwy(A) = (A x Bapo1]) [%?‘W))({: R(2)}) of Ais (weakly)
regular). Then, (mo|R2.01) € hom(R(S3(01)), Sap01)) is bijective, so, by Corol-
lary 4.7, &30y € RIBJSKSL. Likewise, (e§]1{{i, {xi*()) + x3"' (1), x3 () | i
4}) € hom((B|R) 24y,017> Rar01|R(R31,01])) is injective||bijective, so, by Corollary

Lemma 5.10. Any ((weakly) { Morgan-}regular [bounded/] MS lattice[/algebra] A
is a [bounded/] (weakly) Kleene-{ Morgan-}Stone lattice[/algebral.

Proof. Consider any a,b{,c} € A. Let d = (a V¥ =*a) and e 2 ((b V¥ =%b) A% d),
in which case, by (4.5), we have =%d = (=*a A* =*-%q) <* -%a <* d, and so, by
(4.1) and (4.5), we get (AA* =%e) = ((dA* (=3B A* =A=%p)) v =2d) < ((-Hd VP
(bVE=2b)) A% d) = (=*dV™e). Then, since A |= Rgg [xo/d, x1/e{, x2/c}], by (4.1),
(4.2) and (4.5) (as well as (4.6)), we eventually get ((a A* =%a){A%=%=%c}) <¥
(% AY —A-Ag) [AR-A2e)) = (A AR-A-2c)) <X (((—2D A% —2-2p) V&
A {ATSe}) = (Y ATNTe) <P (2 )e{VE}) = (A7)0 v
=2 A% (A=) d) (V) <P (2 =)b v =) {VvPc}), as required. O

Corollary 5.11. (@{U{S3[,01](; DMap011)(, MSa011)}}) € (W)(M)R[BIM{S}L C
(NI[B]K{(M)S}L(U[B]TNIMSL){U[B](A)DMLY). In particular, [B](A){{S}M){S}L C
[B)(W)(M)RSMSL.

Proof. The first inclusion is immediate. For proving the second one, consider any
2 € (W){(M)R[BJM{S}L and any a,b,c(,d(,e)) € A such that =*a = a, in which
case, as A |= ((4.1)|R(3))[z0/a, 21/ (c|(an%e)) (|, 22/d)] (and A |= (4.5)[wo/~a, 21/
=%c]), we have (=%c(A%=%=2d)) < ((=%a V¥ -2c)(A*-2=2d) = (=%(a A*
) (AF=A=d)) <M (A1) (@AY ) (V) = ((an™ (=% =")e)(Vd)) < (=2 =)e
(V¥d)), and so, as A = (4.2(||4.6))[x0/b], we get both (B(A¥*-*=2d)) < (=¥-%b
(ARG < (A=) =2p(Vvd)) = (=*b(V®d)), when taking ¢ = —%b, and
(S2B(ABAAG)) < (=¥ -M)b(Vvd)), when taking ¢ = b. Then, as, by Lemma
5.10, IKEX/IV;, being true in 2, is so under [zg/(al|(=%)b),z1/(blla){,x2/d)] (and
2 | (4.2)[z0/d]), we have both ((=*)b(A*=#=2d)) <* (a(V¥d)) (in which case,
when taking b = =*=%d (resp., b = =%e), we get (=3 -Fd(A*-*=%e)) <* (a V¥
d(vV*-%e))) and (a(A*=%*=2d)) <* ((-*)b(v¥d)) (in which case, when taking
b =d (resp., b = e), we get (a A% =H=Ad(A%-2=%e)) < (d(V*-2e))), and so
eventually get a = (=%)b (resp., (=%=2d(A%-*=%¢)) <* (d(V®*-%e)), since the
Y -quasi-identity {(zo A 21) $ 2,21 T (20 V 22)} — (21 S 22) is true in distribu-

~
~

tive lattices). This, by Corollary 4.7 (and 5.5) (as well as 5.8), ends the proof. O

Before pursuing, note that, for each i € 2,
6;1 £ ({<3 : (1 - Z>7 <1 - i7 1; 1- i7 1- Z>>} U {<.7a <6§:0<j - Z)7Z>> | ] € ((3 + Z) \Z)})v

being an isomorphism from D 4[,91) onto MS 45,017 [X 4 (01, is the one from Ky.(,01) =
(64)_1[93764:i[701]] onto MSy.;(,01], in which case ¢§ £ (e x Ay) is that from

ﬁ4:i[,01] X %2[,01] onto 93?64;i[701] X %2[101], and so 6? £ (G,LS RRR“”‘[’OU) is so from
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R(Ra:if01) onto R(MSy.ip,01)), the former [bounded] MS lattices being preferably
used below due to their having more transparent representation/notation of ele-
ments than those of the latter ones. Likewise, €2 £ {k+1| (k,1) € Rfilou} being
clearly injective, is an isomorphism from %(ﬁ4,1[101]) onto Rs.1[,01] = %(ﬁlkl[m]) with
(85 1[01} X4 101) = D501 Finally, let Ro(.0y,01] = (0 [MS2)[MSs(01]], in which
case €f 2 (((m0122)(mo[MS2) ") x (m1]22)) is an isomorphism from Raf g1 X Bof,o1]
onto MGy 01) X ‘32[1701], and so € = (ef[R%21011) is the one from %(1@2[701]) onto
RMS2p01), (€3,1)" being that from R (Ra1,01)) onto KRs.op01] £ (e3,) [R(Rap,01)]-

Theorem 5.12. Let V C [B/](W)K{M}SL[/A] be a variety and K £ (MSy(o1) N
{Ba017, G301 {, DMago1), Rson }( Ropon))}).  Then, Q= (W){M}RV is the pre-
//quasi-variety generated by Rw)[MSy o1 \KJUK, [(W)J{[M][}((R[B/][AY({(Q:P
)SHKLTIMTHASHLISIB])(LI/A]) being the one generated by {Rag(+1:10)31,011|Sap01)
Bap,01) HU({ S31,011HND) ) (U2 2 ({S51,011 HU({ Rs:0,01 1/2)]))) TUE (RIDD) (5,491,011 H
212)1HU{Rs—1).01,01}/2])]-

Proof. Consider any finitely-generated
A€ (Q\ ([BJOMSL(U[B]JTNIMSL){[U[B](A)DML]}).

Take any @ € A1 such that 2 is generated by imga. Let n £ (doma) € (w\ 1)
and b £ =%*-%,.2(g@), in which case, by (4.6) and the left alternative of Claim
5.2, we have =%b <% b. Consider any B € K' £ ({MGSg 01 HU{MS2,01}/9))])
and h € hom(2,B) [such that (imgh) Z (imgef), in which case, for some i € n,
h(a;) € (imge$), and so mo(h(a;)) = 0 = (1—mo(h(=*-%a;)))]. Let (I|J) = {j € n |
h(a;) ¢ (?|J)?;V)}, (2]7) = |(I|J)| and k|¢ any bijection from 2|7 onto I|J. We prove,
by contradiction, that there is some g € hom(2, Bay,01]) such that glimg((k|¢)oa)] =
{0[1}. For suppose that, for every g € hom(, By 17), there is either some i’ € 2
or some j' € 7 such that g(age), ,,)) = (1|0), in which case, as, by Lemma 5.1 and
Corollary 5.11, hom (A, B[ ) # @, we have (IU.J) # &, and so we are allowed to
put ¢ £ (V¥((koa(o—%o-"))x(foao—™))). Then, 77022(/1(( A-M)e )) = O in which
case (by (4.6)) mo(h(=%c)) = 1, and so (=%*c[A*=%=%q;]) £* ((=%-*)c[VZq,]),
for (homy) € hom(A[X4,D3). Now, consider any € € K’ f € hom(%l C) and the
following complementary cases:
o (img f) C (imge3),

in which case, by (4.21), ¢ £ (f o (eg)_l o Xg\z) € hom(A, By 1)), while

(img f) € MSs, for (M Sy N (imge})) = @ # (img f), as A # @, and so

[€ = MG¢,01, whereas], by the assumption to be disproved, m1,2(f(c)) =

e(c) = 1. Then, f(bA* =%c) = (0,0,0) < f(=*bV¥¢).

e (img f) ¢ (imge3),

in which case, by (4.6) and the right alternative of Claim 5.2, f(bA*—%¢) <¢

F(b) = f(=%D) <& f(=%b Vo).
Thus, anyway, f(bA%*=%¢) < f(=*bV®¢), in which case, by (2. 8) and Theorem 4.4
[resp., Corollary 4.5], (b A* =%¢) <* (=%b V¥ ¢), and so A - :R[Ml [xo/b,x1/c[, 22/
a;]]. This contradiction to the (weak) [Morgan-|regularity of 2 definitely shows
that, for each ® € ((MSy,01) \ K) € ISK’ and every h’ € hom((, D), there is some
g’ € hom(2l,B,) such that (img f’) C §R© )» where f’ £ (K ®¢'), in which case,
by (2.7), f' € hom (2, Ry (D)), while, by (2.1), (ker f) C (kerh’), and so the
locality of quasi-varieties, (2.8), (4.2), (4.13), Corollaries 4.7 and 5.11 [as well as
the injectivity of €§] complete the argument. O

This, by Lemma 5.1 and Corollary 5.4, immediately yields:
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Corollary 5.13. NIMR[B]QS(M|K)SL is the pre-/quasi-variety generated by
{Rs:1101) MUR) (413),01) X Bapo11}-

This, in it turn, by Corollaries 4.7, 5.4, 5.6, 5.8, 5.11 and Theorem 5.12, imme-
diately yields:

Corollary 5.14. NIMR[B]QSMSL U (MR)[B](QS){W}K(S)L is the sub-quasi-variety
of MR[B]QSMSL relatively aziomatized by either {(5.6), (—x2 ~ x2) — K} or either
version of (5.5) and is the pre-/quasi-variety generated by {Rs.1[,01] Rs[,01), DMag01)
x B[ o1 }-

Thus, the apparatus of (weak) regularizations of [bounded] (weakly) Kleene-
Stone lattices involved in proving Theorem 5.12 yields a more transparent and
immediate insight/proof into/to [21, Proposition 4.7]. And what is more, it is
involving ——w¢,, instead of Ay {p(z;))iecn, like therein, that has proved crucial for
proving the []-optional version of Theorem 5.12 {though the former choice would
suffice for proving the non-optional one, in its turn, sufficient within the framework
of [B]SMSL; cf. the final inclusion in Corollary 5.11}, in its turn, yielding axiom-
atizations of the quasi-equational joins of RQSKSL and all sub-quasi-varieties of
DML not subsumed by RKL C RQSKSL (cf. [18] for latter ones), and so eventual
finding the lattice of quasi-varieties of quasi-strong MS lattices, being equally due
to the series of “embedability” lemmas presented in Subsection 5.4 (aside from the
above basic one 5.3 and that 5.23 to be presented before, in the next subsection,
because of its extra meaning related to “nearly De Morgan” framework) as well as
“generation/axiomatization” corollaries|theorems presented above|below.

5.3. “Virtually” versus “almost”. Almost {“(quasi-)strong ”|}“Morgan/Kle-
ene{-Stone}”|“Stone||Boolean” lattices, satisfying the {}-non-optional version of
(the ()-optional one of) the ¥ -quasi-identity (4.13), are called (practically) virtu-
ally { “quasi-) strong ”|} “Morgan/Kleene{-Stone} ”| “Stone| Boolean” lattices, their
quasi-variety being denoted by

(P)VHQSIH(((TDTM)/K){SHI(SIIB))L 2
(VH{QSH((TDTM)/K){S}HI(SIIB))L 2)
{QSIHTDIM)/K){SHI(SIIB))L.
Note that neither version of
(5.7) {=ao & —wo(, (wo V ~mao) & (w0 V —0))} — (20 & o).

is true in Ry(.0y,01) under [z0/0]. On the other hand, by (4.2), we immediately have:

(5.8) ([B]MSL N Mod(((5.7)))) = ([BJMSL N Mod((5.7))).
Likewise, by (4.1), we have:
(5.9) ([BJTNIMSL N Mod((5.7))) = [BJOMSL.

Lemma 5.15. Let K C [BIMSL and S|R its relative sub-quasi-variety relatively az-
iomatized by (the ()-optional version of) “the {}-non-optional version of”| ((4.13)]
(5.7)). Then, R=(NIKUS).

Proof. First, the fact that (the optional version of) (5.7) is equal to (a logical con-
sequence of) (5.1)[x; /1" x¢)ic2 yields the inclusion NIK C R. Likewise, consider
any % € S and any a € $* (such that (a V* =%a) = (=*=%a v* =%q)), in which
case =%a < =%*-%q, and so both =%a <* a and, by (4.2), a <* =%a. Then,
—%g = a, in which case 2 € R, and so S C R. Conversely, consider any B € IR
and any b € B such that =®b <® =P-P). Take any ¢ € I® # @, in which case,

by (4.1), (4.5) and (4.6) (as well as (4.2)), (d|le) £ ((c VE =Bb) AB (=012)Bp) =



30 A. P. PYNKO

(d||=B(d/e)(= (d||((=*/?)BdVv® =Bd))), and so ~Pb <P e = d <P b. Thus, B €S,
as required. O

Given any 2 € ([QS]MSL[{\OMSL}]) with {zero a and} any ideal I of A%
[disjoint with ?(Qlw)], (Aw ) & ({1} x A) U ({0} x I)) forms a subalgebra of

£y x 2, in which case [by Corollary 4.7) 2 < (AW ) £ ((Re x A)[(AWI)) is a
[virtually quasi-strong] MS-lattice, because, by (2.1) and (2.7), (A x {1}) x A4
is an embedding of A into AW I, as 1 € I% [while (4.13) is true in 2] {and
sois (A@1) = (AW {a}) € SAWI), since I > a[g F¥, for, otherwise, for all
b € A by (4.2), (4.3) and the inequality a <* —*b, we would have a <* b <*
A=Ay <M Mg <¥ @ implying b = a, contrary to the assumption |A| # 1]},
whereas Rs € HRI W I), for mo[A W I] = 2, as I # &. Then, A is said to be
normal, if (A\ Fx)[= (A \ F¥)] is an ideal of the lattice A|X, [{with zero}], in
which case [{(A® 1) € S}(A ) £ (AW (A\ TY)) € [VQS|MSL, the class of all
normal members of any K C MSL being denoted by RK, and so this is a relatively
abstract subclass of K including KN ((MS \ {IMS2}) U Rw[WKSL]), because, for
any B € (MS\ {MG,}), B\ T is the singleton constituted by the zero of the
finite lattice BX; that implies (B © 4) = (B @ 1), while, for any € € WKSL,
(R \ rJ"\‘S],?/W(G)) = (3% x 1) that, by (2.1) and (2.7), implies:
(5.10) ((m @ (mo % (m0m)))[(Rw(C)od)) € homi(Rw(€)od, Rw(€) x (Bad1)).
And what is more, by Corollary 4.7, (5.9) and Lemma 5.15, we immediately have:

Corollary 5.16. (B2®1) € (VBL\ BL), in which case VBL, BL, ABL, TNIMSL and
OMSL form a pentagon of the lattice of quasi-varieties of almost Boolean lattices,
and so this is not distributive.

Likewise, by Corollary 4.7, &3 < M&s5.; = ((Ra x &3)[((2 x 3) \
(PVSL\ VSL), for £ € ASL 5 G5 < (G5 @ 1) € SMGs,1, while (4.1
G3 @1, whereas MS5.1 £ ((4.9))[x0/(0,1)] as well as (M S5.1 \ (S3 1)
but MSs.1  (4.13)[z0/(0,1)].

Theorem 5.17. Let K C (RMSL(NIS((MS N QSMSL)® {87 | j € 2}))), (P)VP the
relative sub-quasi-variety of P = PV (KU {82}), relatively aziomatized by the {}-
non-optional version of (the ()-optional one of) the X7 -quasi-identity (4.13), and
K £ (K\{&3}))©3)(U{M&5.; | &3 < K})). Suppose both K and all its members
are finite [while P ¢ TNIMSL]. |In particular, K = MSy, where V = {{Q)S|}((M
[K{SHISIB)IL, in which case K' = ((K(\{S3})) ® 1)(U{MGs1 | 65 = K})),
while P = AV, and so (P)VP = (P)VV]. Then, (P)VP[UNIP] is the pre-//quasi-
variety generated by K'[U{fR2 x Ba}].

(0,2)})) €

{
3) is true in
)=

{(0, 1)},

Proof. Consider any non-one-element finitely-generated 2 € (P)VP and any ¢ €
hom(2(, R2), in which case 2 is finite, for MSL > 2, being finitely-generated, in
view of Theorem 4.4, is locally-finite, and so is Co(2) D € £ ker[hom (2, K)], while,
by (2.8), (5.9), Corollary 4.7 and Lemma 5.15, € # &, for:

(5.11) Ax = (A% N (((ker[hom(2A, £,)] U €)),

and so there are some bijections @ from k = |A| € (w\ 1) onto A and § from
n 2 |C| € (w\1) onto C as well as both some B € K" and some h € Hven hom (2, B;)
such that § = (h o ker). Let us prove, by contradiction, that A £ (HjEn(g_l[l] N

hHFW (N{e € By | (e V™ =Pic) = (2®=Pie v =), 1;[2] € I63)))) = o.
For suppose A # @, in which case, by its ﬁmteness ensuing from that of A and the
1nclu51on A C A" there is a bijection @ from m = |A| € (w\ 1) onto A, and so we

have b £ <\/%ak>kem € A™ such that (bog) = (m x 1). Then, by induction on any
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le((m+1)\1)>m, we get g(l,go,l(l_)[l)) =0, in which case d £ % | (b) € g7'[1],
and so =%d €™ d, for g(d) = 0 # 1 = g(="d). On the other hand, for all » € n
and j € m, m(a,) <* b,, in which case 3"\% > hy(m(a,;)) <P+ hy(b,), and so,
applying (4.3) twice, we get h,(b,) € "J'"%’. Hence, by the truth of (4.14) in R
and (5.11), b, € F&, in which case, by Claim 5.2, d € F¥ (3 d' £ 14(a)), and so
A £ (4.13)[wo/d] (as well as, by (5.3), ¢ £ w*(d’,d) € F%. Consider any 2 € n
and the following complementary cases, putting € £ h,[2]:

o C < Gg3,
in which case there is an injective e € hom(h,[%], &), while f = (h, o€) €
hom(2, &), whereas, by induction on any ¢ € ((k+ 1)\ 1) 3 k, we have
f(}(@l¢) = 2, and so, in particular, when ¢ = k, we get f(d’) = 2. Consider
the following complementary subcases:
~ (imge) = 3,
in which case, for each 5 € m, by the injectivity of e, we have (3\ 1) 3
f(m(a,)) # 1, and so, since 7,(a,;) <* b,, we get 2 = f(m,(a,)) <
f(b)) < 2. Then, by induction on any [ € ((m + 1)\ 1) > m, we get
f(LiIOJ(B[Z) =2, for (bo f) = (m x {2}), in which case f(d) = 2, and
so f(g') = 2. Therefore, f(g’ V¥ =%¢') = f(=*=%g V¥ =%g/).
— (imge) # 3,
in which case 1 ¢ (imge) = (img f) > f(g'), for (=1?)%:1 = (012),
and so f(g' \/Ql ﬁmg/) _ f(_|2l_|2lg/ VR ONAY
Thus, in any case, f(g' V¥ =%¢') = f(=*-%¢' v¥* =%¢'), and so, by the
injectivity of e, h,(g’ V¥ =%¢') = ARy
o ¢ £ G35,
in which case there are some ® € SMGS¢ with o’ = (0,1,0) ¢ D and some
j € 2 such that € < (D x BY), and so € £ (my[C)[€] = f'[A] £ &3, where
f' = (h, o m) € hom(A, MS), for, otherwise, as (D x BY) € ID, while
By < &3, whereas (0,1 [C) € hom(€,D 1 B%), by (2.1) and (2.7), we would
have € € S(€ x B)) < S3. Then, (img f') = E ¢ (imge}), for, otherwise,
(6%)71 [E would be an embedding of ¢ into &3, in which case, by the right
alternative of Claim 5.2, f/(d’) € 3¢, and so, since f'(d) € ?Vm\}eﬁ, for
d € F%, by (5.3), f'(¢") € (S \ {a'}) = S™S¢, fora’ ¢ D DO FE =
(img ") > f'(¢'). In that case, f'(g' V¥ =%g") = f/(-%-%¢' V¥ =%¢’), and
so, by the truth of ((4.9)) in B3, h,(¢' V& =2¢/) = h,(-3-2¢' V¥ =2¢/).

Thus, anyway, h,(g' V¥ =*¢') = h,(=*-%¢’ v* =%¢’), in which case, by the truth
of ((4.9)) in R and (5.11), (¢’ V* =%¢') = (=%-%¢ V¥ =%¢/), and so A £
((4.13))[wo/q'], for =g’ £* ¢, because g(¢’) = 0 % 1 = g(=%¢'), as g(d) = 0.)
This contradiction shows that there is some ¢ € n such that (providing there is
some €’ € hom{ (h;[2A], G3)), for all b € A, either g(b') = 0 or h;(V') & Ty (i,
e’ (h;(b') = 0, or (h; (b)) VB =Pih, (') # (=Pih; (V) VB =Pih (b)), 1. e. e’ (hy(b) =
1), while, by (2.7), B’ £ (g ® (hi(o€”)) € hom(, {R} ® (({€;}(N2))(U{&3})),
in which case (imgh') C (((C; © 4)(ND))(UM S5.1)) (whereas &3 =< K), and so
B € hom(, K'(U(G35®1))), as well as, by (2.1), (ker b’) C (ker g). In this way, (2.8),
Corollary 4.7, the inclusion(s) K C IS(K’) (and {&3 &1} C S{MG5.1}), the locality
of quasi-varieties and the quasi-equationality of finitely-generated pre-varieties [as
well as Lemmas 5.3, 5.7, 5.15 and Corollary 5.4] complete the argument. O

5.3.1. Enhanced generation. Recall the following immediate observation:
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Lemma 5.18. Let 2 € A, be a semi-lattice with bound b € A (i.e., b= (a A* b),
for alla € A) and h : A — (imgh). Suppose (kerh) € Co(). Then, h[2] is a
semi-lattice with bound h(b).

Given any (2|B) € MSL with zero alb of (2B)|S and any h € hom(;) (2, %B)

such that [resp., in which case, by Lemma 5.18] h(a) = b, [and so] we have:
(512)  (h@1) 2 ((ml(A®1) e (roh) (A1) € homT(A©1,B@1),
On the other hand,

(5.13) hi 2 {(i,min(2,4)) | i € 4} € hom® (K101 Rapo1))s

in which case, by (2.1), (2.7) and (5.12):

(5.14) (Mol)e(ml(d®l))) € hom(Re1 1, (Rs ® 1) X Ryn),

and so, by Lemma 4.6, Corollary 4.7, (5.12) and Theorem 5.17, we immediately get
the following quite useful enhancement of the latter:

Corollary 5.19. ([NIA{QS}(M|K){S}LU](P)V{QS}(M|K){S}L) is the pre-/quasi-
variety generated by {(M[R) 3 ® 1{, Ra1 (, MSs.1) }[, R2 x B2}

Likewise, by (2.1), (2.7), (4.21) and (5.12), we have:

(5.15) (M@ 1) e (m[(3e 1)) € homy(G; & 1, (By & 1) x &),

and so, by Lemma 4.6, Corollary 4.7, (5.12) and Theorem 5.17, we also get one
more equally useful enhancement of the latter:

Corollary 5.20. ([NIA(S|B)LUJ(P)V(S|B)L) = (P/Q)V(({<9ﬁ>63<+2:1>}|®)U{(%2
o 1)1(—(1|0))[7ﬁ2 x By }).

It is Corollary 5.19]5.20 that releases us from proving “embedability lemma” for
((R]S)(4.1)3®1)[xB2|] in finding the lattice of quasi-varieties of almost quasi-strong
Kleene-Stone lattices.

5.3.2. Regularity versus virtuality. First, by (4.2), we clearly have:
(5.16) (WRMSL N Mod((4.2))) = (RMSL N Mod((4.2))).

However, this can not be extended to neither ((4.2)) nor Morgan regularity, even
within the framework of AQSKSL, because of the instances of (MSs.1|(Rs @ 1)) €
((S(R2 x (&|R)3) \ | N Mod((4.2))) N Mod(((4.2)))), being weakly Morgan regular
almost quasi-strong Kleene-Stone lattices, for both R and (&|Rf), are so, but not
satisfying Ry under [z;/(1 — min(i, 1), 1 — (0] min(é, 1)))];e(2+17)- Nevertheless,

(5.17) R(R2) = (B2 1),

in which case, by Theorem 5.12, we get:

(5.18) [M]RAQSK[MISL C (P)VQSK[M]SL,

while, by Lemmas 5.11, 5.15 and (5.9) (as well as (5.8)), we have:

(5.19) WR(P)VQSMSL C NIMSL,

whereas, by (5.12), we also have:

(5.20) (3@ 1) € hom(B2 & 1,S|R; @ 1) C (homy(Bo & 1,MG5.1 (R B 1)),
in which case, by (2.1) and (2.7), we get:

(5.21) (@1)® (1 [(B2 @ 1)) € homy(By @ 1, (A3 @ 1) x By),

and so, as {(i,7 4+ (2 - min(4,1))) | ¢ € 3} is an embedding of &3 into Ks.1, by (5.10),
(5.15), Theorems 5.12, 5.17, Corollaries 4.7, 5.4 and Lemma 5.3, eventually get:
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Corollary 5.21. W[(M|)]R(P)V(({Q}SI(K[(IM)])[S][(S/B))L = (P2 Q)V({B, &

1%«@w«mmaﬁﬂﬁmu@megwﬂwen<@n&f¥ummw%M@DM@»

In particular, {NI}WR[M](P)V(Q)SKSL = (P|Q)V (({("") &, (+2:1)}<ﬂ{9ﬁ(‘55:1}>)<u
D@1]

{R5:1}) U ({Rup-y HN{Rs}) [01) {@{B2}}]) U ({B2 © 1}[N2](N2))).
5.3.2.1. Quasi-strong regularity. MS lattices satisfying the ¥} -quasi-identity R[N]

2 ((mo(R)[U{((4.9)[zo/(zo A z1)]}]) — ((mz1 A —=21) £ 21)) are called [nearly]
quasi-strongly regular, the class of such members of any K C MSL being denoted by

[NJQSRK[2 QSRK], in which case:
(5.22) NQSRNDML = QSRNDML,

and so this term is justified by the following analogue of Corollary 5.11, immediately
ensuing from the fact that, due to the idempotence identity for V, we have:

(5.23) (MSL N Mod(Ryt[z2/x1])) = (MSL N Mod(R9S))
[and the truth of the X7 -quasi-identity:
(524) {_\£E1 ~ I, ~ xl} — ((49))7

in MS lattices, in its turn, being due to that of (4.2) and (4.3)]:
Lemma 5.22. (MRMSL U QSMSL) C [NJQSRMSL C (NIMSL U QSMSL).
Likewise, by (4.1), (4.2), (4.5), (4.6) and (4.18), we immediately have:

Lemma 5.23. Let 2 € MSL, a € A, ¢ = (aV* =%a) and d & (=*-%a V¥ =%a).
(Suppose ¢ # d.) Then, (c #)b = —%c = =%d <* ¢ <* d = -*b(# ¢) (in which
case {(0,b),(1,¢),(2,d)} is an embedding of S3 into A), and so &3 is embeddable
into any member of (MSL\ NDML) D ([A]JQSMSL \ [A]DML).

Theorem 5.24. Let K C (X)QSMSL and P = PV (KU {R2}). Suppose both K
and all members of it are finite, while S5 < | A K | “whereas K ¢ OMSL”. Then,
Q £ [N]QSRP s the pre-/quasi-variety generated by K' = (KU {((f2 x &3)[((S3 ®
DUMSsA)|(B2 @ 1)}) € (W)[PJVQSMSL.  In particular, WR[P]V{Q}SKSL =
INJQSRWR[P]V{Q}SKSL.

Proof. Consider any finitely-generated 20 € (Q \ QSMSL), in which case, by Lemma
5.22 and the local finiteness of MSL, for this is finitely-generated, in view of Theorem
4.4, A is both finite, non-one-element and non-idempotent, and so “as By <X S37|,
by Lemma 5.1, 3 £ hom(%, (6]%);5) is both non-empty and ﬁnite Then, there
are some bijections @ from n = |A| € (w\ 1) onto A and h from m £ |H| € (w\ 1).
Let b & —%*-%2(a), in which case, by (4.6) and the left alternative of Claim
5.2, =%*b <* b. Consider any g € hom(2, &,). By contradiction, we prove that
A2 (el "1 ARG\ (A1) = 2. For suppose there is some
¢ € A. Put d £ (V¥¢), in which case g(d) = 0, and so (=%d A* =*-%d) £ d, for
g(=*dN* =%-2d) =1 £ 0. Now, consider any f € hom(2, MS) and the following
complementary cases:
o (imgf) C (imge3),

in which case |“by (4.21)" e = (fo(€})~ (A3|X3\1)) € hom(2A

and so e = hj, for some j € n. Then, as ¢; <* d, ((1[+1])|]1) < e

in which case e(=*d) = 0, and so f(=*d A% b) = (0,0,0) <M

d). [And what is more, by induction on any k € ((n+ 1)\ 1) > n, we

have f(e3(alk)) = (1,1,1), in which case f( ) (1,1,1) = f(d), and so

AT d) VE=H(bAY d) = (1,1,1) = f(="="(bA™ d) V¥ =¥ (b A™ d)) ]|

) (6|%)3|2)
(¢j) < e(d),

<
m (—%p V2
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o (img f) ¢ (mge]),

in which case, by (4.6) and the right alternative of Claim 5.2, f(=2b) = f(b),

and so f(=%d A% b) <™s f(b) = f(=%b) <TSs f(=%b VA d) [while, by

(5.24), f(bA% d) VR =2 AT d)) = (=22 (b AT d) V* =2(b A% d)).]|
Thus, anyway, by (2.8) and Theorem 4.4 |[as well as Lemma 5.23 and the truth of
((4.9)) in Rs], we conclude that [both ((bA*d) V¥ =2(bA%* d)) = (=X -2 (bA* d) V¥
—%(b A% d)) and] (=*d A% b) <* (=% V¥ d), in which case 2 W RY [x0/b, 71/d],
and so this contradiction to the [nearly] quasi-strong regularity of 2 shows that
A = @. In this way, there is some [ € n such that hy[g~![1]] € ((1[+1])|1), in which
case, by (2.7), h £ (g ® h;) € hom(2(,K’), while, by (2.1), (kerh) C (kerg), and
o0 (2.8), the locality of quasi-varieties, the quasi-equationality of finitely-generated
pre-varieties, Corollary 5.21, Lemma 5.22 and “the [nearly] quasi-strong regularity
of (Ra x 63)[((S3 & 1)[UM Ss.1]) to be checked immediately” |“Lemma 5.3 as well
as (5.17)” complete the argument. O

Theorem 5.25. Q £ NQSRVQSMSL = QSRVQSMSL. In particular, ([NIT(N)QSR
PIVVIUNIUT@) ) = (P QIV(L((TTMSv {82 H)TUNIMSy ) U ({3 & 111
((MSL{n@}|(&|IMSL)))))[(V(({U{ME5.1} })[({MS5:1 }H|2)))])) L[N ((IMSy @B
)JLFJ ,\N/IIé\ij)J), where V 2 ({{Q)S}M/K){S}H|(S||B))| and U D AV is a sub-variety

Proof. The inclusion from right to left is trivial, for fR%s is a logical consequence of
RS, Conversely, consider any finitely-generated 2 € (Q \ QSMSL) € AQSMSL and
any a,b € A such that a € F% but (=%b A* =#=%p) £* b, in which case, by (2.8)
and Corollary 4.7, there are some B € (QSMSL U {£2}) and some g € hom(%, B)
such that (=®g(b) AT =B=Bg(b)) £® ¢(b), and so B = Ky as well as g(b) = 0.
Likewise, by Lemmas 5.1 and 5.22, there is some e € hom(2,B,) # &. Let
K 2 ((QSMSL N S+ 1MBg)), in which case H = hom(2A,K) > h = (e o€} o €])
is non-empty as well as finite, for both K and all its members are so, in view of
the finiteness of MSs = 23, and so there is a bijection h from n £ |H| € (w\ 1)
onto 3 such that hy = h. By contradiction, we prove that A = (Hjel((g’l[l] N
h;l[?vgf}es]) U h;l[%?mﬁ])) = @. For suppose there is some ¢ € A C A™. Let
d £ 42 . (¢), in which case, as S = (23 \ (imge3)) is disjoint with (imge3) 2
(img hg)), g(co) = 0, and so, by induction on any k € ((n+1)\ 1) 3 n, we see that
g(l,ilok(é[k)) = 0. In particular, when taking k = n, we conclude that g(d) = 0, in
which case d ¢ F2, for g(—=%b) = 1 £ 0, and so, since A = (4.13)[z0/d], d & FF.
On the other hand, for every I € n, hi(c;) € (Fpo° U IMSs) = FRS¢ in which
case, by the left alternative of Claim 5.2, h;(d) € S"VQ{;GG, and so, by the total
negative idempotence of 2, (2.8) and Corollary 4.7, d € F3%,. This contradiction
shows that A = @, in which case there is some m € n such that h,,[¢g71[1]|4] is
disjoint with 3"\,9{}66 |3PC6 i.e., is subsumed by {(0,0,0)}|(img €3), and so, by (4.21),
f2 (hmo(e]) " ox3") € hom(2,B,), while f[g~[1]] € 1. Thus, f(al|b) = (1]0),
in which case f(aA*=%b) =1 £ 0= f(bv¥*—%a), and so (aA*=%b) £* (bV* —%a).
Then, Corollaries 4.7, 5.4, (5.15), Lemmas 5.7, 5.22, Theorem 5.24 and the locality
of quasi-varieties complete the argument. O

5.4. Embaddibility lemmas.

Lemma 5.26. R3(((4+1.1)]} X B2 is embedable into any A € ((NI(A){[Q]SIK(M){S}L
(UTNIMSL)(U(A)DML)) \ (W)(M)RMSL).

Proof. Then, there are some a,b{,c) € A such that =%a <* a, (a A* =%b) <*
(=%aV2b) but (=*b(A*=2=2c)) L2 ((=*-*)b(V?c)), in which case, by (4.2), (4.5)
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and (4.6), we have ((dle){[{[lf)]}) £ (="=*(ap){[([[(c V¥ =%c V¥ ad)]}) = {[(| =*
=2 (dle){ [ (S F /) (= =*d] |), while, applying (4.3) twice, by (4.1) and
(4.5), we get (dA*=%e) <¥ (=®dV®e), whereas, by (2.8) and Corollary 5.4 (and 5.5)
(as well as 5.8), there are some € € {R3f[41.1] } x Ba{, 63}( @9)?4)(,&2)} and some
h € hom(2, €) such that (=¢h(b)(A*= =%h(c))) £¢ (( Yh(b)(V®h(c))), and so
€ = (R(+1.1))) X B2) and h((alld)|(b]le ){[<|f>]}) <1|0{[<I2>]}, 1), for ~h(a) <*
h(a) and (h(a) A® =¢h(b)) <% (=%h(a) V¢ h(b)). In that case, using (4.1), (4.2),
(4.5) and (4.6), it is routine checking that the mapping g : ((3{[(+1)]}) x 2) — A,
given by:

g({(O1,1)) £ ((dA* (e V* (el ")V ="},
g({{[(+DIDIL,0) = ="g({0[1,1)),
g((OI{I+DI,011) £ (90, )(AIV)*g((2{[+1]},0))),

{llo(2,1)) 2 (@A™ e) VI ="(d A% e) A* f),)]}

is a homomorphism from Rs((4+1:1))y X B2 to A such that (g o h) = Ag+1)]})x2s
and so it is injective, as required. O

Lemma 5.27. Ry is embeddable into any A € (NIQSMSL \ ASL) D (RQSKSL \ SL)
2 (RKL\ BL).

Proof. Then, by (4.2), there are some a,b € A such that ¢ £ (-%a V¥ =%-%q) #
d = (-¥-%pv¥c) >% ¢, in which case, by (4.1), (4.3), (4.5) and (4.6), we have both

A2 = d and —¥4d <¥ e B e = 2% #* —%¢, for A is neither idempotent
nor one-element, and so =%c # —%d. In this way, {(0,=%d), (1,-%c),(2,c),(3,d)}
is an embedding of R4 into 2. Finally, Corollary 5.11 completes the argument. [

Lemma 5.28. DM, is embeddable into any A € (SMSL\ (NISMSLUWKSL)) D
(AQSMSL \ (NIAQSMSL U AQSKSL)).

Proof. In that case, by (4.2) and Corollary 5.6, there are some a,b € A such
that A {(5.5)}[3:0/—\Q[a,x1/b], and so (5.5) is not true in the subalgebra B
of 2 generated by {=%a,-%b} under [zo/=%a,x;/-%b]. On the other hand, by
(4.1), (4.5), (4.6) and induction on construction of any ¢ € Tm o we have

A HA(Mg b)) = ¥ (=%a,—Mb), in which case B is a De Morgan lattice,
and so D9y, being embedable into B, in view of [18, Case 8 of Proof of Theorem
4.8], is so into 2, as required, because, by Corollary 4.7, AQWKSL = AQSKSL. O

Lemma 5.29. DMy x By is embeddable into an arbitrary A € (NIMSL \ WKSL) D
(NIAQSMSL \ AQSKSL).

Proof. Then, there are some a,b € A such that, by (4.2), ¢ £ =#-%*(a A% =%a) £*
d & (=% v S%-%p), in which case, by (4.1), (4.5) and (4.6), we have both

(c|d)(> | Q)*(c|d) = =*=*(c|d), and so, by induction on construction of any ¢ €
Tm no) We get =2=2¢%(c,d) = ¢*(c,d). Thus, the subalgebra B of A generated

by {c,d} is a non-idempotent De Morgan lattice such that B = K[xo/c, z1/d], in
which case D94 x B3 being embeddable into 9B, in view of the proof of [18, Lemma
4.10], is so into 2, as required, because, by Corollary 4.7, AQWKSL = AQSKSL. O

Lemma 5.30. Let 2 € ([PS|IMSL\ (NIMSLUNDML)). Then, {Rup1) | @ €
(2[=1)})) NISA) # @. In particular, Ry.op) is embeddable into any member of
((PI({A}Q))SMSL\ (NIMSL U (N|{N|/A})DML)).

Proof. Then, by (4.1), (4.5) and (4.6), there are some a,e € A such that -%e = e
and ¢ # d # b, where b,c,d € A are as in Lemma 5.23, in which case b <%
(flg) = ((e A* (c|d)) V¥ b) = (g A% (c|d)), and so, by (4.1) and (4.5), we have
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b# f<*g=-"flg) & {c,d}, for, otherwise, we would get b = g = d. Consider
the following complementary cases:
o g<e,
in which case {(0,b),(1,g),(2,¢),(3,d)} is an embedding of 84, into 2,
and so the latter is not pseudo-strong, for the former is not so, in view of
Lemma 4.6.
e g £ ¢,
in which case, by (4.3), we have ¢ £* g, and so {f,g,c,g V¥ ¢} is a
non-degenerated diamond of A[¥,. Then, [as (g V¥ ¢) = d, for A |
(4.12)[xo/c, z1/€]] by (4.1) and (4.5),

{<07 07 07 b>7 <07 ]‘7 07 f>7 [<07 ]‘7 ]‘7 C>7 ]<17 ]'7 07 g>7 <17 ]'7 1’ d>}
is an embedding of MS 441)).0 into A
In this way, (4.18) and Lemma 4.6 complete the argument. O

Lemma 5.31. Rs.1 is embeddable into an arbitrary A € ((NI(A)QSMSL U (W)MR
(A)QSMSL) \ PSMSL).

Proof. Take any a,e € A such that 2 £ (4.12)[xo/a, z1 /€], in which case = —-%q £*
(a V¥ f), where f £ (=%e V¥ =¥-%e)) =% =2 £ in view of (4.5), and so —*—%a #
a. On the other hand, by Lemmas 4.6, 5.7, Corollary 5.4 and Theorem 5.12,
NI(A)QSMSL U (W)MR(A)QSMSL is the pre-variety generated by K = {841 x
Bo, DM, (, R2)}, in which case, by (2.8), there are some € € K and h € hom(, €)
such that h(=%=%a) £¢ h(a V* f), and so € = (R4.1 x By), while m (h(f)) = 1,
whereas 7o(h((ale)) = (2|1). Let b,c,d € A be as in Lemma 5.23 and g =
{(0,0,6 A% =2F) (1,0, -2 £), (1,1, £), (2,1, V* £),(3,1,d V* f)} : R — A in
which case, for all 7,7 € %41, (2 <P4%X®2 7) = (g(7) <™ g(7)) as well as h(g(?)) =7,
and so, since $(R4:1) X+ is a chain lattice, by (4.1), (4.5) and (4.6), g is an embed-
ding of R(R4.1) € I(R5.1) into A, as required. O

Lemma 5.32. & is embeddable into any A € MSL not satisfying (5.7).

Proof. Take any a € (3% \ 3%) # @, in which case, by (4.2), a <* =%a, and so
{(i, (=")%a) | i € 2} is an embedding of Ky into 2, as required. O

This, by (5.9), immediately yields:
Corollary 5.33. R is embeddable into any A € (TNIMSL\ OMSL).
This, in its turn, by Corollary 4.7, immediately yields:
Corollary 5.34. TNIMSL has no proper non-trivial sub-[pre-/quasi-Jvariety.

Lemma 5.35. Ry x By is embeddable into any A € (NIMSL \ Mod(((4.13)))) 2
(NINDML \ Mod((4.13))) 2 (NIADML \ VDML).

Proof. Then, there is some a € A such that (a V* =%a) = =*-%q but -%a £* q,
in which case =*-%a ¢ {a,—%a}, and so a £* —%a, Thus, by (4.1) and (4.6),
{{0,1,a),(1,0,-%a), (0,0,a A* =%a), (1,1,-*=%a)} is an embedding of Ry x B
into A, as required, in view of Corollary 4.7, due to which ADML C NDML. O

Lemma 5.36. B,®1 (resp., K3®1) is embedable into any A € (((I)MSL\ QSMSL)N
Mod((5.7))).

Proof. Then, we have some a(,b) € A such that (=%*b = b but) ¢ = (a A®
-%a) # d £ (-%-%a A* =%a), in which case, by (4.1), (4.2) and (4.6), c < d =
e U e 2 (bVrd) AY %) = 2Me) <M f 2 %c = =%, and so ¢ # f,
for ¢ # d. Hence, as A = (5.7)[zo/c], d # f (in which case e &€ {d, f}), and so
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{{(0,0,¢),(1,0,d), ({1,1,e),)(1,1(+1), f)} is an embedding of By & 1 (resp., K3 P 1)
into U, as required. O

On the other hand, both K, and B, @1, being finite, are expandable to bounded
MS lattices, in which case neither of these is an MS algebra, and so, by Lemmas 5.32
and 5.36, we eventually conclude that QSMSL is the infinitary universal unbounded
approximation of MSA in the following sense:

Corollary 5.37. QSMSL is the greatest infinitary universal (viz., abstract heredi-
tary) subclass of MSL disjoint with (BMSL\ MSA) X7 .

Nevertheless, the stipulation “infinitary universal”/“abstract hereditary” can
be neither omitted nor replaced by the one “image-closed [ultra—]multiplicative”
simply because, due to the truth of (4.7) in bounded MS lattices, MSA[X] is
the subclass of MSL, relatively axiomatized by the single first-order positive ¥ -
equational IV-sentence JzoVr1((z1 $ z0)&(—xo T #1)), in which case it is image—
closed (in particular, abstract) and [ultra—]multlphcatlve but is not hereditary, for
(MSATY]) # MGy < MG € (MSA[X]), and so, by Lemma 2.9, is not sub-
multlphcatlve

Lemma 5.38. MG is embedable into an arbitrary A € (MSLNMod(((4.13))))\
Mod((4.13))) 2 (NQSRPVQSKSL \ [NJQSRVQSKSL).

Proof. Then, there is some a € (F3 \3’"2[) such that (a V¥ =%a) # —-*-%q, in
which case, by (4.2) and (4.3), %Ql -%a, and so, by (4.1), (4.2), (4.5) and (4.6),
{/{0,0, o n® - 2a), (0,1, a), (1, o -%a), <1,1,av9‘ ﬂ%> (1,2, -%=%a)} is an embed-
ding of MGSs5.; into A, as required, in view of Theorems 5.24 and 5.25. (]

Lemma 5.39. B £ ((83 © 1) x Bs) is embeddable into any A € (NIPVQSKSL \
NQSRMSL) 2 (NIVQSKSL \ [NJQSRVQSMSL).

Proof. Then, there are some a,b € A such that =%a <* a, (aA®-%b) <* (-%aV¥b)
and (c V¥ =%¢) = (f V¥ =%¢), where ¢ £ (a A* b) and (d|e|f) £ =*=%(albc),
but (=%b A% e) £* b, in which case, by (2.8) and Corollary 5.19, there are some

€ (({As 1,ﬁ3 69 1} ® {%2}) U {MSs5.1}) and some h € hom(,€) such that
(=¢h(b) A* h(e)) £® h(b), and so, since ~%h(a) < h(a), (h(a) A® ~®h(b)) <¢
(=%h(a )\/€ h(b)) and (h( )\/Qﬂch(c)) = (h(f) V€ =%h(c)), by the quasi-strength of
R4.1 and the nearly quasi-strong regularity of 9MGs5.; (cf. Theorem 5.24), € = B,
while, by the truth of (4.13) in B, h((a|d)|/(ble)]|(c|f)) = (1]](0]1)|(0[1), 1]]0]|0, 1),
because T h(b) £® h(e), for =P h(b) £ h(b). In that case, using (4.1), (4.2), (4.3),
(4.5) and (4.6), it is routine checking that the mapping g : B — A, given by:

g(0,0,0) = (c/\mﬁmc),
g(0,0,1) = ¢,

9(1,0,0) £ (fA*=2p),
9(1,0,1) = f,

9(1,2,1) £ (fFVv*=2p),
9(1,2,0) & =*f,

g(1,1,1) & ((eVv*=%d) A% a),
g(1,1,0) & ((dA*-%e) V¥ =%d),

is a homomorphism from 9B to 2 such that (g o h) = Ap, and so is injective, as
required, in view of Theorem 5.25. (]
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5.5. Relative subdirect irreducibility of non-trivial subalgebras of gener-
ating algebras. First, by Footnote 1, (4.21), (4.22), (5.13), Lemma 2.14 and the
simplicity of (B[R)q(3),01)) (cf., e.g., Remark 4.3), we immediately have:

Lemma 5.40. Congruences of 2 = (S1R)3)(a:(01))01] form the three-element
chain Agyy C (ker h) C (3[4)2, where h € hom® (2, (BIR) (213),01)) 7 2-

Lemma 5.41. Let A € (MSL\ OMSL), B € {83,853} and h € hom(A,B). Then,
By < h[A] < 2.

Proof. In that case, h[2] € SB C ({63} UI(B2)), and so [unless |A| > 2], by
(4.21), Corollary 5.1, Lemmas 4.6, 5.3, 5.15 and (5.9), B =< h[A][€ IB, C ISY.
[Otherwise, by Lemma 4.6, H2 > h[] = &3 ¢ NDML, in which case 2 ¢ NDML,
and so Lemma 5.23 completes the argument.] O

Let & 2 (R [{1}) € OMSL.

Theorem 5.42. Let € € ({B2}[U{S3}(N@)){U{Rs}[N@])}), P C MSL a pre-va-
riety, § € (Pﬂ(S>1(([(({ﬁ2}(ﬂ®))(u{ﬁ3@1}))U](IMSﬂAQSMSL{ﬂ{ﬁz}}[ﬁ@D))[\
IS{ Ry x B (, R x Ba, Kz @ 1)}])) and [both] & 2 (x21F)[F)), 9 2 (AV'1C) and & 2
(mo VIR @ (72T 1F) 0 9))[8) (as well as § 2 (( T © (73 1F))[F]); of. (2.7)].
{Suppose § € Mod((4.13))}. Then, (§ € SIp(P)) < | = ((({K}N2])[U{&(,H)}
) NP) # @) = (¥ = ({R}HN2]) u{L}))).

Proof. In that case, by (4.21), Corollary 5.4, Lemma 5.15 and (5.9), §, being non-
one-element, is not totally negatively idempotent, and so, by Lemma 5.3, B2, being
embedable into §, belongs to P [while, in the ()-non-optional case, § € TNIMSL D
ISR, D ISK].

We start from proving the right part. For suppose ((({&}[N@])[U{&(, H)}])NP) #
@ but F A ( {.ﬁ} [N@])U{€}), in which case § A {&, €} [(for R € S(R3®1))], and so,
since (e/f) £ (7r0/1 IF) € hom®(F, &/€) is then not injective, for, otherwise, it would
be an embedding of § into &/€, (8/9) = ker(e/f) # Ar = (6 N V), while, by (2.5)
and Lemma 5.41, ¥ € Cop(F) {unless both € = &3 and 1 € 7?[F]}. {Otherwise,
§ € S(Ry X Rz}, in which case R € SRy = {81, Ry}, and so there are some a,b € F
such that 72, (ab) = 1. Then, by (5.2) and (5.3), ¢ £ =Sa¥(u¥(a), u¥(b)) € ST,
in which case, as §, being non-one-element, is idempotent but not totally negatively
idempotent, by Lemma 5.3, € € ISF C P, and so, by (2.5), ¥ € Cop(F).} Thus,
anyway, ¥ € Cop(F). In particular, § & SIp(P), whenever K € P, because, in that
case, by (2.5), 0 € Cop(F).

[Conversely, assume K ¢ P, in which case ({&(,9)} NP) # @&, and so & € P
(for § = & ¢ P). (And what is more, § € S((£2 x £3) x B3) 2 T £ ((&1 x R3) x
By) € I(R3 x By), for K € SRy is one-element, in which case J = (F[(FNI)) €
(S(F) N S(3 )) (P NIS(Rs x By)), and so, since, by (2.7), f/ = ((F x {1}) ®
(T3F)) ( F)) € hom(F,J) is then non-injective, by (2.5), we conclude that
Ap A9 2 (kerf) € Cop(§).) Then, by (4.21), S(R2 X B2) > & is disjoint with
I3, in which case ¢/ £ ((7T(2)(+1) [FYO((r fgﬁ)) [F)og)) € hom®(F, &) is not injective,
and so, by (2.5), Ar # ¢ £ (kere’) € Cop(F). Hence, § ¢ SIp(P), because, by
(2.1), Ar € (0'09()) € (Niegpey ker(m " 19) = Ap]

Next, if § = (({8}[N@]) U {€}), then, by Theorem 4.4, § € (P NISs1MS}) C
(I(MSN P) = SI(P) C SIp(P).

Now, assume § £ (({#&}[N2]) U{€}) but (({K}[Ne])[V{&(9)}) NP) = o
Put 2 2 (n "V 1F) (5], both B £ (K| K1) € KL and b 2 (03 0% ) 0
(ed0)” )||X?Q‘H(A x {1})) € hom(2,%B), whenever A € (I{fy1}[L{S3}|(MSL \
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I{f4.1,63})) [as well as [(both € £ &3 and) ® = B,], in which case, by (2.7),
(2.5), (4.21), (5.13), Lemmas 4.6 and 5.40, both Co(A) = {A4, A% ker h} and
Co(€) = {A¢, C?[, ker g]} [while g € homp)(€,D) (whereas Co(€) = {Ag, E?})].
And what is more, 20 € P [because, otherwise, by (4.21), & € S(2x B5,) would be in
P, for B, is so|. Finally, we prove that § £ £ £ ((B[(x€)])x€), by contradiction.
For suppose § =< £, in which case § is in SKSL Z R4.1, for £ is so, and so is
2A € HF. Hence, 2 & I84,1. Then, in the [-optional case, 2, being a subalgebra
of the two-element algebra K5, is not isomorphic to the three-element one &3, for
3 & 2, and so B = K. Otherwise, € € KL, in which case £ € KL, and so B = £,
for 24 € HSEL C KL ZF &3 is not isomorphic to &3. Thus, B = &, anyway, in

which case, by (2.7), (wg[(ﬂ)}[(xwf[(ﬂ)])]) X (Wf[[gig]] is an isomorphism from £

onto M £ ([(R3x)]€), contrary to the assumption that F £ M [(for € = B,)], and
so this contradiction shows that § A £. Then, by Corollary 3.12 and Remark 4.2,
§ € SIp(P), as required. O

This, by (2.10) and Footnote 1, does provide a comprehensive hierarchical char-
acterization of relative subdirectly-irreducibles of quasi-varieties studied in the next
subsection, for these are generated by subsets of QMS £ (AQMSU(AQMS® {38, })U
{By, S3, B2 @1, MG5.1}), where AQMS 2 ((MSNDML)\ BL)U {82, R4.1, B3 D 1}).
To make it clearer, we present several almost immediate consequences of Theorem
5.42, immediately yielding the following two ones, in view of mutually embedable
finite algebras’ being isomorphic and Lemma 5.41/5.29 as well as absence of proper
/isomorphic subalgebras of B,/ “finite algebras and the inequalities 8 > 4 > 27:

Corollary 5.43. Let P C MSL be a pre-variety, § € S>1((6|B);, x B2) and
RE(@IFE] 2= | = (S]1B)[B)3)2)2- Then, (3 € SIp(P)) & (§ € I[S]K).

Corollary 5.44. Let P C MSL be a pre-variety, § € (Ss1(DMy x By) \ IS(K3 x
%2)) = {339)14 X %2} Then, (s S SIP(P)) - (’D‘JJL; € P)

Corollary 5.45. Let P C MSL be a pre-variety, € = (RIB)3, £ € {€B1}U
(@|{R2 x €)) and § € Ss1£. Then, (§F € SIp(P)) & ((R2 € P) = (§ 2 €)). In
particular, (£ € SIp(P)) & (R2 € P 3 £).

Proof. First, since & £ (7| F)[§] € S&2 C TNIMSL, by Corollary 5.4, Lemma 5.15
and (5.9), § € TNIMSL D ISR, for |F| > 1, is not embedable into & Next, if
0 € K, then 8 = Ry. Otherwise, 8 = & € OMSL C P, in which case m [F is an
embedding of § into €, and so Theorem 5.42 and the fact that |C] < 3 < 4 = |L|
complete the argument. O

Corollary 5.46. Let P C MSL be a pre-variety, (€|€) = (BIR)23141.1)), M £
(€% €), K= {€],#;,65]}, § € (PNS>1M) \IS(K® {€})) and & = (7F[F)[F].
Then, (§ € SIp(P)) & ((§ ¢ L{€}[N2])) = ((£ £ P)&(F € {M, R(L)})))-

Proof. The “if” part is by Theorem 5.42, the simplicity of two-element algebras, the
inclusions Si(P) C SI(P) C SIp(P) and the fact that (F € {9, R(L)}) = (R = 2).
Conversely, assume § € SIp(P), in which case 8 € ({£} U ({R1}[N9])), and so
§ = (R x €) € I¢, unless K = £. Otherwise, § € {M,N(L)}, in which case
§ £ {R ¢}, for |F| > (4[+1]) > ((3[+1])]|2) = |K||C|, and so, by Theorem 5.42,
£ &P O

Corollary 5.47. Let P C MSL be a pre-variety, € = By, T = (R3@1), J £ (A3xQ),
L2 (RxE),MEOTXxE),NE(CEd]), KL {FN, Fec (PN (Ss1(M)\ ISK),
6 2 (ndF) & (x31F))[3] ond 2 (n]F) © (x31F))[3] = (IF)G] (cf: (27))
Then, (3 € S1p(P)) < (3 = M&(({2,3} NP) = 2)).
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Proof. First, if 0 was not in 73[F], then, by (2.1) and (2.7), (73[F) x (73] F)
would be an embedding of § into J. Therefore, 0 € 73[F], in which case (73 [F) €
homS(S7 £,), for =%20 = 1, and so § is not in QSMSL > €&, for K, is not so. Hence,
§ # €, while, by Lemma 5.36, 91 € ISF C P. Next, if there was any e € homy(§F,J),
then e[§] € (I(F) N S(T)) C S(R2 x K3) would be neither idempotent nor quasi-
strong, for § € S9N is so, in view of Lemma 5.1, in which case we would have
0 € mgle[F]], for Ry € OMSL C QSMSL > Rs, but 1 & m[e[F]], for, otherwise, we
would then get e[F] F& (5.1)[z:/(1 — 4,1 — i)];c2, and so, by (5.20), e o (€5 ® 1)_1
would be an an embedding of § into 91. Likewise, if there was any f € homy(F, £),
then f[§] € (I(F)NS(L)) would be a model of (4.13), for F € SM is so, in which case
(0,1) would not be in f[F], i.e., f[§] would be a subalgebra of M, for, otherwise, we
would have f[§] & (4.13)[x0/(0, 1)], and so e would be an an embedding of § into
M. Finally, ((0,0,1) € F) < (§ = M), for M is generated by (0,0,1). Consider the
corresponding complementary cases:
° S = mv
in which case & = £, for £ is generated by (0,1) € G C L, while § =7
. 5,
in which case & =M, for N is generated by (0,0) € G C N, because
(0,1) ¢ G C L but 0 € 73[F] = n3[G].

Then, Theorem 5.42 completes the argument. O
Corollary 5.48. Let P C MSL be a pre-variety, € & &3, g £ Xg\l, g4 (ﬁg x B3),
L£(€a1), M2 MS5.1, NE (Ba1), F € (PN(S51(M\IS(N))), & £ (73 1 F)[3)
and & = ((m31F) © (77 1F) 0 g))[§] (cf. (2.7)). Then, ( € SIp(P)) = ((6 € P) =
(§ =2 9€)), in which case, providing § = | # M, (§ € Slp(P)) & (3 € P)[(§ = ©)),

and so £ & SIp(P). In particular, (MM € SIp(P)) & (T & P).

Proof. First, if § was embedable into J € ABL C NDML # €, then J € (H(F)NS(¢))
would be distinct from €, i.e., 1 would not be in J, for € is generated by 1, in which
case g|J would be injective, and so, by (2.1), (2.7) and (4.21), (73| F)® ((7?[F)og)
would be an embedding of § into 9, for (0,1) & FF C MSs.1 Z# (0,2). Likewise,
if § € QSMSL ¥ R, then QSMSL D H(F) > & € S(f) = {f, &1}, in which
case & = 1, and so 77 is an embedding of § into €. Finally, if § = | # I, then
(6 € ({3}/S{91}. Then, Lemmas 5.15, 5.36, (5.8), Theorem 5.42 and the fact that
|M||L| = (5]|4) > 3 = |S3| complete the argument. O

5.6. Lattices of quasi-varieties of quasi-strong Morgan-Stone and almost
quasi-strong Kleene-Stone lattices.

Theorem 5.49. Pre-//quasi-varieties of /almost [{quasi-}strong]|| Morgan-/Kle-
ene/[-Stone]|Stone|Boolean lattices form the/a non-chain /non-distributive lattice

TABLE 3. Quasi-identities false/true in generating algebras and
embedability lemmas for them.

R 57 (20 /0] 2] 532
R4:1 ((5.6)) [z0/2,21/3, z2/1] Iz 5.30

A2 X Ba ((4.13)) T20/(0, )] G0} 5.35
S3 (4.19) [zi /(A + Die2 {(4.16)} 5.23
(RB);, BT [ [GO)IAI]) [/, Wi a1 {50} 5.36
R3(+1:1) X B2 RVK@ [z;/((4 — i) mod 3, 1)];c(2(+1))) {Xm. ((5.6))} 5.26
R5.1 (4.12) [z0/3, ©1/1] {(4.16), (nm3 ~ x3) — RW} | 5.31
(RB)3)2 (5.4)[(4.14) [zi/(1 = Dlic211) a 5.3
(Rs ® 1) X By RIS [ /(1 —i,1 —i, D)]sen {(5.1),((4.13))} 5.39
MEs:1 (4. 13) [z0/(0, 1)] {((4.13))} 5.38

Ry [(4.20)] [zi/C+ Dic2 {(5.1) 5.27
DM, (5.5) T2 /(i1 — )ica {(4.16)} 5.28

D4 X Ba S l0: /Gl — 3, Diea {(4.16),(5.1)} 5.29
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FIGURE 4. The lattice of quasi-varieties of quasi-strong Morgan-
Stone lattices.

with ((8[+({3-}7)])1312)/(([{50+}364]21)|11|6) elements “as well as Hasse diagram
with [either both small and {either non-solid or} solid or] both solid and large
circles-nodes depicted at Figure 4, in which case it is embedable into [Dag 3y x|(Ds x
D3), and so is distributive”| |/ [{the list of which, numbered from 0/14 to 28/120,
is given by the first and second columns of Tables 4 and 5, in which case, for each
1 € 121, f(i) is generated by m1[g(i)], where fl||g is the function with domain 123
given by the first and second||third columns of Tables 4 and 5, and so Sly;)(f(i)) =
(I(((MSUK) NISm[g(2)]) U (S51(m[g(i)] \ K) \IS({Gs, B2} @ {B2}))) \ LUK |
({ﬁg,sz;,ﬁg@l,ﬁ;;;l}ﬂﬂl[g(i)]) #* @})), where K £ {ﬁgx%g,ﬁzl} and K' £ (KU
{Ra x B2, Ba®1,R3DB1, (RzD 1) X B, MS5.1}), while, for every (j,A) € g(i), both
7(7) = (FG)NMod(e(20))) and (£(1)\£(7)) © Mod((2)) but 2 1 e(2)[h(2)], where
el ht is the function with domain QMS given by the first and secondlthirdifourth
columns of Table 3, in which case A € f(j) C f(i) 2 A, and so f(j) € f(i). In
particular, f1(29/(121\ 14)) is an isomorphism from the poset over 29/(121 \ 14)
with partial ordering, being the union of Aag/121\14) and the transitive closure of
(@/{(112,29)}) U (U{mo[g(k)] x {k} | k € (29/(121 \ 14)}), onto the lattice poset
involved. } ]| |

Proof. We use Lemma 4.6 and Corollary 4.7 tacitly. Consider any ¢ € 121 and
any (j,2) € ¢(i), in which case the falsity of e¢(2) in 2 under h(2) is immediate,
while the generation of f(i) by m[g(i)] is by Corollaries 5.4, 5.5, 5.6, 5.8, 5.14,
5.19, 5.20, 5.21, 5.18, Theorems 5.12, 5.17, 5.24, 5.25 and Lemma 5.7, whereas
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TABLE 4. Quasi-varieties of /almost quasi-strong Morgan-/Klee-
ne-Stone lattices and their generating sets (part I: 0-79).

0 QSMSL {(1,9M4), (2, R4:1)}

1 NIQSMSL U QSKSL {(14,994 X B2), (3, R4:1)}

2 NIQSMSL U DML {(3,90M4), (4, Ra.1 X Bo)}

3 NIQSMSL U KL {(21, DM 4 X Ba), (5, Ra:1 X Ba), (6, Ra)}
1 MRQSMSL {(5,9M4), (7, 85:1) }

5 NIMRQSMSL U KL {(15, D914 X B3), (8, R5:1), (9, R3)}

6 NIQSMSL {(9, Ra.1 X Bg), (25,004 X Bo)}

7 SMSL {(8,DM4), (10,63)}

8 NISMSL U SKSL {{16, D94 x B), (12, R3), (11, S3)}

9 NIMRQSMSL {17, D294 X Bo), (12, R5.1)}

10 DML {{(11,D9m4)}

11 NIDML U KL {(18, DM, X Ba), (13, Rz)}

12 NISMSL {19,994 x Vo), (13, S3)}

13 NIDML {(20, D94 x Ba)}

14 QSKSL {(21, f4:1)}

15 MRQSKSL {(17, R3), (16, R5:1) }

16 SKSL {(18,63), (19, R3) }

17 NIMRQSKSL (22, R3 X B2), (19, R5.1)}

18 KL {(20, R3)}

19 NISKSL {(20,63), (23, 83 X Ba)}

20 NIKL {(24, 83 x Ba)}

21 NIQSKSL U KL {{15, 841 X B), (25, R3)}

22 RQSKSL {(23, R5:1)}

23 RSKSL {(24, 63), (26, R4)}

24 RKL {(27, R4)}

25 NIQSKSL {(17, 841 X Ba)}

26 SL {(27,63)}

27 BL {(28,B2)}

28 OMSL Z]

29 AQSKSL {(30, R2), (31, Ra:1) }

30 NIAQSKSL U VQSKSL {(32, R2 X Ba), (33, Ra.1), (34, Rz ® 1)}
31 NIAQSKSL U AKL {(33, R2), (35, Ra.1 X Ba), (36, Ra)}

32 PVQSKSL {{37,MS5.1), (38, Ra:1), (39, Rz @ 1)}

33 NIAQSKSL U VKL {(38, 82 X B9), (40, Ry:1 X Bo), (41, 83 O 1)}
34 NIAQSKSL U QSKSL {(39, 82 X Bo), (41, Ry:1) }

35 NIWMRAQSKSL U AKL {(40, R2), (42, R5.1), (43, R3)}

36 NIAQSKSL U TNIMSL {(44, 82), (43, Rq:1 X Bo)}

37 VQSKSL {(45, R4:1), (46, Rz ® 1)}

38 NIPVQSKSL U VKL {{45,MG5.1), (47, Rg.1 X B2), (48, R3 D 1)}
39 NIPVQSKSL U QSKSL {(46, M S5.1), (48, Ra.1), (49, (R3 D 1) X Bo)}
10 NIWMRAQSKSL U VKL {(47, R2 X B3), (50, R5.1), (51, Rz ® 1)}
a1 NIAQSKSL U KL {{48, 82 x Ba), (51, Ra.1 X B2), (44, R3)}
12 NIASKSL U AKL {(50, R2), (62, ©3), (53, R3)}

43 | NIWMRAQSKSL U TNIMSL {(54, R2), (53, R5.1), (65, Rz X Ba)}

44 NTAQSKSL {(56, 82 X Bo), (54, Rg1 X Bo)}

15 NIVQSKSL U VKL {(58, 83 & 1), (67, Ra:1 X Ba)}

46 NIVQSKSL U QSKSL {(59, (R3 © 1) X Ba), (58, Rq:1)}

a7 NIWMRPVQSKSL U VKL {(57, MG5.1), (60, R5.1), (61, Rz ® 1)}
18 NIPVQSKSL U KL {(58, M&S5:1), (61, Ra:1 X B2), (62, (R3 ® 1) X B2), (56, 83)}
49 | NINQSRPVQSKSL U QSKSL {(59, MGs5.1), (62, Ra:1) 7}

50 NIASKSL U VKL {(60, R> X Bo), (63, 53), (64, Rz D 1)}
51 NIWMRAQSKSL U KL {(61, Ro X B3), (64, R5.1), (54, R3)}

52 AKL {(63, R2), (65, R3)}

53 NIASKSL U TNIMSL {(66, R2), (65, ©3), (67, R3 X Bo)}

54 NIWMRAQSKSL {(68, R2 X Bo), (66, R5.1), (69, Rz X B}
55 WRAQSKSL {(69, R2), (67, R5:1)}

56 NIPVQSKSL {(70, MS5.1), (68, Ra:1 X B2), (71, (R3 B 1) X Bo)}
57 NIWMRVQSKSL U VKL {(72, 85.1), (73, R3 © 1)}

58 NIVQSKSL U KL {{73, Ra:1 X B2), (74, (R3 ® 1) X Ba), (70, Ra)}
59 NIQSRVQSKSL U QSKSL {(74, R4:1), (14, B B 1) }

60 NIPVSKSL U VKL {(72,MS5.1), (75, Rz & 1) }

61 NIWMRPVQSKSL U KL {{73,9&5.1), (75, R5.1), (76, (R3 ® 1) X Ba), (68, Ry}
62 NINQSRPVQSKSL U KL {(74,M&5.1), (76, Ra:1 X Ba), (71, R3)}
63 NIAKL U VKL {(77, 82 x B), (78, A3 ® 1)}

64 NIASKSL U KL {(75, R2 X By, (78, S3), (66, Ra)}

65 NIAKL U TNIMSL {(79, R2), (80, Rz X Ba)}

66 NIASKSL {(81, R2 X B2), (79, S3), (82, Rz X Ba))
67 WRASKSL {(82, R2), (80, ©3), (83, R4}

68 NIWMRPVQSKSL {(84,MG5.1), (81, R5.1), (85, (Rz ® 1) X Ba)}
69 NIWRAQSKSL {(99, 82 X B2), (82, Rs5:1)}

70 NIVQSKSL {(88,(R3 ® 1) X Ba), (84, R4:1 X Ba)}
71 NINQSRPVQSKSL {(88,M&S5.1), (85, Ra:1 X Boa)}

72 NIVSKSL U VKL {{(77,63), (89,83 ® 1)}

73 NIWMRVQSKSL U KL {(89, 85:1), (90, (R3 ® 1) X B3), (84, R3)}
74 NIQSRVQSKSL U KL {(21, B, @ 1), (90, R4.1 X Ba), (88, Ra)}
75 NIPVSKSL U KL {(89,MS5.1), (81, R3), (91, (R D 1) X Ba)}
76 | NINQSRWMRPVQSKSL U KL {(90, MS5.1), (91, R5.1), (85, Rz) }

77 VKL {(93, 83 D 1)}

78 NIAKL U KL {(93, R X B3), (79, R3)}

79 NIAKL {(94, R2 X B o), (86, Rz X Bo)}
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the fact that both f(j) = (f(i) N Mod(e(2))) and (f(4) \ f(j)) € Mod(¢()) is
due to Lemmas 5.7, 5.15, 5.22, Theorems 5.24, 5.25, Corollaries 5.5, 5.6, 5.8, 5.11,
(4.18), (5.8), (5.9), (5.16), (5.19) and (5.18). Then, for any pre-variety P C f(i), by
Corollaries 5.5, 5.6, 5.8 as well as Lemmas 5.7, 5.15 and £(2), where the function £
with domain QMS is given by the first and fifth columns of Table 3, 2 € P, unless
P C f(j). In particular, P = f(¢), whenever P C f(k), for no k € mg[g(4)], in which
case, img f, containing all varieties of almost/ quasi-strong Morgan-/Kleene-Stone
lattices, does exhaust all their pre-varieties, because these are subsumed by the
varieties they generate, and so Corollaries 5.16, 5.43, 5.44, 5.45, 5.46, 5.47, 5.48,
Footnote 1, (2.10), Theorem 4.4 and Table 3 complete the argument. O

This subsumes [18, Theorem 4.8], in its turn, subsuming [1, Theorem 6.2], as
well as, by Corollaries 4.7, 5.4, 5.6 and Theorem 5.12, immediately yields:

Corollary 5.50. Any [pre-/-quasi-Jvariety P C SMSL such that P ¢ DML is gen-
erated by (PN DML) USL.

Though we have refrained from explicit presenting the Hasse diagram of the lat-
tice of quasi-varieties of almost quasi-strong Kleene-Stone lattices just because of
its being too expansive and complicated, Theorem 5.49 does provide its compre-
hensive description. The reason of restricting our consideration by merely almost
quasi-strong Kleene-Stone lattices is clarified by the next subsection.

TABLE 5. Quasi-varieties of /almost quasi-strong Morgan-/Klee-

ne-Stone lattices and their generating sets (part II: 80-120).

80 WRAKL {(86, R2), (97, R4) }

81 NIPVSKSL {(95,MG5:1), (92, (K3 1) X Bo)}
82 NIWRASKSL {(96, R2 X Bo), (86, S3), (87, Ra)}

83 ASL {(87, 82), (97, &3) }

84 NIWMRVQSKSL {{95, R5.1), (98, (R3 ® 1) X Ba)Jt

85 NINQSRWMRPVQSKSL 1(98, MS5.1), (92, R5.1), (99, Rz X Ba)}
86 NIWRAKL {{100, R X Ba), (101, R4)}

87 NIASL {({102, Ry X Bo), (101, G3)}

38 NIQSRVQSKSL {(25, B2 @ 1), (98, 841 X Ba)}

89 NIVSKSL U KL {(93, 63), (95, R3), (103, (83 ® 1) X Ba)}
90 | NIQSRWMRVQSKSL U KL {(15, B2 @ 1), (103, R5.1), (98, R3)}
91 NINQSRPVSKSL U KL ({103, MS5.1), (92, R3)}

92 NINQSRPVSKSL {(106,M&5:1), (96, K3 X Ba)}

93 NIVKL U KL {(94, R3), (104, (R3 ® 1) x Ba)}

94 NIVKL {{105, (A3 ® 1) x Byt

95 NIVSKSL {(94, 63), (106, (R3 & 1) X Bo)}

96 WRPVSKSL {{107,M&5.1), (102, Rye)}

97 ABL {(101, Ro), (108,B3)}

98 NIQSRWMRVQSKSL {(109, Rz X B3), (106, Rp.1), (17, By ® 1)}
99 WRPVQSKSL {(109, M &E5.1), (96, R5.1) }

100 NIWRVKL {(110, R4), (24, B ® 1)}

101 NIABL ({110, R X B2)}

102 PVSL {{(111,M&5.1)}

103 NIQSRVSKSL U KL {(106, R3), (104, S3), (16, B @ 1)}
104 NIQSRVKL U KL {(105, R3), (18, B> ® 1)}

105 NIQSRVKL {(100, R3 X B3), (20, B2 1)}

106 NIQSRVSKSL {{107, A3 X By, (105,63), (19, Bo @ 1)}
107 WRVSKSL {(111, R4), (100, &3), (23, B ® 1)}
108 TNIMSL {(28, R2)}

109 WRVQSKSL {(107, R5.1), (22, B @ 1)}

110 VBL {27, B2 @ 1)}

111 VSL {(110,63),(26, B2 & 1)}

112 ASKSL {(53, R3), (52, ©3), (113, Ro)}

113 NIASKSL U VSKSL {(114, Ry X Ba), (63, 63), (115, Rz ® 1)}
114 PVSKSL {(116,ME5.1), (117, A3 D 1)}

115 NIASKSL U SKSL ({117, R X Ba), (78, &3), (66, R3)}
116 VSKSL {{77,63), (118, Rz & 1)}

117 NIPVSKSL U SKSL {{119, (A3 ® 1) X By), (118, MG 5.1), (81, R3)}
118 NIVSKSL U SKSL {(120, (R3 ® 1) X Bg), (93, 63), (95, R3)}
119 | NINQSRPVSKSL U SKSL {(120, MS5.1), (92, R3)}

120 NIQSRVSKSL U SKSL {(104, 63, (106, R3), (16, Bo @ 1)}
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5.7. Infiniteness of the lattice of quasi-varieties of almost De Morgan
lattices To avoid cumbersome couple notations, we use standard abbreviations:
(f|t) £ (0[1,0[1) and (n|b) £ (0[1,1]0).

Given any n € (w\ 1), let Q, £ (({~z; = z; | i € n} U{~zy = (Vi (2))jen)}) —
(=—xp, & x,)), in which case Mod(Q;) = Mod((5.7)), and so, by Lemma 5.15,
(5.25) (AV N Mod(9Q1)) = (NIAV U VV),

where V 2 (([{Q}S](M|K)[S])/(S||B))L, while, for any K C MSL, (K N Mod(Q,)) =
(KN Mod(Qny1[Tnik/2(n—1)4k]ke2)), in which case:

(5.26) (KN Mod(2p41)) C (KN Mod(2,)),

and so (KNMod(2;))ie(w\1) is a decreasing denumerable chain of relative sub-quasi-
varieties of K with intersection, being that relatively axiomatized by Q, £ {Q,, |

ne w\1)}.

Lemma 5.51. Letn € (w\?2), a = ({( b)Y} U ((n\ {i}) x {n}))ien and DMy,
the subalgebra of DI generated by I, = (imga). Then, Q,_1)(+1) is [not] true
in (DMy., ® 1) € IVDML Junder [x;/(1,a;); 2, /(0,n % {f})]jcn/.

Proof. Clearly, A & DMy, > b = (\/fmzd) = (n x {t}) = PP DPMp in
which case A > ¢ 2 -®Mip = (n x {f}) and so the [J-optional part holds, for
I, C S while ~%20 =1 = (v Vi “(n x {1})) € 3®2. Now, given any B C A,
let (C|D)(B) £ (A|V)?™[B+] € p(B, A), in which case E 2 (C(I,)\I,,) C {n,f}",
and so D(E) C {n,f}", while, for each k € n and every d € E, either of d;, = (n||f)
holds, implying, resp., (ax V™% d) 3 || = ((k,t)|ax) |“because a[n \ {k}] = {n}”,
whereas, for all I € (n\ {k}), my(ar VPP ;) = t. Then, by (4.1) and (4.5),
A = D(C(I)), in which case, since, by (4.3), the X7 -quasi-identity ({—2m = ., |
m € 2} U{zo S 71}) — (21 = x0) is true in MSL > DM}, (I°Men \ ) C D(E),
and so I,, C J 2 3®Mun C (I, U {n x {n}}). Finally, we prove the truth of Q, ;
in § £ (DMy.,, 1) by contradiction. For suppose there are some & € (3%)"~! and
f € F such that -3 f = (V$é), in which case g £ (éom) € J*~!, while f = (0,¢),
whereas (vfm:"g) = b, and so, for each ¢ € n, there is some k; € (n — 1) such
that m¢(bx,) = b. Then, by, = ag, in which case k € (n — 1)™ is injective, and so
n < (n — 1). This contradiction completes the argument. O

This, by Corollary 4.7, Lemma 5.32, (4.18), (5.25), (5.26) and the Compactness
Theorem for ultra-multilicative classes (cf., e.g., [15]), immediately yields:

Theorem 5.52. (ADMLNMod(Q,))ne(\1) 48 a strictly decreasing countable chain
of proper sub-quasi-varieties of ADML = (AQSMSL N NDML) C [PS]MSL, in which
case (ADMLNMod(Q,,)) = (ADMLNMod(Q,,)), for no m € (w\ 1), and so this is

not finitely-aziomatizable.
6. RELATIVELY SEMI-SIMPLE QUASI-VARIETIES OF MORGAN-STONE LATTICES
AND ALGEBRAS

First, by (2.4) as well as Lemmas 4.6, due to which, for any i € 2, R3[01 =
R4:4(,01], and 5.40, we immediately get:

Corollary 6.1. Let P C [B]MSL be a pre-variety and i € 2. Suppose Ra.if01] € P.
Then, ﬁ4:i[,01] € (SIP(P> \ SIP(P))

Lemma 6.2. Let P C A((DM)[K)L be a pre-variety containing (DM|R)y5. Then,
Ro is embeddable into any A € Sip(P \ DML).
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Proof. Take any a € (A\ {-*-%a}). Let (3||G) £ hom(, (ﬁ”(@m‘ﬁ))zwm) and
(0]19) = (A2N(Nker [H]|G])), in which case, by (2.8) and Corollary 4.7, (§N9) = A,
while, by (2.5) and the P-simplicity of A, ¥ € Cop(A) = {A% A4}, whereas, by
Corollary 4.7, Aa # (a,~*—=%a) € ¥, and so J = A2. Then, § = A 4, in which case,
by (2.8), Corollary 4.7 and the P-simplicity of 2, 20 € (TNIMSL\ OMSL), and so
Lemma 5.33 completes the argument. O

The P-simplicity of 20 cannot be neither omitted nor replaced by its idempo-
tence here, even if P is quasi-equational, when taking 85 ¢ P £ (A((DM)|K)L N
Mod(2Q)) > [ é](((599ﬁ)|ﬁ)4‘3[EBl])[E (IP\ DML), for ((DM)|R),, is idempotent,
while 1 € 3%2, whereas (m[A)[2A] = R £ (4.9)[z0/0]].

Corollary 6.3. Let P C ([MSANB|MSL) be a pre-variety. Suppose Re € | &
P(2 (@/{DM4})) Then, K = Sip(NIP(U([BINDML N P))) € I({Bsjo,11} U (({K2}
[Ne])|2)(U[B](A[)DML)) < [B](A[)DML.

Proof. Consider any 2 € K C P, in which case |A| > 1, and so we have the following
2(+1)[—1] exhaustive cases [but the first onel:

(1) 2 € TNIMSL,
in which case, by Lemma 5.33, K2, being enbeddable into 2 belongs to P,
while, as |A| > 1, whereas Rs, being two-element, has no proper non-
one-element subalgebra, by (2.8) and Corollary 4.7, there is some h €
hom® (2, &), and so, by (2.5), h is injective, for (imgh) = 2, being two-
element, is not a singleton.

(2) 2 € (NIP\ (TNIMSL[N@])),
in which case, by Lemma 5.3, By 1], being embeddable into 2, belongs
to P, while, as B[ o) has no proper subalgebra, by Corollary 5.4, there is
some g € homs(m,%g[m]), and so, by (2.5), g is injective, for (imgg) = 2,
being two-element, is not a singleton.

(3) A ¢ (NIP U (TNIMSL[N@])),
in which case, by Lemma 5.3, R3[,01], being embeddable into 2, belongs to P,
while 2 € ([BINDML N P). We prove that 2 € [BJADML, by contradiction.
For suppose 20 ¢ [BJADML, in which case there are some a,b € A such
that (=%=%a A% =3=2%p) L% (a V¥ —=%b), and so, by (2.8) and Corollary
4.7, there are some B € {R4:0[,01], DM 017} and some f € hom(2A,B) such
that (=% =% f(a)A® =2 =2 f(b)) £® (f(a)V® = f(D)). Then, =* > f(a) #
f(a), in which case B # DMy 01), and so B = Ry.0[,01), while -B-Bf(b) #
=B f(b), in which case f(b) ¢ (3\ 1), and so, by Lemma 5.40, ¢ £ (foh) €
hom (2, R3,01]), where h € hom(%,ﬁg[m]) # O, whereas, since 3% = {1},
imge, forming a subalgebra of R3| 1}, is not a singleton, i.e., e; [As] =
(kere) # A%. Thus, by (2.5), e is injective, in which case, by Corollary 4.7,
2L, being embeddable into R3[,0;;] € ADML, belongs to this variety, and so
Corollary 4.7, Lemma 6.2 and this contradiction complete the argument of
this ()-optional case.

In this way, Corollary 4.7 completes the argument. O

Given any [finite] 2 € MSA, by (4.7) and (4.8), (A® 2) = ((A x {1}) U
{(L*,0),(T*,2)}) [being finite] forms a subalgebra of 2 x f3 01, in which case
(A D2) = (A x R3,01)[(AD2)) € MSA [is finite].

Lemma 6.4. Let P C BMSL be a pre-variety and 2 € {I}MSA\ KA)( as well as
f € hom(A, Ry 4,)). Suppose Co(A) = {Aa, A%( ker )}, while = (A®2) € P F
A, whereas |A| € w. Then, § € (SIp(P){\ Sip(P)}).
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Proof. In that case, since (mo|F) € hom®(F,2), § ¢ KA 3 R30; is not embed-
dable into ﬁgm, and so, by Remark 4.2, the simplicity of Rs01 (cf. Remark
4.3) as well as the non-optional version of Corollary 3.12 with B =& = 851
and a unique h € (((A x {1})(N@))(U{f})), § € SIp(P). {And what is more,
{0, (L2,0)), (1, {a, 1)), (2, (T®,2))}, where a € S* # &, is an embedding of &3 o1
into §, in which case R30; € P, and so, as e = (1, [F) € homS(S, £3.01), by (2.5),
(kere) € (Cop(F) \ {AF, F?}), for |F| = (JA|+2) >3 # 1, as w 3 |A| > 1, because
2 is idempotent. } O

Corollary 6.5. Let P C MSA be a relatively semi-simple pre-variety, 2 € P, B €
({Rai01 | 7 € 2 U{DMy01}) and e an embedding of BIX, into A[X. Then,
B € P.

Proof. By contradiction. For suppose 8B ¢ P, in which case e is not an embedding
of B into %A, and so, by (4.7) and (4.8), both e((L|T)®) # (L|T)®. Then, by
(4.7) and (4.8), ((mo[(B x {1})) o e) U{(LE,0, L*) (T®,2, T*)} is an embedding
of B@2 into A, in which case (B ®2) € P, and so Lemmas 5.40, 6.4, the simplicity
of DMy 01 & (MSA\ KA) (cf., e.g., Remark 4.3), its finiteness and idempotence as
well as those of Ry.(o)1),01) € (MSA \ KA) contradict to the relative semi-simplicity
of P, as required. O

Theorem 6.6. Any relatively semi-simple relatively subdirectly-representable (mo-
re specifically, “relatively semi-simple quasi-equational”/implicative) pre-variety P
C (IMSANBIMSL) is a sub-variety of [BJADML, in which case it is Uy, )"
implicative, and so “{relatively} (finitely-)semi-simple”// LG%\IQ,@(Q)_J implicative
sub-{ quasi-//pre-}varieties of [MSA N B]MSL are ezactly sub-varieties of [BJADML.

Proof. In that case, P is generated by K £ Sip(P). If there was some 2 €
(P \ (NI[BJMSL U [BINDML)), then, by Lemma 5.30 [and Corollary 6.5], R4.;[01]
would be in P, for some i € 2, contrary to the relative semi-simplicity of P and
Corollary 6.1. Hence, K C P C (NI[BJMSL U [BJNDML), in which case, by Corollary
6.3, K C [BJADML, and so P C [BJADML. Consider the following complementary
cases:
e K=g,
in which case P = [BJOMSL.
e K# .
Consider the following complementary subcases:
— K C NI[B]MSL.
in which case, by Footnote 1 and Lemma 6.3, K = I((P N {B17}) U
((PN{R2})[N@])), and so, by Corollary 4.7, P = ([B](A])BL||([BOMSLN
BJTNIMSL)|[BJOMSL), whenever R € | € P > || Z By[01)-
— K Z NI[BJMSL.
Consider the following complementary subcases:
* K C ([BJKSL U NI[B]MSL),
in which case IK C [BJAKL, and so, by Lemma 6.3, P C [B]JAKL.
Conversely, take any 2 € IK # @, in which case, by Lemma 5.3,
R31,01) € P, so, by Corollary 4.7 and Lemma 6.2, P = [B](A|)KL,
whenever R € | & P.
« K ¢ ([BJQSKSL U NI[B]JQSMSL.
Take any B € (K\ ([BJQSKSL U NI[B]JQSMSL)) # @, in which
case, by Lemma 5.28 [and Corollary 6.5], My 01 € P, and
so, by Corollary 4.7 and Lemma 6.2, P = [B](A|)DML, whenever
Ry € | ¢ P.
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This, by Corollary 4.7 (and Remark/Corollary 2.4/3.4), completes the proof. O

This supersedes the reservation “quasi-equational/finitely” in Corollary 4.7 for
the unbounded case.

7. CONCLUSIONS

Perhaps, the most acute problems remained open concern the lattice of quasi-
varieties of all MS lattices. First of all, taking Subsection 5.7 and Corollary 5.16
into account, it would be especially valuable to find out whether varieties of MS
lattices including ADML D ABL — NDML and [(PS)|(AQS)]MSL — are Q-universal.
Likewise, it would be equally important to learn whether the lattices of other va-
rieties subsumed by neither QSMSL nor AQSKSL — NKL and [PS](W)KSL O NKL
— are finite. Such equally concerns extension of Section 6 beyond MS algebras in
the bounded case. After all, an interesting (though purely methodological) point
remained open is to find equational proofs (like that of (4.18)) of the rather curious
inclusions such as

[B/INDM(L[/A]) € [B/IPSMS(L[/A])  [B/]WKMS(L[/A])
and [B/]QSWKS(L[/A]) C [B/]QSKS(L[/A]) as well as both
(NIMR[B]QSMSL U MR[B](QS)KSL) C (NIMR[B]QSMSL U [B]KL)

and NQSRVQSMSL C QSRVQSMSL, just ensuing from Corollaries 4.7, 5.14 and
Theorem 5.25. Likewise, the fact that abstract non-trivially-hereditary subclasses
of SI([BJMSL) are its relative sub-varieties looks too occasional to refrain from
raising the question whether such is the case, in general, for arbitrary varieties like
[BIMSL (e.g., disjunctive finitely-generated ones of lattice expansions with REDPC
{being the pre-varieties generated by the underlying algebras of finite matrices with
equality determinant and truth predicates being prime filters of their underlying
algebras}).

REFERENCES

1. M.E. Adams and W. Dziobiak, Lattices of quasi-varieties of 3-element algebras, Journal of
Algebra 166 (1994), 1181-210.

2. R. Balbes and P. Dwinger, Distributive Lattices, University of Missouri Press, Columbia
(Missouri), 1974.

3. T.S. Blyth and J.C. Varlet, On a common abstraction of De Morgan algebras and Stone
algebras, Proc. Roy. Soc. Edinburg A 94 (1983), 301-308.

4. A. 1. Budkin and V. A. Gorbunov, Implicative classes of algebras, Algebra and Logic 12
(1973), 139-140.

5. A. L. Foster and A. F. Pixley, Semi categorical algebras I, Mathematische Zeitschrift 83
(1964), no. 2, 147-169.

6. T. Frayne, A.C. Morel, and D.S. Scott, Reduced direct products, Fundamenta Mathematicae
51 (1962), 195-228.

7. E. Fried, G. Gréatzer, and R. Quackenbush, Uniform congruence schemes, Algebra Universalis
10 (1980), 176-189.

8. G. Grétzer, General Lattice Theory, Akademie-Verlag, Berlin, 1978.

9. G. Gratzer and E.T. Schmidt, Ideals and congruence relations in lattices, Acta. Math. Acad.
Sci. Hungar. 9 (1958), 137-175.

10. B. Jénsson, Algebras whose congruence lattices are distributive, Math. Scand. 21 (1967),
110-121.

11. J. A. Kalman, Lattices with involution, Transactions of the American Mathematical Society
87 (1958), 485-491.

12. A. 1. Kogalovskii, On Birkgoff’s Theorem, Uspehi Mat. Nauk 20 (1965), 206-207, In Russian.

13. H. Lakser, Principal congruences of pdeudocomplemented distributive lattices, Proceedings of
the American Mathematical Society 37 (1973), 32-37.

14. A. 1. Mal’cev, To a general theory of algebraic systems, Mathematical Collection (New Seria)
35 (77) (1954), 320, In Russian.

15. , Algebraic systems, Springer Verlag, New York, 1965.




48 A. P. PYNKO

16. G. C. Moisil, Recherches sur l’algébre de la logique, Annales Scientifiques de 1"Université de
Jassy 22 (1935), 1-117.

17. A. F. Pixley, Distributivity and permutability of congruence relations in equational classes of
algebras, Proceedings of the American Mathematical Society 14 (1963), no. 1, 105-109.

18. A. P. Pynko, Implicational classes of De Morgan lattices, Discrete mathematics 205 (1999),
171-181.

, Sequential calculi for many-valued logics with equality determinant, Bulletin of the

Section of Logic 33 (2004), no. 1, 23-32.

, A relative interpolation theorem for infinitary universal Horn logic and its applica-

tions, Archive for Mathematical Logic 45 (2006), 267-305.

, Subquasivarieties of implicative locally-finite quasivarieties, Mathematical Logic
Quarterly 56 (2010), no. 6, 643—-658.

22. H.P. Sankappanavar, A characterization of principal congruences of De Morgan algebras and
its application, Proceedings of IV Latin American Symposium on Mathematical Logic, Santi-
ago, 1978 (Amsterdam) (A.I. Arruda, R. Chuaqui, and N.C.A. da Costa, eds.), North-Holland
Publishing Company, 1980, pp. 341-349.

23. L. A. Skornyakov (ed.), General algebra, vol. 2, Nauka, Moscow, 1991, In Russian.

24. D. Sevéovie, Free non-distributive Morgan-Stone algebras, New Zealand Journal of Mathe-
matics 94 (1996), 85-94.

19.

20.

21.

DEPARTMENT OF DIGITAL AUTOMATA THEORY (100), V.M. GLUSHKOV INSTITUTE OF CYBER-
NETICS, GLUSHKOV PROSP. 40, KiEv, 03680, UKRAINE
Email address: pynko@i.ua



