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Abstract

This note reports on some experiments, using a handful of standard automated reasoning tools,
for exploring Steinitz-Rademacher polyhedra, which are models of a certain first-order theory of
incidence structures. This theory and its models, even simple ones, presents significant, geometrically
fascinating challenges for automated reasoning tools are.

1 Introduction

This note reports on some experiments, using a handful of standard automated reasoning tools, for
exploring a certain first-order theory of three-dimensional polyhedra. Polyhedra are understood here as
combinatorial objects, rather than as, say, certain kinds of structures in R3.

Specifically, the polyhedra considered here are Steinitz-Rademacher polyhedra (they will be de-
fined in Section 2). As first-order structures, these polyhedra are directed graphs with three sorts—
vertices, edges, and faces—satisfying some intuitive geometric principles shared by “everyday” three-
dimensional polyhedra.

Restricting ourselves to first-order logic makes it possible to take advantage of automated reasoning
tools that work well for FOL, but our restriction comes with a price: many interesting features of graphs,
such as connectivity or the property of satisfying Euler’s formula, for example, cannot be expressed in
FOL.! Nonetheless, it is not clear that FOL’s lack of expressive power precludes the possibility of
learning something about polyhedra. We believe that the preliminary results discussed here do have
interesting mathematical content.

An investigation of polyhedra with automated reasoners is valuable for two domains. First, the
investigation is valuable for mathematics, because automated reasoners offer the possibility, in certain
contexts, of a more objective investigation than one carried out by entirely by humans, who are prone
to make subtle flaws when reasoning about space. Second, the investigation is valuable for automated
reasoning, because working with polyhedra—even small ones—naturally leads to challenging problems,
as we shall see.

There do not appear to be many explorations of polyhedra using automated reasoning tools. Much
has been done on enumerating polyhedra (or related combinatorial structures, such as planar graphs)
using mathematical rather than logical techniques; one such system is the highly efficient plantri [1]).
Within the realm of automated reasoning, L. Schewe has used SAT solvers to investigate realizability of
abstract simplicial complexes [6].
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'FOLs failure to express these and other properties of graphs holds even when one restricts attention to finite structures; such
results can be shown using Ehrenfeucht-Fraissé games [4].
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2 Steinitz-Rademacher polyhedra

E. Steinitz asked [7]: when can a combinatorially given polyhedron—a collection of abstract vertices,
edges, and faces, with an incidence relation among these polytopes—be realized as a three-dimensional
convex polyhedron in R3?? As part of his initial investigation Steinitz formulated a basic theory of
combinatorial polyhedra that forms the basis for our investigation as well.

First, we specify an unsorted first-order signature:

Definition 1. Let i be the first-order signature (with equality) containing three unary predicates V (for
“vertex”), E (for “edge”), and F (for “face”), and one binary relation I (for incidence).

The signature 7 provides a rudimentary language for talking about three-dimensional polyhedra.
Alternatively, one can view n-structures simply as directed graphs whose nodes can be painted with one
of three “colors” V, E, and F.

Definition 2. The theory SR of Steinitz-Rademacher polyhedra consists of the statements:

e there are vertices, edges, and faces; e every edge is incident with exactly two ver-

. tices;
o every element is a vertex, edge, or a face;

e every edge is incident with exactly two faces;

o V(v), F(f) and I(v, f) imply that there are
e 1o two vertices are incident, and the same exactly two edges incident with both v and
goes for edges and faces; f; and

o [ is symmetric;

o if V(v), E(e), F(f), I(v,e) and I(e, f), then e every vertex and every face is incident with
1, f); at least one other element.

These conditions are expressible as first-order m-sentences.
Definition 3. A Steinitz-Rademacher polyhedron (or SR-polyhedron) is a model of the theory SR.
Some questions that we would like to address about SR-polyhedra, in this note, are:

1. SR is consistent (just think of, say, a tetrahedron). What is the smallest model??
2. For which natural numbers k is SR k-categorical ?*

3. How hard is it to “recover” (that is, produce as models of SR) well-known polyhedra (e.g., the
platonic solids) as models of SR?

4. Can we discover unusual or unexpected SR-polyhedra?

The rest of the paper takes up these questions.
Question 1 is also one of the first questions raised by Steinitz and Rademacher [7]].

2The answer, known as Steinitz’s theorem [3], says that a directed graph g is isomorphic to the 1-skeleton of a real convex
three-dimensional polyhedron iff g is planar and three-connected.

3There is no largest finite SR-polyhedron. Consider, for example, the sequence (P, | n > 3) of pyramids, each P, characterized
by an n-gon B, for its base and a single point “above” the base incident with each of the vertices of B,. Each P, is evidently an
SR-polyhedron has cardinality (n + 1) +2n+ (n + 1) = 4n + 2.

4SR is not A-categorical for any infinite cardinal A. Consider, for example, the “tessellation” Mi having A vertices, A edges,
and A faces, each of which is a triangle that meets three other triangles along its three edges, ad A-infinitum; and M4, which is a
“tessellation” like Mi except that each face of Mj has four edges rather than three. In Mﬁ the -sentence “every face is a triangle”
holds, but by construction it fails in Mﬁ. Or, continuing the discussion of the previous footnote, consider a tetrahedron and a cube,
each of whose edges and faces contains A-many vertices (but each having their usual finite number of edges and faces).
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Theorem 4. There is a Steinitz-Rademacher polyhedron of cardinality 6, but none of smaller cardinality.

Proof. This result is readily confirmed with the help of a first-order model generation tool (e.g., mace4
[5] or paradox/equinox [2]]). A refutational theorem prover can then show that SR, extended with an
axiom saying that there are at most five elements, is inconsistent. O

Figure 1 illustrates this smallest SR-polyhedron, Mg, with two vertices, two edges, and two faces;
the two edges are the upper and lower semicircular arcs, and the two faces are the inside and outside of
the circle. Mg has the curious feature that every vertex is incident with every edge and with every face.

Figure 1: Mg: the smallest SR-polyhedron, with six elements: two vertices, two edges, two faces

Depending on one’s view about polyhedra, M might be a positive solution to Question 4; see Section 3]
Theorem 5. Up to isomorphism, Mg is the only SR-polyhedron of cardinality six.

Proof. Each of the 28 triples of natural numbers (Ny, N1, N;) that sum to 6 gives rise to an extension
SRw,.~,.v, of SR obtained by adding axioms saying that there are exactly Ny vertices, N; edges, and
N, faces. All but one of these 28 theories—namely, SR;,,—are inconsistent; this can be shown by
applying a standard refutational theorem prover to the 27 theories different from SRy 5.

To show that Mg is, up to isomorphism, the only SR-polyhedron with exactly 2 vertices, 2 edges,
and 2 faces, consider the extension of SR by the formula

V(xg) AN V(x1) Axg #x1 AVX(V(x) > (x=x0 VX =x1))

A
E(x) NE(x3) A xp # x3 AVX(E(x) > (x = x VX = x3))

@ =3dxp,..., X5 A
F(xg) ANF(xs5) Axg # x5 AVX(F(x) > (x = x4 V X = X5))

A

= (I(x0, x2) A I(x1, x2) A I(x0, x3) A I(x1, x3) A I(x2, X4) A I(x3, x4) A I(x2, X5) A I(x3, X5))

The first three bundles of conjunctions in the matrix of ¢ express the cardinality of the sets of vertices,
edges, and faces. The final conjunction expresses the essential incidence relations holding among the
elements of Mg, when one labels the vertices xy and x;, the edges x, and x3, and the faces x4 and xs; it
is negated because we are trying to find a model that is unlike Ms. One then shows, with, e.g., mace4,
that SR U {¢} is unsatisfiable. |

Theorem 6. There are at least two SR-polyhedron of cardinality 8.

One such cardinality 8 SR-polyhedron is depicted in Figure[2} The two vertices are clear; the three
edges are the upper and lower semicircles, plus the straight line segment joining the two vertices. The
three faces are: the exterior of the circle, incident with the upper and lower semicircular arcs; and the

14



Exploring Steinitz-Rademacher polyhedra Jesse Alama

Figure 2: An SR-polyhedron with eight elements: two vertices, three edges, three faces.

two semicircles, each incident with one of the semicircular arcs and both incident with the straight line
segment. Another is its dual, M?, which is obtained by exchanging the vertices and faces of Mg (notice
that SR is invariant under this exchange).

Returning to Question 4, as with, Mg, the SR-polyhedron Mg and its dual Mg could be regarded as
an unusual or unexpected model of SR. Although SR does admit curious “polyhedra”, it should be clear
that one can take nearly any familiar polyhedron, such as the platonic solids, as SR-polyhedra.

Solid Num. Vertices | Num. Edges | Num. Faces | Cardinality
Tetrahedron 4 6 4 14
Cube 8 12 6 26
Octahedron 6 12 8 26
Dodecahedron 20 30 12 62
Icosahedron 12 30 20 62

Table 1: Cardinal numbers for the platonic solids

Notice that, since they are duals, the cube and the octahedron, as well as the dodecahedron and the
icosahedron, show that SR is neither 26- nor 62-categorical. We now have the modest beginnings of an
answer to Question 2: for k = 6 we have that SR is k-categorical, and for k = 8, 26, and 62 we know
that SR is not k-categorical, by duality.

Although the tetrahedron can be recovered as an SR-polyhedron (by, e.g., paradox), the remaining
platonic solids seem to lie tantalizingly beyond the scope of current automated reasoning tools: a very
large amount of time indeed seems to be required to automatically generate these solids. It would be
interesting to determine whether the cube and its dual the icosahedron are the only SR-polyhedra of
cardinality 26.

For lack of space the investigation has to be cut short here.

3 Future work

The range of Steinitz-Rademacher polyhedra is arguably too large: if the tetrahedron is the “sim-
plest” three-dimensional polyhedron, then the six-element SR-polyhedron M in Figure 2] and other
SR-polyhedra of cardinality less than that of the tetrahedron, such as Mg in Figure [2] show that SR
alone lacks sufficient geometric content and needs to be extended by principles that rule out such mod-
els. Extensionality is a natural candidate. Mg, for example, has two distinct vertices that share the same
edges and faces, two distinct edges that share the same two vertices and faces, and two distinct faces
that share the same vertices and edges. The eight-element model Mj is similar. Intuitively, the incidence
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relation between polytopes is extensional: if two polytopes p and ¢ are incident with the same set of
polytopes, then p = q.

Adding extensionality to SR yields a new theory SR, of extensional SR-polyhedra. paradox can
recover the tetrahedron as the smallest model of SRy, thereby answering Question 1 and part of Ques-
tion 3 for the new theory. However, extensionality raises a high computational hurdle. Concerning
Questions 2 and 3, the search for models of SRy has so far not been successful beyond the aforemen-
tioned recovery of the tetrahedron. Question 4, about k-categoricity, is an even greater challenge for
SRex: than it was for SR and is more intriguing because its models are more geometrically intuitive.

The signature  of SR-polyhedra is unsorted: V, E, F, and I are relations that could hold for arbitrary
elements in a m-structure. It is likely that tools for sorted FOL, such as SPASS [8]], would be more
effective than the unsorted tools used so far. Constraint techniques for model generation, such as those
behind sem [9], ought also to be evaluated.

4 Conclusion

Combinatorial polyhedra abstract away from positions in space and regard polyhedra as incidence struc-
tures. Steinitz-Rademacher polyhedra are one such kind of polyhedra axiomatized by an intuitive first-
order theory. We have proposed a handful of basic questions about these polyhedra and shown that
automated reasoners can tackle some of them with verve, though others remain only partially answered.
Even small Steinitz-Rademacher polyhedra present significant challenges for automated reasoners; deal-
ing with larger ones will likely require new techniques. We thus urge combinatorial polyhedra as a
tantalizingly fertile source of challenging automated reasoning problems.
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