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Abstract 

In this study, a tool is developed to estimate streamflow at Guvenc Basin, Ankara by using 
Takagi-Sugeno (TS) Fuzzy Rule-Based (RB) model. The model takes precipitation and 
runoff at time 𝑡 as predictor (input) and estimates the runoff at time 𝑡 + 1. The approach 
used to generate the TS RB model is based on density based clustering. Each cluster center is 
used to generate a fuzzy rule that represents the system behaviour. Satisfactory results are 
obtained especially after including the seasonal behaviour of streamflow time series into the 
model. 
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Introduction 

Sustainable and economic planning and management of water resources depend on the 
efficiency of forecasting and modelling of hydrological processes [1]. Due to its non-linear 
nature, streamflow forecasting is one of the most complicated tasks in hydrology [2]. 
Traditionally, streamflow is analysed using statistical approaches, which contain many 
uncertainties and require assumptions that make it computationally inefficient [3]. On the 
other hand, streamflow modelling and forecasting is carried out using physically based or 
conceptual models, or data-driven models [4]. The TS type rule-based model that is 
developed to estimate future runoff in this study is classified under data-driven models.  

Due to its computational efficiency, flexibility and transparency, TS type fuzzy rule-based 
models have been widely used in modelling of complex systems. Having non-linear nature, 
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TS type fuzzy rule-based model is suitable for complex systems such as streamflow 
forecasting as well [5].  

TS type rule-based models are based on the idea of clustering of input and output variables. 
Predictors are clustered such that each cluster center is a prototypical data point that 
exemplifies a characteristic behaviour of the system [7]. The output is obtained by using a 
linear function of the predictors for each fuzzy rule [6].  

Clustering is dividing data into subgroups based on their similar features. One of the first 
density based clustering algorithms is suggested by Chiu [7] which is the modified form of 
the Mountain Method. In Chiu’s approach [7], similarities, which form clusters, are 
considered to be a function of distance among data points. In other words, inter-
dependencies of dataset are taken into account while establishing clusters. In this method, 
each cluster center represents a fuzzy rule. In other words, fuzzy rules are obtained 
according to inter-dependencies of dataset [7]. Similar to many natural processes, influenced 
by both meteorological (such as temperature, precipitation) and catchment (such as soil type 
and land use) characteristics, streamflow is not a completely random process. Therefore, 
Chiu’s approach [7], which is based on inter-dependencies of data, is suitable for estimating 
future streamflow.  

Method 

In the following paragraphs, TS [6] fuzzy rule-based model and Chiu’s [7] clustering method 
is explained in detail. The TS fuzzy rule-based model consists of premises and consequents. 
Premises represent the membership functions of the fuzzy inputs. The consequents are the 
output of the model. For example, for two inputs, 𝑥 and 𝑦 and an output 𝑧, a fuzzy rule may 
look like: If 𝑥 is 𝐴( and 𝑦 is 𝐵( then 𝑧 = 𝑚𝑥 + 𝑛𝑦 + 𝑐, where 𝑚, 𝑛 and 𝑐 are constants,	𝐴0 and 
𝐵( are fuzzy sets [10].  

In the Chiu’s approach [7], each data is treated as a potential cluster center. First, the 
potential of each data point is calculated using: 

𝑃𝑖 = ∑ 𝑒−𝛼7𝑥𝑖−𝑥𝑗7
2

𝑛
𝑗=1                                  (1a)  

𝛼 = 4/𝑟=>                         (1b)
      

where,  𝑃𝑖 refers to  the potential of 𝑖th data, 𝑟𝑎 is user defined positive constant that 
specifies the radius of a neighborhood and 𝑛 is the number of data points. The point which 
has the highest potential is set as the first cluster center. After determining the first cluster 
center, potentials are updated using: 

𝑃𝑖 ← 𝑃𝑖 − 𝑃1𝑒−𝛽7𝑥𝑖−𝑥𝑗7
2
                    (2a) 

𝛽 = 4/𝑟B>                       (2b)
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where, 𝑟𝑏	is a user defined positive constant that specifies the neighborhood that will have 
measurable reductions in potential and 𝑃1	is the potential of the first cluster. The procedure 
continues until the highest updated potential drops below a certain threshold set by the 
modeler. 

In the TS type rule-based model, each cluster center represents a fuzzy rule. The 
membership functions for these rules are defined exponentially using: 

𝜇𝑖𝑗 = 𝑒−𝛼7𝑥𝑖−𝑥𝑗7
2
                                (3)

  

where 𝜇𝑖𝑗 represents the membership of 𝑖th data for 𝑗th cluster. Each cluster center is used as 
the basis of a rule that represents the behaviour of the system [7]. In this study, TS type rules 
that are capable of representing the complex behaviour of the rainfall-runoff process are 
constructed and observed data is used to adjust the constants of the consequences. 

While analyzing hydrological time series, cyclic behaviour and inter-dependent nature of the 
data set is taken into account as well. The seasonal behaviour of the time series is modelled 
through addition of two Fourier Harmonics into the inputs. In Fourier harmonics analysis, 
cyclic behaviour of time is represented as the sum of sinusoidal components [8]. The 
monthly harmonics used in this study are:  

∑ E𝑎𝑘𝑐𝑜𝑠I
2𝜋𝑘𝑡
12
K + 𝑏𝑘𝑠𝑖𝑛 I

2𝜋𝑘𝑡
12
KL2

𝑘=1         (4) 

where, 𝑡 is the time in month, 𝑎𝑘 and 𝑏𝑘 are coefficients and 𝑘 refers to number of Fourier 
Harmonics. Monthly runoff values are estimated using historical rainfall and runoff as inputs 
through a TS type rule-based model. Satisfactory performances are obtained for both the 
calibration and the verification stages. Improvement in performance is observed when 
seasonality is considered in the TS model.  

Case Study 

Monthly precipitation and runoff data for Guvenc Basin from October 1987 to September 
1996 are used in this study. The Guvenc Basin is located at 42⁰08’10” N and 32⁰45’15” E, 
and has a drainage area of approximately 17 km2. Five rain gauges and a stream gauge are 
available within the basin as shown in Fig. 1. The precipitation values used in this study are 
averages of the recorded values from these five rain gauges. Data available to us consists of 
120 months; however, for the last data (September 1994) runoff at time 𝑡 + 1 is not 
available. As a result, out of 119 input patterns that are available from October 1987 to 
August 1996, 100 of them are used for the calibration and remaining 19 are used for the 
validation purposes. Precipitation and runoff observations at time 𝑡 are used as input and 
runoff at time 𝑡 + 1 is used as the output to train the fuzzy rule based model. Training and 
validation data are randomly selected from the available dataset by considering robust nature 
of approach against sampling [8, 9, 11, 13].  
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Availability of data has vital importance on success of the hydrological model. However, 
commonly hydrological analysis and models have to be done with insufficient number of 
data. In this study, TS RB model based on density based clustering is developed and 
validated with a limited number of input data patterns. Because of this, certain amount of 
disagreement between measured and predicted data is observed. The results are still 
acceptable, but may be improved if longer precipitation and runoff data is used or other 
parameters such as temperature and snow are included in the model [4, 12]. 

 

 

Fig. 1. Rain gauges and the stream gage in Guvenc Basin [13] 

Results and Discussion 

In this study, fitness and forecasting skills of data-driven TS fuzzy rule based system based 
on cluster estimation for a hydrological processes is analyzed. User defined positive constant  
𝑟=> and 𝑟B> are taken as 0.5 and 3(𝑟=>) 2⁄ , respectively. Effects of seasonality and the number 
of fuzzy rules on the prediction ability of the model are investigated. 

Analysis 1: Effect of seasonality 

For efficient water resources management, seasonal variation of streamflow should not be 
neglected. The streamflow often shows cyclic behaviour per annum. Therefore, to express 
cyclic behaviour of streamflow, two Fourier Harmonics are used in the calculations (Eqn. 4). 
To demonstrate the effect of consideration of the cyclic behaviour of streamflow on model’s 
fitting and forecasting skills, calculations are conducted with and without seasonality and 
results are compared. The results obtained for training and validation stages are given in 
Table 1 and Fig. 2. In both models (i.e. with and without seasonality) three cluster centers; 
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thus, three fuzzy rules are used. Cluster centers obtained are 5.3 mm, 0.04 mm and 13.43 
mm for the runoff. The results indicate that the TS fuzzy model with three rules gives 
acceptable estimates of future streamflow. As can be seen from Table 1, the validation 
performance is better than the training performance. This is mainly due to the presence of an 
extreme value (i.e. 45 mm runoff) in the training data set. Three cluster centers identified do 
not represent this extreme value appropriately.  

When seasonal (cyclic) behaviour of streamflow is considered, model performance 
improved. The seasonality affects fitting and forecasting skills in different extents. Thus, 
when the seasonality is included into the model, the fitting skill of the model became better 
than the forecasting skill contrary to the predictions without seasonality parameter in it (see 
Table 1 and Fig. 2). 

Table 1. The model performance and the seasonality impact on it 

 
Training Data (Fitting Skill) Validation Data (Forecasting Skill) 
Prediction w/o 
seasonality 

Prediction w/ 
seasonality 

Prediction w/o 
seasonality 

Prediction w/ 
seasonality 

Cor 0.67 0.82 0.73 0.79 
R2 0.69 0.81 0.72 0.78 
NS
E 0.48 0.68 0.53 0.62 

 

Fig. 2. Forecasting skill of the model and seasonality impact on it 

Analysis 2: Effect of the number of fuzzy rules 
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Each cluster center is a prototypical data point that exemplifies a characteristic behaviour of 
the system. Thus, each cluster center is translated into a fuzzy rule in this study. Yet, the 
question arises: How many fuzzy rule (cluster center) should be considered for streamflow 
modelling in this study? Although Yager and Filev [15] and Chiu [7] proposed procedures 
for the identification of the number of cluster centers, the selection is a problem specific 
challenge and requires trial-and-error runs. In the current study, three user defined number of 
cluster centers (fuzzy rules) is used in the TS model. Comparisons using correlation, R2 and 
NSE (Nash Sutcliffe Efficiency) values of predictions with 3, 5 and 7 rules are provided in 
Table 2 and Fig. 3. It is observable that the fitting skill of the model has improved with 
increasing number of rules. However, it can be noted that although the forecasting skill of 
the model has increased when number of clusters is increased to five the same improvement 
was not observed going from five to seven cluster centers. This might be due to the fact that 
sixth and seventh cluster centers are only applicable for a limited number of data. To 
conclude, based on these two analysis, the model with five cluster centers and where 
seasonality is represented by Fourier Harmonics resulted in the best predictions.  

Table 2.  The model performance and impact of the number of rules on it 

 

Training Data (Fitting Skill) Validation Data (Forecasting Skill) 

Prediction 
w/ 3 rule 

Prediction 
w/ 5 rule 

Prediction 
w/ 7 rule 

Prediction 
w/ 3 rule 

Prediction 
w/ 5 rule 

Predictio
n w/ 7 
rule 

Corr 0.71 0.74 0.78 0.67 0.72 0.55 
R2 0.69 0.72 0.76 0.68 0.73 0.56 
NSE 0.50 0.55 0.61 0.41 0.51 0.19 

 

 

Fig. 3. Forecasting skill of the model and impact of the number of fuzzy rules on it  
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Conclusions 

In this study, TS RB model is developed to estimate streamflow at Guvenc Basin, Ankara 
and the effect of seasonality and the number of fuzzy rules on the model’s performance are 
investigated. Out of 119 total input patterns, 100 and 19 are used for training and validation, 
respectively. The TS RB model with three rules (i.e. three cluster centers) is constructed to 
estimate runoff using previous months’ runoff and precipitation data as inputs. Hence, the 
model has two input and one output. Since the model is completely data driven, no prior 
knowledge or assumptions are needed. Due to the clustering algorithm, cluster centers are 
not chosen close to each other. Thus, each fuzzy rule represents a different portion/behaviour 
of the data. Due to nonlinear nature of Fuzzy RB systems and data-driven clustering, the 
complex relation between runoff and precipitation is sufficiently represented with no 
mathematical complexities. 

In order to include the seasonal behaviour of streamflow into the model, two Fourier 
Harmonics are used. Inclusion of harmonics enhances the results up to 15% for training and 
10% for validation for all the performance measures, which is a significant improvement. 
Such increase demonstrates that the seasonal behaviour is represented appropriately using 
Fourier Harmonics.  

The second analysis was carried out to observe the effect of the number of fuzzy rules on the 
model’s performance. To investigate the effect of the number of fuzzy rules, three different 
models with 3, 5 and 7 rules are constructed. As the number of the fuzzy rules increases the 
model estimates the streamflow better in the training stage, because each cluster center 
represents the values in that cluster better. However, for validation data, increasing the 
number of cluster centers above five do not increase the model performance. This might be 
due to limited number of data. Due to data limitations, some of the validation data may not 
be properly represented in the training set. 

The TS RB system based on cluster estimation is constructed to model streamflow and 
precipitation relations and forecast the streamflow. Long historic data of runoff and 
precipitation and inclusion of other input parameters such as temperature and snow data is 
expected to improve these results. Although there is some disagreement between observed 
and predict data, the results are satisfactory based on NSE values, especially for models with 
three and five cluster centers.  
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