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Abstract

What are variables, and what is universal quantification over a variable?

Nominal sets are a notion of ‘sets with names’, and using equational axioms in nominal algebra
these names can be given substitution and quantification actions. So we can axiomatise first-order logic
as a nominal logical theory.

We can then seek a nominal sets representation theorem in which predicates are interpreted as
sets; logical conjunction is interpreted as sets intersection; negation as complement. Now what about
substitution; what is it for substitution to act on a predicate-interpreted-as-a-set, in which case universal
quantification becomes an infinite sets intersection?

Given answers to these questions, we can seek notions of topology. What is the general notion of
topological space of which our sets representation of predicates makes predicates into ‘open sets’; and
what specific class of topological spaces corresponds to the image of nominal algebras for first-order
logic?

The classic Stone duality answers these questions for Boolean algebras, representing them as Stone
spaces. Nominal algebra lets us extend Boolean algebras to ‘FOL-algebras’, and nominal sets let us
correspondingly extend Stone spaces to ‘v-Stone spaces’. These extensions reveal a wealth of structure,
and we obtain an attractive and self-contained account of logic and topology in which variables directly
populate the denotation, and open predicates are interpreted as sets rather than functions from valuations
to sets.

Keywords: Stone duality, nominal sets, first-order logic, topology, variables.

Contents

1 Introduction 179

2 Background on nominal techniques 180

3 FOL-algebra 183
3.1 The definitions: termlike sigma-algebra and FOL-algebra . . . . . . .. ... ... .. 183
3.2 Basicremarks and properties . . . . . . ... Lo 185
33 Morphisms . . . . ... e 186

4 The sigma-powerset as a model of first-order logic 186
4.1 sigma-algebra and amgis-algebra . . . . . ... ... L oL L 186
42 pow,(P)isasigma-algebra . . . . . ... ... 188
43 pow,(P)and quantification . . . . . . ... L. L 189
44 pow,(P)isaFOL-algebra . . . . . . .. . ... ... .. 190

*Thanks to Gilles Dowek, Henrik Forssell, Alexander Kurz, Nicholas Oury, Per Martin-L&f, Dominic Mulligan, and Alex Simpson for comments
and advice. Thanks also to Margarita Korovina, Andrei Voronkov, and special congratulations to Howard Barringer. We acknowledge the support of
the Leverhulme trust and of grant RYC-2006-002131 at the Polytechnic University of Madrid.

178 A. Voronkov, M. Korovina (eds.), HOWARD-60, pp. 178-209


http://www.gabbay.org.uk

Stone duality for first-order logic: a nominal approach to logic and topology Murdoch Gabbay

5 A representation theorem 192
5.1 Filters . . . . o L e e e e 192
5.2 Maximal filter above afilter . . . . . . . . .. ... L o 193
5.3 The amgis-actiononfilters . . . . . . . . . . ... ... 195
5.4 The canonical extension -* . . . . . ... e 196

6 Nominal Stone duality 198
6.1 The basic definitions . . . . . . .. ... 198
6.2 The functor F' from FOLalgtooTop® . . . . . . . . . . .. .. .. ... ... 199
6.3 The functor F'maps to oStone® . . . . . .. ... 201

6.3.1 Totally separated, compact spaces . . . . . . . . ... .. ... ... 201

632 Clopensin F(B) . . . . . oot 202

6.3.3 Closureunderallandexist . . . ... ... ... ... ... ... ..., 202

6.3.4 Nominal v-Stone space . . . . . . . . . ... 203

6.4 The functor G from oStone®” toFOLalg . . . . . . .. ... ... ... ... ..... 203
6.5 Theequivalence . . . . . . . . . . . . e e e 204

7 Conclusions 206

1 Introduction

We are familiar with Boolean algebras being sets with conjunction and negation actions satisfying certain
axioms.! We are also familiar with the fact that powersets naturally have a Boolean algebra structure,
given by interpreting conjunction as sets intersection and negation as sets complement.

Using nominal techniques—specifically nominal sets and nominal algebra—we can axiomatise
substitution and first-order logic (just as traditionally we axiomatise Boolean algebra, groups, rings, fields,
etc.). This has been done in [12, 14, 15]. The next question is this:

Can we extend the Stone duality theorem from Boolean algebras to the nominal algebras,
and to some hitherto unknown class of nominal topological spaces?

(For an accessible introduction to classical Stone duality see [29].) If we can answer this question, then we
also obtain a nominal representation of first-order logic. This nominal representation is different because
there are no Tarski-style valuations; a variable populates the denotation directly and substitution acts on
variables directly in that denotation.

This is a very different view of logical meaning than the one which the reader is most likely accustomed
to. We semi-formally sketch the usual representations of first-order logic, side-by-side:

Predicate Boolean Alg. Usual semantics FO logic Nominal semantics
PAY [¢] N [¥] As-([ol N [¥1) [o] N [¥]
—¢ U\[¢] As.(U\[4],) U\[¢]
Ya.¢ n/a A Meew [Dlcfa:mag Nucu [9][a—rz]

Here U is some ‘domain of points’. Boolean algebra does not have a universal quantification so the
semantics for Va.¢ is not applicable. The usual semantics for first-order logic interprets universal
quantification, but at the price of introducing valuations g; thus the structure of the sets interacts only
indirectly with the universal quantifier.

'Various equivalent axiomatisations are available. We use a particularly compact one due to Huntington; see Figure 2.
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In this paper, we show how to interpret predicates without valuations, so that universal quantification
is just an infinite intersection. This is sketched in the rightmost column. Of course, to do that, we need to
interpret X [a—x] where X is a set. We do this too.

For the reader’s convenience we map out where the key definitions are given:

e The logical counterpart to the representation above is the notion of FOL-algebra. This is algebraic in
the same way that Boolean algebras are algebraic; however, it uses nominal techniques to axiomatise
(abstractly) substitution and binding. See Definition 3.3.

e The topological counterparts to the representation above are notions of topological space and of
Stone space with extra structure. These are o-topological space (Definition 6.1) and v-Stone space
(Definition 6.18).

e The sets structure which mediates between the logical and topological views is the notion of a
o-powerset. This is the structure that answers the question “What is it to substitute x for a in a set
X?. See Definition 4.10.

Thus, we prove a Stone duality between a nominal algebra axiomatisation of first-order logic (FOL-
algebras), and a notion of topological space (v-Stone spaces). The proofs reveal a wealth of interesting
structure and give a sense in which variables really can directly inhabit denotations in logic and topology.

Structure of the paper

e Section 2 develops some necessary background on nominal sets and the /1-quantifier.

e Section 3 introduces FOL-algebras, which are the nominal algebraic structure corresponding to
first-order logic; the presentation here is derived from that in [15].

e Section 4 introduces a notion of ‘powerset with substitution action’ and proves that this is an instance
of a FOL-algebra: conjunction is interpreted as sets intersection, negation as sets complement,
substitution as a pointwise operation involving a subsidiary notion of amgis-algebra, and universal
quantification is interpreted as an infinite sets intersection (just as we would hope).

e Section 5 adapts notions of filters, points, and the canonical extension from Boolean algebra to
FOL-algebra. This is where a FOL-algebra gets injected into a suitable o-powerset.

e Finally Section 6 constructs and proves a Stone duality result.

We conclude with the Conclusions.
We include an indicative map of the key constructions in this paper, in roughly decreasing order of
technical complexity:

Definition 5.25 | FOL-algebra = o-topological space
Definition 6.20 | o-topological space = FOL-algebra

Theorem 4.21 o-algebra = FOL-algebra (by powersets)
Proposition 5.21 | FOL-algebra = wo-algebra (by set of points)
Example 3.2 Concrete o-algebras

Example 4.3 Further concrete o-algebras

2 Background on nominal techniques

A nominal set is a ‘set with names’. The notion of a name being ‘in’ an element is given by support
supp(x) (Definition 2.8). For more details of nominal sets, see [18, 10]. Here we just give necessary
background information.

The reader with a category-theory background can read this section as stating that we work in the
category of nominal sets, or equivalently in the Schanuel topos (more on this in [25, Section II11.9], [22,
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A.21, page 79], or [10, Theorem 9.14]). The reader with a sets background can read this section as stating
that our constructions can be carried out in Fraenkel-Mostowski set theory (a discussion of this sets
foundation, tailored to nominal techniques, can be found in [10, Section 10]). In both cases the underlying
idea is ‘sets indexed over names’ (called urelemente or atoms in the sets literature).

The reader not interested in foundations should simply note that previous work [18, 10] has shown
that—merely by taking the apparently inconsequential first step of assuming names as primitive entities
in Definition 2.1, instead of taking them to be for instance numbers—we obtain a remarkable clutch of
definitions and results, notably Theorems 2.9, 2.13 and 2.16.

It turns out that these properties are just what we need next, in Section 3.

DerintTION 2.1. Fix a countably infinite set of atoms A. We use a permutative convention thata, b, c, . . .
range over distinct atoms.

DEeriNITION 2.2. A (finite) permutation 7 is a bijection on atoms such that nontriv(m) = {a | 7(a) # a}
is finite.

Write id for the identity permutation such that id(a) = a for all a. Write 7’ o 7 for composition,
so that (7' o 7)(a) = 7' (n(a)). Write % for inverse, so that 71 o 7 = id = 7 o 1. Write (a b) for
the swapping (terminology from [18]) mapping a to b, b to a, and all other c to themselves, and take
(a a) =1id.

DeriNtTION 2.3. If A C A define fix(A) = {7 | Va € A.w(a) = a}.

DerINITION 2.4. A set with a permutation action X is a pair (|X|, -) of an underlying set |X| and
a permutation action written 72 which is a group action on |X|, so that id-z = z and 7-(7"-z) =
(mon’)-x for all z € |X| and permutations 7 and 7’

Say that A C A supports z € |X| when V7.1 € fix(A) = 7z = z. If a finite A supporting x exists,
call z finitely-supported.

DEerINITION 2.5. Call a set with a permutation action X a nominal set when every € |X| has finite
support. X, Y, Z will range over nominal sets.

ExampLE 2.6. e A is a nominal set where 7-a = 7(a).

o If X and Y are nominal sets then X x Y is a nominal set with underlying set { (z,y) | = € |X|,y € |Y|}
and action 7-(z,y) = (7, TY).

e If X is a set with a permutation action then powerset(X) is a set with a permutation action with
underlying set {U | U C |X|} and the pointwise action 7-U = {m-u | u € U}.

e If X is a nominal set then pow(X) (the nominal powerset) is a nominal set, with underlying set
those U € |powerset(X)| that are finitely-supported with the pointwise action. As the name
suggests, the nominal powerset is indeed the powerset object in the category of nominal sets [10,
Lemma 9.10].

DerintTioN 2.7. Call a function f € |X| — |Y| equivariant when 7 f(z) = f(7-z) for all permutations
7 and z € |X|. In this case write f : X — Y.

DerintTION 2.8. Suppose X is a nominal set and « € |X|. Define the support of = by supp(z) = ({4 |
A supports z:}. Write a#x as shorthand for a ¢ supp(x) and read this as a is fresh for x.

THEOREM 2.9. Suppose X is a nominal set and x € |X|. Then supp(x) is the unique least finite set of
atoms that supports x.

Proof. See part 1 of Theorem 2.21 of [10]. O
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DEerINtTION 2.10. Write 7| 4 for the partial function which is 7 restricted to A.

CoroLLARY 2.11. 1. Ifw(a) = aforall a € supp(z) then m-x = x.
2. If Tl supp(a) = T | supp(a) then m-x = 7' 2.

3. a#tx if and only if 3b.b#x A (b a)-z = x.
Proof. From part 2 of Theorem 2.21 of [10]. O

ProvpositioN 2.12. supp(m-x) = {m(a) | a € supp(x)} (cf. Definition 4.10).

Our reasoning can be formalised in first-order logic with axioms of set theory with atoms (the name for
this is Zermelo-Fraenkel with atoms, or ZFA, though in fact we will work more specifically in its extension
Fraenkel-Mostowski sets). Because one atom will do as well as any other, we obtain Theorem 2.13, from
which concisely follow results about equivariance and support.” See e.g. proofs of Lemmas 4.20, 5.8,
5.17, and Propositions 5.24 and 5.29.

TueoreM 2.13. If T is a list x4, . . ., Ty, Write T-T for -1, . .., T-Ty. Suppose ¢(T) is a first-order logic
predicate with free variables T. Suppose x(T) is a function specified using a first-order predicate with
free variables T. Then we have the following principles:

1. Equivariance of predicates. ¢(7) < ¢(7-7).

2. Equivariance of functions. 7-x(Z) = x(7T).
3. Conservation of support.  [fZ denotes elements with finite support
then supp(x(T)) C supp(w1)U- - Usupp(zy).

Proof. See Theorem 4.4, Corollary 4.6, and Theorem 4.7 from [10]. O

DEerINITION 2.14. Write Wa.¢(a) for ‘{a | ~¢(a)} is finite’.

REMARK 2.15. We can read 1 as “for all but finitely many a’, ‘for fresh a’, or ‘for new a’. It captures a
generative aspect of names, that for any & we can find plenty of atoms « such that a & supp(z). 1 was
designed in [ 18] to model the quantifier being used when we informally write “rename x in Az.t to be
fresh”, or “emit a fresh channel name” or “generate a fresh memory cell”.

W is a ‘for most’ quantifier [30], and is a generalised quantifier [23, Section 1.2.1]. But importantly,
W over nominal sets satisfies the some/any property that to prove a V-quantified property we test it for
one fresh atom; we may then use it for any fresh atom. This is Theorem 2.16, which we use implicitly
when later we choose a ‘fresh atom’ without proving that it does not matter which one we choose. We
will use this all the time; see e.g. proofs of Corollary 4.13, Proposition 4.18, and Lemma 6.9.

THEOREM 2.16. Suppose ¢(Z, a) is a predicate with free variables Z, a.* Suppose Z denotes elements with
finite support. Then the following are equivalent:

Va.(a € AN a#Z) = ¢(Z,a) Na.¢(zZ,a) Ja.a € ANa#Z N @(Z,a)

Proof. See Theorem 6.5 from [10] or Proposition 4.10 from [18]. O

2Nominal sets can be implemented in ZFA sets such that nominal sets map to equivariant elements (elements with empty
support) and the permutation action maps to ‘real’ permutation of atoms in the model. See [10, Subsection 9.3] and [ 10, Section 4].

3% must contain all the variables mentioned in the predicate. Tt is not the case that a = a if and only if a = b—but it is the case
that @ = b if and only if b = a.

4 should not use the axiom of choice. Every ¢ used in this paper will satisfy this property.
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(Subid) xla—a) = x

(Sub#) aftr = zla—u] =z

(Suba) b#z = zla—u] = (b a)-x)[b—u]
(Subo) aftv = zla—u][b—v] = z[b—v][a—u[b—v]]

Figure 1: Nominal algebra axioms for o-action

(Commute) TANYy=yAz
(Assoc) Ay ANz=2A(YA=2)
(Huntington) x=-(-zA-y)A-(—zAy)

Figure 2: Axioms for Boolean algebra

3 FOL-algebra

3.1 The definitions: termlike sigma-algebra and FOL-algebra

We introduce the notions of termlike o-algebra (sigma-algebra) and FOL-algebra.

A termlike o-algebra generalises the notion of ‘a set of terms’.> That is, we assume a set, and an
action from that set to itself with (nominal algebra) axioms insisting that it ‘be a substitution’. What we
do not assume is that this set is a set of terms, or even of syntax; and the action does not actually have to
be a syntactic substitution action. It might be that this is so (part 3 of Example 3.2) or it might not (part 6
of Example 3.2).

Likewise a FOL-algebra generalises the notion of ‘a set of predicates’. We assume a set, and actions
for substitution of elements of the termlike o-algebra, and for conjunction, negation, and quantification,
satisfying certain axioms. What the underlying representation of this set and these actions is, may be
unspecified.

DeriNITION 3.1. A termlike o-algebra is a tuple U = (|U|, -, sub, atm) where:

e (JU],-) is a nominal set; we may write this just U;
e an equivariant substitution action sub : U x A x U — U, written infix v[a—u]; and
e an equivariant injection atm : A — U, usually written invisibly (so we write atm(a) just as a),

such that the equalities of Figure 1 hold.

ExampLE 3.2. 1. The set of atoms A is a termlike o-algebra where atm(a) = a and a[a—x] = x and
bla—x] = b.

2. The set A U {x} is a termlike o-algebra where atm(a) = a, ala—z] = z, bla—z] = b, and
*[a—x] = *.

3. First-order syntax generated by the grammar r, s ::= a | f(r,...,r) for f drawn from some set
of function symbols, is a termlike o-algebra with atm(a) = a and r[a—>s] is equal to r with a
replaced by s.

This is, of course, where we got the name ‘termlike’ from.

5The o-algebra here has nothing to do with the X-algebra used in measure theory [27, Definition 1.3, page 8]. Our o stands for
oubstitution.
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(SubA) (x A y)a—u] = (zla—u]) A (y[a—u))
(Sub-) (mx)[a—u) = ~(z[a—u])
(Subv) b#u = (vb.z)[a—u] = vb.(x[a—u])

Figure 3: Nominal algebra axioms for o interacting with FOL

(va) b#r = va.x = vb.(b a)-x

(VE) va.r <x

(VA) va.(x Ay) = (Va.z) A (Va.y)
(wV) aFty = va.(z Vy) = (Ya.x) Vy

Figure 4: Nominal algebra axioms for v

4. Predicates of first-order logic over a first-order syntax are not a termlike o-algebra. This is because
there are no predicate variables or substitution for predicates. (They are however an instance of the
more general notion of not-necessarily-termlike o-algebra; see Subsection 4.1.)

5. Predicates of System F [19] do form a termlike o-algebra, since they have predicate variables and
substitution for predicates.

6. The set of finite sets of atoms is a termlike o-algebra where:

e atm(a) = {a}.
o X[asY]=Xifa¢ X.
o X[a—Y]=(X\{a})UY ifa e X.

DerintTioN 3.3. Suppose U = (|U], -, sub, atm) is a termlike o-algebra. A FOL-algebra over U is a
tuple B = (|B|,, A, 7, U, sub, ¥) where (|B|, -) is a nonempty nominal set which we may write just
B, and equivariant functions (Definition 2.7)

e conjunction A : B x B — B written z A y (for Az, y)),
e negation — : B — B written -,

e substitution sub : B x A x U — B, and

e forallv : A x B — B written va.z (for ¥(a, z)),

such that the equalities in Figures 1, 2, 3, and 4 hold.

For the rest of this paper unless otherwise stated we fix some termlike o-algebra U. w and v will range
over elements of |U|.

NortaTioN 3.4. We may write:

L for x A —z (for some fixed but arbitrary ),
T for -,

x Vy for =(—z A —y),

Ja.x for —va.—z, and

z<yforx ANy =uz.
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(Busid) zla+a] = x
(Buso) a#tv = zved][ua) = zu[b—v]<a)[vb]

Figure 5: Axioms of an amgis-algebra (o-algebra)

3.2 Basic remarks and properties

The rules (Commute), (Assoc), and (Huntington) are a compact axiomatisation of Boolean alge-
bras [21]. Standard properties of Boolean algebra hold including: absorption, distributivity, and poset
properties. Also, x A ~xz = y A -y for every x and y, thus taking | = z A —x for some = makes sense.

The (Subx) group of axioms describes properties of substitution. These are more traditionally treated
as facts of a construction involving valuations of atoms to closed elements. Here, they are axiomatised.

The (v«) group of axioms describes properties of universal quantification. Again, these properties are
axiomatised.

We write down some basic lemmas which will be useful later on in the paper; the proofs are all by
routine calculations:

Lemma 3.5.va.L = 1. As a corollary, if a#x then va.x = x.

Proof. By (VE) va.L < | and by elementary properties of Boolean algebra | < va.Ll. The first part
follows. For the corollary we use (vV), taking x = L. O

Lemma 3.6. If ¢ < y then va.x < Va.y and x{a—u] < yla—u]. In words: va and [a—u) are monotone.

Proof. By x < ywemean xz Ay = x. So Va.x < Va.y means Va.(x Ay) = Va.x. We use (vA). The case
of [a—>u] is similar using (SubA). O

Lemma 3.7. supp(va.x) C supp(x)\{a}.

Proof. Choose a fresh b (so b#tx, Va.x). By (va) VYa.x = vb.(b a)-z. By equivariance of vV : A x B — B,
vb.(b a)-x = (b a)-va.xz. By Proposition 2.12 a#(b a)-va.z. Thus, a ¢ supp(va.x). The result follows
using Theorem 2.13. O

CoroLLARY 3.8. 1. Va.x < x[a—u).
2. If z < x and a#z then z < Va.x.

Proof. For the first part, by (vE) Va.x < z. By Lemma 3.6 (va.z)[a—u] < x[a—u]. By Lemma 3.7 and
(Sub#) we have (va.x)[a—u] = Va.x.
For the second part, we use Lemmas 3.5 and 3.6. O

Proposition 3.9 is an important and a useful sanity check:
PROPOSITION 3.9. Va.x is a <-greatest lower bound for {x[a—u] | v € |U|}.
Proof. By part 1 of Corollary 3.8 va.z is a lower bound. Now suppose 2’ < z[a—u] for every u € |U].
Renaming if necessary using (Suba) suppose without loss of generality that a#£z’. By (Subid) taking

u = a we have that ' < x. By Lemma 3.6 va.z’ < va.xz. By Lemma 3.5 2’ < Va.x as required. O

Lemma 3.10. a# L and supp(Ll) = &.
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Proof. By Notation 3.4 | = xA—x and by Theorem 2.13 supp(L) C supp(z), so L is finitely-supported
(Definition 2.4).

By basic properties of Boolean algebras z A ~x = y A —y for any other y. In particular by equivariance
taking y = 7-x we obtain L. = x A -z = m(x A ~x) = m-L. The result follows using part 3 of
Corollary 2.11. O

ProrositioN 3.11. va.vb.x = vb.va.x.

Proof. By (vE)va.vb.x < x. Thus by Lemma 3.6 vb.va.va.vb.x < vb.va.x. Now by Lemma 3.7 and part 3
of Theorem 2.13 b ¢ supp(va.va.vb.z) and b ¢ supp(va.vb.x). Thus by Lemma 3.5 vb.va.va.vb.x =
va.vb.z. It follows that va.vb.x < vb.va.x. By a symmetric argument vb.va.x < Va.vb.x, and we are
done. O

3.3 Morphisms

DerintTION 3.12. Call a function f € |B’| — |B| a morphism when:

Fahy) = f@ AT  foa)=—f@)  f@)asu] = flalasu])
f(va.c) = va.f(z) F(ra) = m-f(x)

Write FOLalg for the category of FOL-algebras and morphisms between them.

We conclude with a simple lemma:

LemMma 3.13. If f : B — B’ is a morphism then f(L) = L.

Proof. By Notation 3.4 _L is sugar for x A -z (for some choice of x). By the morphism properties,
fl@ A —zx) = f(x) A= f(x). The result follows. O

4 The sigma-powerset as a model of first-order logic

In this section we construct a notion of nominal powerset-with-substitutions. We call this a o-powerset
(Definition 4.10). In the representation theorem of Section 5, what we construct will be a o-powerset.

4.1 sigma-algebra and amgis-algebra

o-algebras (sigma-algebras) generalise fermlike o-algebras from Definition 3.1. o-algebras (amgis-
algebras) are a kind of dual to o-algebras. Why these two notions? The reasons will become clear as we
conduct our proofs but here we can note the following sketch; this does not adhere exactly to the proofs
which follow, but it captures something of their structure and flavour: If U is a termlike o-algebra then
its powerset will naturally have the structure of an o-algebra over U. Furthermore, the powerset of its
powerset will regain a o-algebra structure over U. So, © arises from the fact that in ‘powerset of X, the
X is in a negative position.
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DEerINITION 4.1 (0-algebra). Suppose U = (JU], -, sub, atm) is a termlike o-algebra. A o-algebra over
U is a tuple X = (]X|, -, sub) of:

e A nominal set (|X]|,-) which we may write just as X; and
e an equivariant substitution action sub : X x A x U — X, written infix z[a—u);

such that the equalities in Figure 1 hold.

REMARK 4.2. Definitions 4.1 and 3.1 are similar. In the termlike o-algebra, x and u are drawn from the
same set |U| when we write 2:[a—u]; in the case of Definition 4.1, w is still drawn from |U| but z is drawn
from a possibly different set |X|.

ExamPLE 4.3. e Predicates of first-order logic (part 4 of Example 3.2) are a o-algebra, where U is

terms and X is predicates. They are not termlike.

e Given o-algebras X and Y over a termlike o-algebra U, the nominal set |X| x |Y| with the pointwise
action (z,y)[a—u] = (za—u], yla—u]) for z € ||X|| and y € ||Y]|, is a o-algebra. Write this
just X x Y.
In particular, if U is a termlike o-algebra then U x U is a o-algebra, but not a termlike one.

e A similar story can be told for disjoint sum X + Y.

Further exploration of the structure of o-algebras is deferred to a later paper.

DEeFINITION 4.4 (0-algebra). Suppose U = (JU], -, sub, atm) is a termlike o-algebra (Definition 3.1).
A o-algebra (spoken: amgis-algebra) over U is a tuple P = (|P|, -, o, U) of an underlying nominal set
(|P], -) which we may write just P, and an amgis-action © : |P| x A x |U| — |P| written infix p[u+al,
such that the equalities of Figure 5 hold.

We construct an example of an v-algebra. We will use Definition 4.5 in Subsection 5.3.

DerintTioN 4.5. Suppose that X = (]X|,-,sub) is a o-algebra over a termlike o-algebra
U = (|U],-,sub,atm) (Definition 4.1). Give finitely-supported subsets X C |X| the pointwise ac-
tion

X[u+a] = {z | zla—u] € X}

LeEmMA 4.6. Definition 4.5 determines an v-algebra.

Proof. We verify the two properties in Figure 5:

e Property (Busid). We reason as follows:

Xacsa] = {z | zlasa] € X} SV (112 x) = x.

e Property (Buso). The proof is similar, using (Subo). Suppose a#v. We reason as follows:

z € X[veb][usa] & zla—ul[b—v] € X Definition 4.5
& zlb—v][a—ulb—v]] € X (Subo), a#v
< x € Xu[b—v]<a)[vd] Definition 4.5

We conclude with another important pointwise action:
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DeriniTiON 4.7. Suppose P = (|P|, -, o, U) is an v-algebra over a termlike o-algebra U. Suppose X C |P|.
Define the pointwise permutation and o-actions by:

X ={rz|zeX}
Xla—u] = {p| plusma] € X}

For Lemmas 4.8 and 4.9 we continue the notation of Definition 4.7, so that in particular X and X; range
over subsets of |P|.

Lemma 4.8. (), Xi)[a—u] = ), (X;[a—u]) and (|J; X;)[a—u] = U, (Xi[a—u]).

Proof. For the first part we note that p € ([, X;)[a—u] if and only if Vi.p[u<sa] € X; if and only if
p € N(Xi[a—u]). The second part is similar. O

Lemma 4.9. (|X\X)[a—u] = |X]\ (X [a—u)).

Proof. By aroutine argument on sets like that the proof of Lemma 4.8. O

4.2 pow,(P) is a sigma-algebra

Continuing the notation from the previous subsection, suppose P = (|P|, -, o, U) is an o-algebra over a
termlike o-algebra U. We fix P for the rest of this section.

DeFINITION 4.10. Define an algebra pow, (P) = (|pow, (P)|, -, sub) by setting |pow, (P)| to be the
set of U C |P| with permutation action 7-U and substitution action U[a—u] from Definition 4.7 such
that:

1. U has finite support.
2. NaVue|U|.Ula—u] = U.
3. For every a, Nb.Yue|U|.Ula—u] = ((ba)-U)[b—u].

ReMARK 4.11. Some comments on Definition 4.10:

o |l is the new-quantifier and is defined in Definition 2.14. It means ‘for all fresh / for all but finitely
many’.

e We will show later that P is a o-algebra (Proposition 4.14) and indeed is a FOL-algebra (Theo-
rem 4.21).

o (|pow,(P)|,-) is equal to pow((|P|,-)); the nominal powerset of finitely-supported subsets of |P|
with the pointwise action defined in Example 2.6.

We first prove that |pow,, (P)] is closed under the substitution action; this is Corollary 4.13 and it uses
the substitution lemma for pow,, (P):

Lemma 4.12. Suppose U € |pow,(P)| and u,v € |U|. Then
aftv  implies Ula—ul[b—v] = Ub—v][a—u[b—v]].

Proof. We reason as follows:

Ula—u][b—v] = {p | plv<=b][usa] € U} Definition 4.7
= {p | plu[b—v]<a][v+b] € U} (Buso)
= Ulb—v][a—ulb—v]] Definition 4.7
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CoroLLARY 4.13. If U is in |pow,(P)| then so is Ua—u).
As acorollary, i - (P)| is closed under the substitution action from Definition 4.7.

Proof. By construction Ula—u] C |P|, so we now check the three properties listed in Definition 4.10. It
is convenient to use condition 2 of Definition 4.10 and rename to assume without loss of generality that
a#u,v,b,b.

e Finite support of Ula—u] is immediate from Theorem 2.13.
e For fresh b (so b#U, u), Ula—u][b—v] = Ula—u]. We reason as follows:

Ula—u][b—v] = Ulb—v][a—ulb—v]] Lemma 4.12, a#v
= Ulb—v][a—u] (Sub#), b#u
= Ula—u] Defn. 4.10 cond. 2, b#U

o Forfresh V' (so b'#U, u,v) Ula—u|[b—v] = ((/ b)-(Ular—u]))[b'+—v]. We reason as follows,
where we choose a’ and b’ fresh (so a’#U, u,v and V' #U, u, v):

Ula—u][b—v] = ((a a)-U)[a'—u][b—v] C 3 Def. 4.10, o'#U, u
= ((a’ a)-U)[b—v][a »—)u[b»—m]] Lemma 4.12, o'#v
= ((a’ a)-U)[bvl[a"—=((b b)-u)[b'—v]] (Suba), b'#u
=(((t/ b)o(a" a))-U)p'+v]la"—((t/ b)-u)[t/—v]] C3Def.4.10, ¥'#U,v
= (((b' b) o (a' a))-U)[a'+— (V' b)-u][b/+v] Lemma 4.12, o' #v
= ((t/ b)-(((a a)-U)[a'—u)]))[t/—v] Pt 2 Thm. 2.13
= ((t/ b)-(U[a—u)))[/+v] C 3 Def. 4.10, o/#U, u
O

Recall from Definition 4.10 the definition of pow,, (P), from Definition 4.1 the definition of a o-algebra,
and from Definition 4.7 the pointwise substitution action U [a—u]. Then:

ProposITION 4.14. pow . (P) is a o-algebra under the pointwise substitution action.

Proof. By Corollary 4.13 the substitution action does indeed map to |pow . (P)| so it remains to check
validity of the axioms (Subid) to (Subc) from Definition 4.1. Given the maths we already have, this
is not hard: Axiom (Subid) is by an easy calculation using the pointwise action and (Busid). Axioms
(Sub#) and (Subq) are conditions 2 and 3 of Definition 4.10. Axiom (Suboc) is Lemma 4.12. O

43 pow,(P) and quantification

Now we are able to exhibit universal quantification as an infinite intersection, and existential quantification
as an infinite union.
Suppose P = (|P|, -, o, U) is an v-algebra over a termlike o-algebra U.

DeriNtTION 4.15. If X € |pow,, (P)| then define:

alla.X =,cpy Xla—y]
exista.X = X[a—u]

ue|U|

In Definition 4.15 exist could be obtained from all by dualising with sets complement. However, it
seems easier to just treat both quantifiers in parallel.

LemMma 4.16. Suppose X € |pow . (P)| and v € |U|. Suppose a#v. Then:

1. (alla.X)[b—v] = all a.(X [b—v]).
2. (exist a.X)[b—v] = exist a.(X [b—v]).
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Proof. Suppose a#v. We unpack Definition 4.10 and reason as follows:

alla.(X[b—v]) = ,epg (X [b—v]arul) Def. 4.10, Cor. 4.13
=, (X [a—u][b—v[a—u]]) Lemma 4.12
=, (X[a—u][b—v]) (Sub#), a#v
= (N, Xla—u])[b—v] Lemma 4.8
= (all a.X)[b—v] Def. 4.10
The case of exist a is similar. O

Lemma 4.17. Suppose X € |pow,(P)|. Then
b#X implies alla.X =allb.(ba)-X and exista.X = existb.(ba)-X
As a corollary, a#all a. X and a#fexist a.X.

Proof. The corollary follows by part 3 of Corollary 2.11. For the first part, we reason as follows:

alla. X = {X[a—u] | ue|U|} Definition 4.15
= ((ba)-X)[b—u] | ue|U|} Condition 3 of Def. 4.10
=allb.(ba)-X Definition 4.15
Again, the case of exist a is similar. O

ProvosiTioN 4.18. Suppose X € |pow,(P)|. Then all a.X, exista.X € |pow,(P)|.
Proof. We need to check the three conditions of Definition 4.10. Let Q represent either all or exist. Then:

1. Finite support is by Theorem 2.13.
2. Suppose b is fresh (so b#X) and suppose v € |U|. Using Lemma 4.17 suppose without loss of
generality that a#v. Then we can reason as follows:

(Qa.X)[b—=v] = Qa.(X[b—v]) Lemma 4.16
=Qa.X Cond. 2 of Def. 4.10, b#X

3. Suppose ¥’ is fresh (so b'# X)) and suppose v € |U|. Using Lemma 4.17 suppose without loss of
generality that a#v. Then we can reason as follows:

(Qa.X)[b—v] = Qa.(X[b—v]) Lemma 4.16
=Qa.(((b/ b)-X)[b'—v])  Cond. 3 of Def. 4.10, b'#X
=(Qa.(t/ b)-X))[V)»v] Lemma4.16
=((b'b)-(Qa.X))[p'—v]  Theorem 2.13

4.4 pow,(P)is a FOL-algebra

In Subsection 4.3 we exhibited ‘forall’ as an infinite intersection. Now, culminating in Theorem 4.21, we
put this together with sets intersection and negation to create a model of first-order logic in the sense of
Definition 3.3.

Suppose P = (|P|, -, o, U) is an v-algebra over a termlike o-algebra U.

Lemma 4.19. Suppose X, Y € |pow,, (P)|.% Then:

6Recall from Definition 4.10 that pow . (P) is a o-algebra with underlying set certain ‘good’ subsets of |P|, with the pointwise
substitution and permutation actions.
So writing ‘X € |pow, (P)|” is just a fancy way of saying “X is a well-behaved subset of |P|, with pointwise permutation and
substitution actions”.
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alla.(X NY) = (alla.X)Nalla.Y and exista.(X UY) = (exista.X) Uexista.Y.
If a#Y thenalla. (X UY) = (alla.X) UY and exista.(X NY) = (exista.X) NY.
If X CY thenalla.X C alla.Y and exista.X C exista.Y.

If a# X then alla.X = X and exista. X = X.

N~

Proof. The first part is by a routine calculation on sets using Lemma 4.8.

The third part follows from the first part, noting that X C Y if and only if X N'Y = X if and only if
XUy =Y.

For the second part we reason as follows:

alla.(X UY) =,cpny (X UY)[a—y] Definition 4.15

=N, ((X[a—=u]) U (Y[a—ul)) Lemma 4.8
=N, X[a—u]UY) Cond. 2 of Def. 4.10
= (N, X[a—=u])UY Fact
=(alla.X)UY Definition 4.15

exista.(X UY) = U, epy (X NY)[a—y] Definition 4.15
= U, ((X[a—=u]) N (Y]a—ul)) Lemma 4.8
=, X[a—u]NY) Cond. 2 of Def. 4.10
= (U, X[a—=u])NY Fact
= (exista.X)UY Definition 4.15

The fourth part follows immediately from condition 2 of Definition 4.10. O

Lemma 4.20.1f X,Y € |pow,(P)| then Z € |pow (P)| for every Z € {XNY, |[X\X,
X[a—ul, alla. X}

Proof. We need to check the three conditions in Definition 4.10 for each construct.

e The case of X NY. By Theorem 2.13 X NY has finite support.
Suppose a is fresh, so a#X,Y, and suppose u € |U|. By Lemma 4.8 and condition 2 of Defini-
tion 4.10 (X NY)[a—u] = (X[a—u]) N (Y]a—u]) = X NY.
Now suppose b is fresh, so b# X, Y, and suppose u € |U|. We reason as follows:

(X NY)a—u] = (X[a—u]) N (Y[a—u]) Lemma 4.8
=((ba)X)b—u]N(((ba)Y)b—u])  Cond.?2 of Def. 4.10
=((ba) (X NY))[b—u] Lem. 4.8, Thm. 2.13

o The case of | X|\X. By Theorem 2.13 |X|\X has finite support.
Suppose a is fresh, so a# X, |X[\X, and suppose v € |U|. By Lemma 4.9 and condition 2 of
Definition 4.10, (|JX|\X)[a—u] = |X|\ (X [a—u]) = |X|\X.
Suppose b is fresh, so b# X, and suppose u € |U|. We reason as follows:

(JX\X) [a—u] = | X\ (X [a—u]) Lemma 4.9
= |XN\(((b a)-X)[b—~u]) Cond. 2 of Def. 4.10
= (ba)-(|X\X) Lem. 4.9, Thm. 2.13

In the final step we use the fact that (b a)-|X| = |X]|.
e The case of X[a—u] is Corollary 4.13.
e The case of all a.X is Proposition 4.18.

O

Tueorem 4.21. Suppose P = (|P|,-,o,U) is an v-algebra over a termlike o-algebra U. Then
(lpow(P)|, N, |X|\-, sub, all) is a FOL-algebra.
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Proof. Axioms (Commute), (Assoc), and (Huntington) are facts of sets.
Axioms (Subid), (Sub#), (Subc), and (Subo) are Proposition 4.14.
(SubA) is from Lemma 4.8. (Sub-) is Lemma 4.9. (Subv) is Lemma 4.16.
(va) is Lemma 4.17. (VE) is by construction in Definition 4.15. (vA) and (vV) are from Lemma 4.19.
O

We will apply Theorem 4.21 in Proposition 5.26, as part of the representation theorem.

S A representation theorem

We now show how, given a FOL-algebra B, we can embed it in a suitable notion of a ‘powerset of the
powerset of B’, or to be more precise: the “o-powerset of the v-algebra of maximal filters of B”.

5.1 Filters
DeriNtTION 5.1. Suppose B is a FOL-algebra. A filter is a finitely-supported subset p C |B| such that:

1. L&p
2. Va,y(x EpAy Ep) = (x ANy E D).
3. NaVx.x € p=Vva.x € p.

RemaRrk 5.2. The first two conditions of Definition 5.1 are standard. Clearly, the third condition accounts
for the extra structure of v. Interestingly, this is familiar from filters on Banonas (Boolean algebras
enriched with an axiomatisation of the /1-quantifier)—that is, even though W is a different quantifier than
V, the notion of filter appears to require the same kind of condition. See [ |, Definition 6.1].

But surely the natural condition is (Yue|U|.x[a—u] € p) = va.x € p? Remarkably, this apparently
stronger condition follows: see Proposition 5.6.

In fact the condition Nla.Vx.x € p = Va.x € pis also familiar from another context. By Theorem 2.16
it is equivalent to Vz.Va.a#p A € p = Va.x € p.” This looks like (an abstract version of) the sequent
V-right introduction rule, especially if we write x € p as p I = and think of supp(p) as ‘the free atoms of
p:

pkax (ad supp(p))

pFva.x

“(VR)”

This also suggest a syntactic intuition why (Yue|U|.x[a—u] € p) = va.z € p is the weaker condition:
just because all ground instances of a predicate ¢ are derivable, does not mean that Va.¢ is derivable. We
need to derive ¢ with a in it as a generic element. But remember, this is an analogy: p is not a sequent
and x is not a predicate.

Norartion 5.3. Suppose B is a FOL-algebra. Call X C |B| up-closed when 2 < y and x € X implies
y e X.

LemwMma 5.4. If p is a filter then p is up-closed.
Proof. Recall that x < y is sugar for x Ay = x. The result follows using condition 2 of Definition 5.1. [J
LemwMma 5.5. If p is a filter and Va.x € p then x € p.

Proof. From (vE) and Lemma 5.4. O

"The version using W is preferable over the version using V and #, because U leaves us free to choose a fresh for any other
variables in our reasoning context at the time we need to verify the condition. This is the advantage of W: it allows us to use a fresh
atom, without having to either choose a particular fresh atom or consider all fresh atoms.
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Proposition 5.6 is particularly interesting because it connects condition 3 of Definition 5.1 with the
closure condition that we might intuitively expect for v:

ProrosiTION 5.6. Suppose p is a filter. Then
va.x € p ifand only if Yue|U|.x[a—u] € p.

Proof. The left-to-right implication follows from Lemma 5.5.

For the right-to-left implication, suppose Yue|U|.xz[a—u] € p. Choose some fresh b, so b#x, u, p;
then z[a—b] € p. By (Suba) z[a—b] = ((b a)-z)[b—b]. By (Subid) (b a)-z € p. By condition 3 of
Definition 5.1 vb.(b a)-x € p. By (va) Ya.x € p and we are done. O

5.2 Maximal filter above a filter

The proof of this subsection follows the same general outline as for standard Stone duality. We culminate,
as standard, with Theorem 5.18 which states that every filter is contained in a maximal filter. As standard,
the existence of this maximal filter is proved using Zorn’s lemma.

The complication is caused by the need to account for v (this is Lemma 5.14) and the need to generate
a maximal filter without ‘extra support’ (this is Lemma 5.17). This last point is important because in a
nominal universe Zorn’s Lemma need not necessarily hold® so Lemma 5.17 proves that we are in one of
the cases where it still does hold.

DeriNITION 5.7. If 2€|B)| then define

2t ={x]z <z}

LemMma 5.8. If z€|B| and z # L then 271 is a filter.
Proof. We check the three properties of Definition 5.1 for 27

1. Suppose z < L. It follows by Lemma 3.10 and (vV) (taking y = L) that z = |, a contradiction.
2. Using axioms of Boolean algebras we have that z < z Ay ifandonlyif z < x and z < y.
3. Immediate from part 2 of Corollary 3.8.

O

REMARK 5.9. The interested reader might like to compare Definition 5.7 with [1 |, Definition 6.5], which
gives the right notion of 27 for a representation theorem for a nominal algebraic axiomatisation of the
W-quantifier 1. This takes 21 = {z | z < Way ...an.z, supp(x)\supp(z) = {a1,...,a,}}. We need
Wa; .. .a, because it is not the case that a#z implies z<Wa.x < z<x. In contrast, in this paper for v, it
is the case that a#z implies z<va.x & z<zx.

The axioms that lead to this difference in behaviour are va.z < x ((vE) from Figure 4) versus
—WNa.r = Na.—z ((Selfdual) from [ 1, Figure 1]).

DerintTION 5.10. Call a filter p C |B| maximal when for all filters p’ C |B| if p C p then p’ = p.

We now set about showing that every filter is contained in a maximal filter (Theorem 5.18). We use
Zorn’s lemma.

Lemma 5.11. Suppose q is a filter and a#q. Then Va.x € q if and only if x € q.

Proof. Using Lemma 5.5 and condition 3 of Definition 5.1. O

80r rather, Zorn’s lemma still holds but may take us outside the finitely-supported universe.
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DerINITION 5.12. Suppose C' C A and x € |B|. Define vC'.x by

vC.x =vcy ...Ve,.x where C N supp(x) = {c1,...,¢n}-

REMARK 5.13. By assumption z has finite support so C' N supp(z) is finite even if C is not. Also, by
Proposition 3.11 the order of the ¢; does not matter.

LemMma 5.14. Suppose q is a filter and suppose ©' & q. Define C = supp(x’) \ supp(q) and write
q ={z| zVvvC.a' € q} (Definition 5.12). Then:

1. ¢ is afilter.
2. qC¢q.
3. -2’ eq.

Proof. We check the conditions in Definition 5.1:

e | ¢¢'. Suppose L € ¢'. Thisimplies | VvC.2' = vC.2’ € g, which by Lemma 5.11 contradicts
our assumption that z’ ¢ g.

ey €qd ANys €¢ & y1 ANya € ¢. Suppose y1,y2 € ¢'. This means that y; V vC.x' € ¢ and
y2VVC.z" € q. Ttis afact of distributive lattices that this happens if and only if (y; Ay, ) VVC.2’ € q.
The reverse implication is similar.

e NlaVy.y € ¢ = va.y € ¢. Suppose a is fresh (so a#q, ') and suppose y € ¢’'. By definition,
yVvC.2' € q. By Lemma 5.11 va.(y V vC.z') € q. By assumption a#x’, so by Lemma 3.7 and
(vv) we know va.(y V vC.2'") = (Va.y) V vC.2’. It follows that va.y € ¢’ as required.

Now suppose x € ¢. By Lemmas 5.4 and 5.11 vC.(z V 2') € q. It follows that z € ¢'.
Finally, T € ¢ and it follows that vC.(—z’ V ') € g and so 2’ € ¢'. O

ProposiITiON 5.15. ¢ is maximal if and only if Vx.—x € ¢ & x & q.

Proof. Suppose —x ¢ q and © & ¢; we derive a contradiction. By Lemma 5.14, ¢/ = {z | zVvC.xz € ¢}
is a filter and ¢ C ¢’ and -« € ¢’ \ ¢, a contradiction. O

We mention a nice corollary:

LemMA 5.16. Suppose p C |B| is a maximal filter and c#p. Then —ve.x € p if and only if ve.—x € p.
Proof. Direct from Proposition 5.15 and Lemma 5.11. O

Lemma 5.17. q is a maximal filter if and only if it is maximal amongst filters with no greater support (that
is, if and only if for all filters ¢, ¢ C ¢’ and supp(q’) C supp(q) imply ¢ = ¢’).

Proof. The left-to-right implication is trivial. Now suppose ¢ is maximal amongst filters with no greater
support. By Proposition 5.15 it suffices to show that —x € ¢ if and only if = ¢ q.

-z € ¢ and x € ¢ is impossible by conditions 1 and 2 of Definition 5.1.

Now suppose —x ¢ ¢ and also x & q. We derive a contradiction. Write C' = A \ supp(q). By
Lemma 5.14, ¢ = {2 | 2 VV¥C.x € q} is afilter and ¢ C ¢’ and -z € ¢. By Theorem 2.13
supp(q’) C supp(q) and so ¢ = ¢, a contradiction. O

THEOREM 5.18. For every filter p, there is a maximal filter g with p C q.

Proof. If C'is a chain in the set of filters on B ordered by subset inclusion, then | JC = {z | Ip’ € C.x €
p'} is an upper bound for C. By Zorn’s Lemma [5, page 153] the set p° of filters p’ such that p C p’ and
supp(p’) C supp(p) has a maximal element ¢ with respect to inclusion. By Lemma 5.17 ¢ is maximal
(Definition 5.10). O]
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5.3 The amgis-action on filters

Filters are sets of elements with a o-action. We saw in Definition 4.5 and Lemma 4.6 that such sets have
an o-action; but is this action closed if we restrict to filters?

Fix some FOL-algebra B over a termlike o-algebra U. Recall from Definition 4.5 the pointwise action,
which on filters of B yields p[u<a] = {z | z[a—u] € p}.

Lemma 5.19. If q is a filter of B then so is q[v<=b] (Definition 4.5). Thus, the action does indeed map
from filters to other filters.

Proof. By construction in Definition 4.5, g[v<=b] C |B|. By Theorem 2.13 supp(q[v<b]) C supp(q) U
supp(v) U {b} so supp(q[v<b]) has finite support. We check the other conditions in Definition 5.1:

o | & qlued]
By (Sub#) and Lemma 3.10 L [b—wv] = L. By assumption L ¢ q.

o y1 € q[ub] Aya € qlub] & Y1 A ya € q[vb).
Using (SubA).

o Na.(x € qlvb] = va.x € qlv<b)).
Suppose a is fresh (so a#q, b, v, z[b—v]). By Definition 4.5, 2 € g[v<=b] if and only if z[b—v] € q.
By condition 3 of Definition 5.1 this implies va.(z[b—v]) € ¢. By (Subv) va.(z[b—v]) =
(Ya.x)[b—wv]. The result follows.

O
CoroLLARY 5.20. If q is a maximal filter then so is q[u<—al.

Proof. By Lemma 5.19 g[u<—a] is a filter. By Proposition 5.15 and (Sub—) g[u<—a] is maximal if g is
maximal. [

ProposITION 5.21. The set of all maximal filters (or points) of B with the action of Definition 4.5 is an
o-algebra.

Proof. By Corollary 5.20 the action is well-defined on maximal filters. By Lemma 4.6 it satisfies the
properties of Definition 4.4 and is an o-action. O

REMARK 5.22. Note of v-algebras two non-theorems:

e It is not necessarily the case that if p is a filter and b#p then plusa] = ((b a)-p)[us=b)].
e It is not necessarily the case that if a#p then p[u<a] = p.

Thus, comparing Figures 1 and 5 we see that the duality between o-algebra and o-algebra is only partial;
there are no axioms (Bus#) or (Busa).

The reader familiar with Stone duality may now be puzzled. Given that we have ‘lost properties
moving from the o-algebra B to the o-algebra of points, how will we recover (Sub#) and (Suba)? The
answer is in conditions 2 and 3 of Definition 4.10, which by a remarkable coincidence exactly restore
what we have lost when we move to sets of points. This is the next subsection.

b}
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5.4 The canonical extension -°

For this subsection suppose B is a FOL-algebra over a term-like o-algebra U. x,y will range over |B)|
and u will range over |U|.

Our main result is Theorem 5.30, which injects B into the powerset of its points. Exactly as anticipated
and desired, v is interpreted as an infinite sets intersection all.

DerintTION 5.23. Define points(B) to be the v-algebra with

e underlying set |points(B)| = {p C |B| | p is a maximal filter} and
e the action from Definition 4.5.

We may call a maximal filter in B a point.

ProposITION 5.24. points(B) with the pointwise action (Defn. 4.10) is a nominal set.

Proof. Finite support is part of the condition of being a filter in Definition 5.1. By Theorem 2.13 the
predicate ‘p is a maximal filter’ holds if and only if the predicate ‘7-p is a maximal filter’ holds. O

DerinNtTION 5.25. Define the canonical extension B* = pow . (points(B)) (Definition 4.10) so that:

ANB=ANB ~A =B\ A
Ala—u] = {p | plus-a] € A} va.A = ({Ala—u] | u € |U|}

A and B will range over elements of |B*
Note that the definition of A[a—u] is the pointwise action from Definition 4.7.
With the results we have so far, we get Proposition 5.26 instantly:

ProposITION 5.26. B* is a FOL-algebra.
Proof. This is just a rephrasing of Theorem 4.21. O

DerINITION 5.27. Define a map -* € |B| — |B*| by:

x* = {p € |points(B)| | = € p}

LemMA 5.28. -* from Definition 5.27 does indeed map to |B*|.
Proof. We check each of the properties in Definition 4.10:

1. It follows from Theorem 2.13 that supp(x*) C supp(x).

2. Suppose a#x. Then p € (z*)[a—u] if and only if x[a—wu] € p if and only if (by (Sub#)) x € p.

3. Suppose b#x,u. Then p € ((b a)-(x*))[b—u] if and only if (b a)-(p[u<=b]) € z* if and only if
((b a)-z)[b—u] € pif and only if (by (Suba)) z[a—u] € p if and only if x € p[u<—a] if and only
ifp € (2°)[a—ul.

O

ProposiTION 5.29. Suppose B is a FOL-algebra over a termlike o-algebra U and suppose x,y € |B| and
u € |U|. Then:

(xAy) =z Ny,

1.
2. (—x)* = |points(B)|\xz* and as a corollary (x V y)* = z* Uy,
3. (z[a—u])® = () [a—ul,
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4. (va.x)* = alla.(z*) and (3a.z)* = exista.(x*), and
S5 (mx) =m(x).

As a corollary from Definition 3.12, -* is an arrow from B to B* in FOL.

Proof. We consider each property in turn:

1. Proofthat (x ANy)' =z Ny

Since by assumption in Definition 5.1 x A y € pif and only if x € pand y € p.
2. Proof that (—x)* = |points(B)[\z".

We reason as follows:

pE () —xep Definition 5.27
ST EDp Proposition 5.15
Spéa Definition 5.27
& p € |points(B)|\x* Fact
3. Proof that (z[a—u))* = z*[a—u].  We just unfold definitions:

p € (z[a—u))* & zla—u] €p Definition 5.27
& x € plusal Definition 4.5
& plusa) € ° Definition 4.5
& p € ' a—ul Definition 5.25

4. Proofthat (va.x)* = alla.(z*) and (3a.x)* = exist a.(z*).
Choose some p € points(B). We reason as follows:

p € (Va.x)* & vVa.x €p Definition 5.27
< VuelU|. z[a—u] € p Proposition 5.6
< Yue|l.p € (zla—u)) Definition 5.27
& p € Nyepy (@la—u]) Fact
< p € Nyepy(@°la—ul) Part 1 of this result
S pealla(z) Definition 4.15

The second part follows by dualising with sets complement, recalling that 3a.x is shorthand for
—vVa.—x.

5. (mx) = m(x*).
By Theorem 2.13.°

O

THeorEM 5.30 (Representation theorem). Suppose B is a FOL-algebra over a termlike o-algebra U and
suppose x,y € |B| and u € |U.
Then -* is injective and embeds B as a sub-FOL-algebra of B°.

Proof. By Proposition 5.29 -* is a morphism. It remains to check that it is injective.

Suppose x € |B| and y € |B| are distinct. Suppose without loss of generality that x £ y, so that
x A—y # L. By Lemma 5.8 (z A —y)1 is a filter. By Theorem 5.18 there exists a point ¢ containing
(x A—y)T. Thenx A =y € g, hence ¢ € z* and g & y°. O

We conclude with Lemma 5.31. This will be useful to prove Lemma 6.5 but we place it here because
it follows the same general idea as the commutativity properties of Proposition 5.29.

Lemma 5.31. (U, ¢; 23)[a—u] = U, o (zs[a—u])".

9 A proof by concrete calculations is of course also possible, but not very interesting.
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Proof. We reason as follows:

p € (Uier 7)) [a—u] & plusa) € U, ¢; 75 Definition 5.25
& Jiel.plua € x; Fact
< Jiel.p € (x3)[a—u] Definition 5.25
& Jiel.p € (zi[a—u]) Proposition 5.29
& p € Uer(@ila—ul) Fact

6 Nominal Stone duality

We have proved Theorem 5.30, a representation theorem which exhibits a FOL-algebra B as a subset
of a powerset. We can now extend this to a Stone duality. The extra ingredients this gives us over the
representation theorem are:

o We identify those topological spaces that are ‘logical’ in the sense that they come from FOL-
algebras.
e We map not only algebras but also morphisms between them.

The proofs follow mostly the same outline as for the case of Boolean algebra. Perhaps most interesting
are the definitions: of o-topological space (Definition 6.1) and of v-Stone space (Definition 6.18), which
require substantial modification from the classical case and which are non-obvious.

6.1 The basic definitions

DerintTION 6.1 (0-Topological space). Suppose U is a termlike o-algebra. A o-topological space T over
U is a pair (|7, O) of

e an o-algebra |T| = (||7]|, -, U, o) (Definition 4.4) and
e asubset O3 Cpow(|T|) of open sets such that:

1. IfU € Og then 7-U, Ula—u] € Og.

2. 0 € Oy and ||T|| € O

3. U € OrandV € OsthenU NV € Og.

4. U € pow(Og) implies | JU € Os; we call this a finitely-supported union (recall from Exam-
ple 2.6 that U € pow(Ox) is a finitely-supported set of open sets).

Call f € |T1|—|T2| continuous when V €Ox, implies f(V)eOs,.
Call f € |T1|—|T2| a morphism when:

5. f is equivariant (that is, 7- f (z) = f(7-x)).
6. f is continuous.
7. f commutes with the amgis-action (that is, f(z)[u<a] = f(z[u<a]) for all u € |U| and a).

Write o Top for the category of o-topological spaces and morphisms between them.

DerintTION 6.2 (Closed and clopen). Suppose 7 is a o-topological space. Suppose U € O-.

e Call U closed when |T|\ U € O4.
e Call U clopen when U is open and closed.
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e Call T totally separated when for every x,y € |T| there is a clopen U with x € U andy ¢ U.'°
Proposition 6.3 establishes by fairly easy calculations some basic closure properties which will be
useful later:

ProposiTiON 6.3. Suppose T is a o-topological space over a termlike o-algebra U.
IfU, U’ € Og are clopen then so are U NU’, ||T|| \ U, and Ula—u] for u € |U]|.

Proof. Suppose U and U’ are clopen. We consider each case in turn:

e Intersection U NU’. Since U and U’ are closed, using condition 3 of Definition 6.1 it follows
that U N U’ is too. Since U and U’ are open, by condition 4 of Definition 6.1 so is U N U’. Thus
U N U’ is clopen.

e Complement ||T|[\U. This case is similar to the case of intersection.

o Substitution Ula—u]. Since U is open, by condition 1 of Definition 6.1 so is Ula—u]. Since
U is closed, ||T|| \ U is open. By Lemma 4.9 (||T|| \ U)[a—u] = ||T]| \ (Ula—u]). Therefore
Ula—u] is also closed.

O

6.2 The functor F' from FOLalg to o Top”

We are now ready to build a o-topological space out of the points of a FOL-algebra B. The construction is
exactly parallel to the standard case except that (in standard nominal style) instead of closing the topology
under all unions, we close it only under finitely-supported unions:

DerintTION 6.4. Given B in FOLalg define F'(B) in o Top by:
e |F(B)| = points(B) (Definition 5.23).

o Op(p) is the closure of {z* | z € |B|} (Definition 5.27) under finitely-supported unions. So
U € Opsy when IM € pow(|B|).U = J{z* | = € M}.

Given f : B—B' in FOLalg define F(f) : F(B')—F(B) by F(f)(p) = f(p), that is:
e F(f)(p) & f(x)ep

LemMA 6.5. F(B) is indeed a o-topological space.

Proof. We consider each of the properties in Definition 6.1 in turn:

o IfU € Op(p) thenm-U € Op(p). By Theorem 2.13.
o IfU € Op(p) then Ula—u] € Op(p). By construction U € Op(s) is equal to some finitely-
supported union | J,; ;. We use Lemma 5.31.
e It is easy to check that @ and |points(B)| are open.
o IfU C Op(s) is finitely-supported then | JU € Op(z). Bach U € U is a finitely-supported union
i Tiy and YU = Uy Uy, 25, - By Theorem 2.13 a finitely-supported union of finitely-
supported unions is itself finitely-supported, so we are done.

O

10The reader should be familiar with topologies and closed sets, e.g. the real numbers R with its standard topology, in which the
interval [0, 1] is closed. R with the discrete topology (in which every subset is clopen) is a trivial example of a totally separated
space. The Cantor set is an example of a non-trivial totally separated space [28, Example 29, page 57]. The topological space
which we construct out of a FOL algebra will be another example (Lemma 6.5).

199



Stone duality for first-order logic: a nominal approach to logic and topology Murdoch Gabbay

Lemma 6.6. If f : B — B’ is a morphism (Definition 3.12) then F(f) is indeed a morphism from F(B')
to F(B) (Definition 6.1).

Proof. First, we show that F(f) maps ||F(B')|| = |points(B’)| to ||F(B)|| = |points(B)].

Points are maximal filters, and it is convenient to first show that if p C |B’| is a filter (not necessarily
maximal) then so is f71(p), and then show that if p is maximal then so is 1 (p).

Suppose p is a filter. We unpack Definition 5.1 and have three properties to verify, which we state
below freely using the fact that by construction z € f1(p) if and only if f(x) € p:

1. f(1)¢€p. ByLemma3.13 f(L) = 1, and by condition 1 of Definition 5.1 L & p.

2. Va,y.(f(z) e pA fly) € p) & flx Ay) € p. By assumption f(x Ay) = f(z) A f(y). The
result follows by condition 2 of Definition 5.1.

3. NaVz.f(x) € p= f(Ya.x) € p. Suppose a is fresh (so a#p). Choose any z. By assumption
f(va.z) = va.f(z). The result follows by condition 3 of Definition 5.1.

Now suppose that p is a maximal filter. By Proposition 5.15 it suffices to show that ~x € f1(p) if and
only if = & f~!(p). We sketch the relevant reasoning; in step () we use Proposition 5.15 for p:

—x e fHp) & f(-x)epe ~f(x) ep & fleygpead fp

Thus f~!(p) is maximal.
Second, we show that F(f) is a morphism.
We need to verify the final three properties of Definition 6.1:

o F(f) is equivariant. We briefly sketch the reasoning; in step (x) we use the assumption that f is
equivariant (Definition 2.7):

rem(F()(p) ol e F(f)p) & fata) ep Dt f(a) ep
& f(x)emp e xe F(f)(mp)

o F(f) is continuous. By construction F(f)! preserves unions, so it suffices to show that
F(f)(a") = f(x)". Again we briefly sketch the reasoning:

peF(f) () & F(f)(p) €a"wa e F(f)(p) & flx) Epepe fz)

o F(f) commutes with the amgis-action. Suppose p’ € ||F(B’)|| and u € |U|. We briefly sketch the
reasoning; in step (x) we use the assumption that f commutes with the o-action:

z € (F(f)(p)ua] & zla—u] € F(f)(p) & f(zla—u]) € p
Y f@)a] € p o f(z) € plua] @ € F(f) (plucal)
O

We conclude with a technical lemma which will be useful later:

Lemma 6.7. If x € |B| then x* C ||F(B)|| is clopen; that is, v* € Op(py and |points(B)|\ z* € Op(s).

Proof. x* € Op(g) by construction in Definition 6.4.
Also, by Proposition 5.15 points(B) \ x* = (-x)*, and by construction (-x)* € Op(s). O
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6.3 The functor F' maps to oStone®”

Our Stone duality result has to answer the question: what abstract properties must a topology have, to
be the image of a FOL-algebra? Being totally separated is one such property; this is standard. Being
compact is another; it turns out that we need to tweak this property to what we call being 3-compact to
make Proposition 6.11 work. We will also need another property, of having/being with v. It all emerges
in this subsection.

6.3.1 Totally separated, compact spaces

DEFiNITION 6.8. Suppose T is a o-topological space.

CallUd € pow(Os) F-closed when Va.VU.(UelU = exista.UeU).
CallUd € pow(Os) a cover when | JU = ||T]|.

Call U a 3-cover when U is a cover and is 3-closed.

Call T 3-compact when every 3-cover has a finite subcover.

Lemma 6.9. If Ucpow(Op(p)) is 3-closed then so is V = {x* | Ul .a*CU }.

Proof. Choose b fresh (so b#U, V). If z* € V then x* C U for some U € Y. By part 3 of Lemma 4.19
existb.(z*) C exist b.U and by assumption exist b.U € U. O

Lemma 6.10. Suppose U € pow(Op(p)) is an 3-cover (Definition 6.8). Then soisV = {z* | Ul .x* C
U}.

Proof. By construction in Definition 6.4 every U € U is equal to | J,; x; for some finitely-supported
union of z;, thus V is a cover.

Now suppose a is fresh (so a# )V, U) and suppose z* € V. It must be that z° C U € U. By assumption
U is 3-closed so exist a.U € U. By part 4 of Proposition 5.29 (exist form) (—va.—x)* = exista.(x*). By
part 3 of Lemma 4.19 exist a.(x*) C exist a.U. It follows that exist a.(x*) € V. O

Proposition 6.11 motivates 3-compactness from Definition 6.8:

ProposITION 6.11. F'(B) is totally separated and 3-compact.

Proof. Consider distinct p, g € |F(B)|. Without loss of generality take = € p \ ¢. By Definition 5.25,
p € z*and ¢ € x°. So x* is an open set separating p and g. By Proposition 5.15 |points(B)|\ z* = (—-x)",
so z* is also closed. Thus F'(B) is totally separated.

Now consider an 3-cover V € pow(Op(s)). By Lemma 6.10 we may assume without loss of generality
that every element of V has the form z* for some x € |B|. Write

X = /\ﬁn{m | 32’ .(—2’ < z) A (2')° eV}

where /\ fin, denotes closure under finite intersections. So V has a finite subcover if and only if L € X.
We now check that X C |B| satisfies conditions 2 and 3 of Definition 5.1:

o Proofthatx € X Ny € X ifand only ift ANy € X. By construction X is closed under finite
intersections, so x € X and y € X imply x Ay € X. Also by construction X is up-closed
(Notation 5.3), and it follows that x A y € X impliesx € X and y € X.

e Proof that iaVx.x € X = va.x € X. Suppose a is fresh (so a#X,V,X) and x € X.
Then there exists an 2’ with =2’ < z and (2/)* € V. By Lemma 3.6 va.—2' < va.z. Also
va.(—x') = —3a.2’. Now by part 4 of Proposition 5.29 (3a.z’)* = exist a.(z’)* and by assumption
V is 3-closed. It follows that va.z € X.
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If | ¢ X then X is a filter and by Theorem 5.18 X C p for some point p. It would follow that p & |V,
a contradiction. Therefore L € X. O

6.3.2 Clopens in F'(B)

LemMmA 6.12. o Ifz* C U and a#U then (3a.2)* C U and (va.x)* C U.
o Ifx*NU = & and a#tU then (3a.x)* NU = & and (va.x)' NU = @.

Proof. Suppose x* C U. By part 3 of Lemma 4.19 exist a.z* C exist a.U. By part 4 of Proposition 5.29
(3a.z)* = exist a.2* and by part 4 of Lemma 4.19 exist a.U = U since a#U. It follows that (3a.z)* C U.
The case of Vv is exactly similar.

Suppose z* N U = @. By part 2 of Lemma 4.19 exist a.x* N U = &, since a#U and a# <. We use
part 4 of Proposition 5.29 to conclude that (3a.x)* N U = &. The case of ¥ is similar, using parts 1 and 4
of Lemma 4.19. O

ProposITION 6.13. If U € Op(p) is clopen then U = z* for some x € |B|.

Proof. By construction in Definition 6.4 the open sets of F'(B) are unions of finitely-supported sets of
sets the form z°. We assumed that U and its complement are open, so that

U=t 1o U} and |[F(B)\U = o

(recall that ||F(B)|| = |points(B)]). It follows that

z CIF(B)I\U}

U={z"|2"CUVaNU=a} covers F(B).

U is 3-closed by Lemma 6.12, so by Proposition 6.11 it has a finite subcover, and it follows that there
is some finite {x7,...,2;,} C U such that 2 U---Uz;, = U. By part 2 of Proposition 5.29 we have
U=(x1V---Va,). O

6.3.3 Closure under all and exist

Lemma 6.14. Suppose T is a o-topological space. Then if U is open then exist a.U is open, and if U is
closed then all a.U is closed.

Proof. Suppose U is open. By condition 1 of Definition 6.1 U[a+—u] is open for every u € |U|. Therefore,
exista.U = {J, e Ula—u] is open (it follows from Theorem 2.13 that the set {Ula—u] | u € [U[} is
finitely-supported).

Suppose U is closed. Since U is closed, by Proposition 6.3 U[a—u] is closed for every u € |U|. The
result follows similarly to the case of exist. O

DEerINITION 6.15. Suppose T is a o-topological space. Say T has v or T is with v when if U is clopen
then:

1. alla.U is open, and
2. ift € U and a#t thent € all a.U.

Lemma 6.16. If T is a o-topological space with v then U € O clopen implies that all .U and exist a.U
are also clopen.
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Proof. By Lemma 6.14 exist a.U is open and all a.U is closed. By assumption all a.U is open. Also by
assumption all a.(||T||\U) is open, and it follows that exist a.U is closed. O

ProposITION 6.17. F(B) has V.

Proof. Suppose U is clopen. By Proposition 6.13 U = z* for some x € |B|. We consider each condition
of Definition 6.15 in turn:

1. By part 4 of Proposition 5.29 all a.U = (Va.z)* and it follows in particular that all .U is open.

2. Suppose p is a filter in B and p € z* and a#p. Thus, x € p and a#p. By condition 3 of
Definition 5.1 va.x € p, thatis, p € (va.z)*. Again we use part 4 of Proposition 5.29 and the result
follows.

O

6.3.4 Nominal v-Stone space

DeriniTION 6.18. A nominal v-Stone space is a nominal o-topological space with v that is totally
separated and 3-compact.
Write oStone for the full subcategory of o Top of nominal v-Stone spaces.

THEOREM 6.19. F is a functor from FOLalg to oStone®?.

Proof. By Lemma 6.5 F(B) is a o-topological space. By Proposition 6.11 it is totally separated and
3-compact. By Proposition 6.17 it has v.

Furthermore if f : B — B’ in FOLalg then by Lemma 6.6 F(f) is a morphism from F'(B’) to
F(B). O

6.4 The functor G from oStone® to FOLalg

DEerINITION 6.20. Map T € oStone to a G(T) € FOLalg defined by:

e |G(T)| ={U € O | U is clopen}.
e A, -, and V are interpreted as intersection, complement, and all.

Given g : T — 7’ in oStone define G(g) : G(T') — G(T) by G(g)(U) = g1(U), that is:
teGg)U)egt)eU

LemMma 6.21. Suppose T is a nominal v-Stone space. Then G(7) is indeed a FOL-algebra.

Proof. By Proposition 6.3 intersection and complement do indeed map from |G(7T)| to |G(7T)|. By
Lemma 6.16 so does all a.
We must also check that the equalities of a FOL-algebra hold. This follows using Theorem 4.21. [

LemMA 6.22. Suppose T and T’ are o-topological spaces and f : T — T’ is a morphism. Then if
U € Og is clopen then so is G(f)(U) € Os.

Proof. By assumption since U is open, so is f(U). Also by assumption since ||T]|| \ U is open, so is

FHUTING) = TN\ £1U). =

Lemma 6.23. G is a functor from oStone? to FOLalg.
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Proof. By Lemma 6.21 G maps objects of oStone®” to objects of FOLalg.

Now consider a morphism g : T — TJ’; we must show that G(g)—that is, g'—is a morphism
of FOL-algebras. So we must show that g"! maps clopens in Og to clopens in Og and satisfies the
commutations listed in Definition 3.12.

If U is clopen then by Lemma 6.22 so is "t (U). It is not hard to check that g™! preserves intersections
and complements. We show that g'! is equivariant and commutes with all. Suppose U is clopen in T”; we
reason as follows:

temgl(U)erlteqgt(U) Definition 4.7 (pointwise act.)

sg(rtt)eU Definition 6.20
erlgt)eU Cond 5 of Def. 6.1
<g(t)enU Definition 4.7 (pointwise act.)
stegt(U) Definition 6.20

tegl(alla.U) & g(t) € alla.U Definition 6.20
< Yue|Ul.g(t) € Ula—u) Definition 4.15
< Vu.g(t)[ua] € U Definition 4.7
< Vu.g(tfual) € U Cond. 7 of Def. 6.1
& Yu.t[usal € gH(U) Definition 6.20
& Vut e (gH(U))a—u] Definition 4.15
stealla(gi(U)) Definition 4.15

Thus G(g) is a morphism in FOLalg. O

6.5 The equivalence
PrOPOSITION 6.24. GF(B) is equal to B* and the map -* defines an isomorphism between B and GF(B).

Proof. By Proposition 6.13 {U € Opg) | Uisclopen} C [[B*||. By Lemma 6.7 ||B*|| C {U €
Op(s) | U is clopen}. The result follows by Theorem 5.30. O

LemMmA 6.25. Suppose T € o Top is 3-compact. Suppose U is a filter in G(T). Then (U # 0.

Proof. We unpack the properties of /. It is a finitely-supported set of clopen sets in J such that:

e JZU.
o IfU,Us eUUthenUy NUy € U.
o If U € U and a#U then alla.U € U.

If U = 0 then {||T||\ U | U € U} is an 3-cover of T. Since T is 3-compact this 3-cover has a finite
subcover, thus some finite intersection of elements of ¢/ is empty, contradicting that & & U. O

DEFINITION 6.26. Suppose T € o Top and ¢ € ||T]|. Define
= {U|U e |G, teU),

sothat U e t* <t e U.

LemMma 6.27. Suppose T € o Top has ¥ (Definition 6.15). Then t* is a filter in G(7).

Proof. By Theorem 2.13 supp(t*) C supp(t) and so in particular ¢* has finite support. Conditions 1
and 2 of Definition 5.1 are very easy to check.

For condition 3, suppose a is fresh (so a#t) and suppose U € t*. Thatis U is a clopen set with t € U.
By condition 2 of Definition 6.15 ¢ € all a.U, that is, all a.U € t*. O
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LemMA 6.28. Suppose T € o Top is totally separated and t1,to € ||T||. Then t; C t implies t1 = to.
Proof. By aroutine calculation. O

COROLLARY 6.29. Suppose T € oTop has ¥V and is totally separated and 3-compact; that is, suppose
T € oStone. Then U is a maximal filter in G(7) if and only if U = t* for some t € ||T]|.

Proof. Suppose U is a maximal filter in G(7). By Lemma 6.25 there is some ¢ € ||T|| such that¢t € U
forevery U € U, so thatYf C t*. By Lemma 6.27 t* is a filter, so by maximality ¢t* C U/, and we are done.

Now consider ¢*; by Lemma 6.27 this is a filter and we need to show that it is maximal. Suppose
t* CU. By Lemma 6.25 U C (t')* for some ¢’ € ||T]|. It follows by Lemma 6.28 that ¢ = ¢’ and so
u=t. O

LemMmA 6.30. If we give t* the pointwise o-action from Definition 4.5 then t*[us—a] = (t[usa])*.

Proof. Unpacking Definition 4.5 U € t*[u<—a] if and only if U[a—u] € t*. By definition U[a—u] € t*
if and only if ¢ € U[a—>u]. Unpacking the pointwise action from Definition 4.7 ¢ € U[a—u] if and only
if tju<—a] € U. The result follows. O

ProrosiTioN 6.31. If T € oStone then -* defines an isomorphism between T and FG(T), and is a
morphism as of o-topological spaces.

Proof. Injectivity is Lemma 6.28. Surjectivity is Corollary 6.29. Commutativity with the o-action is
Lemma 6.30.

We also need to show that « is continuous. The reasoning is standard [3, Section 4] so we just sketch
it. First, consider the inverse image under -* of a clopen U in FG(7), that is of U* where U is a clopen in
G(T).1!

teaz(U) e agt)eU
<{U'|teU'}eU
sUe{U |teU'}
stelU

Thus, a3 (U*) = U.
Now by construction any open set in F'G(T) is a union of U, and oz preserves these unions. It
follows that the inverse image of an open set is open. O

THEOREM 6.32. G : 0Stone®® — FOLalg defines an equivalence between FOLalg and ocStone®”.
Proof. We use [24, Theorem 1, Chapter IV, Section 4].

o G is essentially surjective on objects. This is Proposition 6.24.

o G is faithful. Suppose g1,g2 : T — T’ € oStone and g1 # go; that is, there exists p € ||T|
such that g;(p) # g¢2(p). By assumption T is totally separated, so there is a clopen U € O/
with g1(p) € U and g2(p) ¢ U. Examining Definition 6.20 we see that p € G(g1)(U) and
p & G(g2)(U). Thus, G(g1) # G(g2).

e Gisfull. Given 7,7 in oStone and f : G(7’) — G(7T) in FOLalg we construct a morphism
g : T — 77 in oStone such that G(g) = f.

By Proposition 6.31 ag : T — FG(7T) mapping ¢ to ¢* is an isomorphism in oStone. Set
g = a3, o F(f) o as. By routine calculations we can check that G(g)(U’) = f(U’) for every
U’ € |G(T).

O

111+ is the set of maximal filters of clopens of T that contain U.

205



Stone duality for first-order logic: a nominal approach to logic and topology Murdoch Gabbay

7 Conclusions

We have seen how to axiomatise first-order logic as a nominal algebraic theory and how to move between
abstract algebraic models, and concrete topological ones.

What makes this unusual is the treatment of variables—the things that get bound by the universal
quantifier. These are not handled using valuations. Instead, notions of sigma-algebra and amgis-algebra are
introduced and a delicate and rather beautiful dance between them takes place in the proofs. Substitution
is carried out on a topological space, in an ‘almost boring’ pointwise manner, and open predicates are
directly represented as sets.

This is part of a broader programme by the author to reevaluate how we approach referents in the
foundations of logic and computation, and in particular how we handle variables in logic and semantics.
The results in this paper make precise a slogan that ‘a variable is a name that populates both the syntax
and denotation, and has a substitution action in the denotation’.'2

In short, variables of first-order logic can be viewed as first-class denotational entities in logic and
topology; they are just another property of truth-values and of the points of a topological space.

Related work. This paper emerges from a thread of previous research. In [12, 14] we axiomatised
substitution and in [13, 15] we axiomatised first-order logic. The descendents of these axioms populate
this paper; for instance Figures 1 and Figure 4.

It is now natural to ask what concrete representations can be given for the abstract models.

An answer to that question was given for o-algebras in [9, Section 5], in which it was shown that (in
the terminology of this paper) a large subclass of the cumulative hierarchy of Fraenkel-Mostowski sets
naturally has o-algebra structure. This paper, by completely different methods from [9], gives an answer
to the same question for first-order logic.

We are aware of one other nominal representation theorem: a previous paper by the author with
Litak and Petrisan [1 1]. This proved a Stone duality for Boolean algebras with (an axiomatisation of) the
Gabbay-Pitts V1-quantifie—IW is defined in this paper in Definition 2.14.

The proofs of this paper follow the same general outline as those in [ 1], though they are significantly
different because V has more structure than /1; notably we must account for substitution, which is not
relevant in the case of 1. This led us to notions such as sigma- and amgis-algebra, o-topological space,
v-Stone space, and so on. Still, at a sufficiently high level of abstraction the reader can think of this paper
as “[11] plus o and V”.

Further afield are two research threads: representation theorems for cylindric algebras [1] and the
PhD thesis of Forssell [7].

Cylindric algebra is a method of axiomatising first-order logic in normal first-order syntax; broadly
speaking va here corresponds to a distinct term-former for each a, and several infinite axiom-schemes
express their properties.!> Cylindric algebras are a large field; for an extensive treatment see [20] and for
a concise treatment concentrating on representation theorems and with a good survey and bibliography
see [1]. The Wikipedia article [32], though brief, is a wonderfully clear and accessible exposition on the
topic. Broadly speaking, a cylindric algebra is represented as a set of a-sequences, which corresponds to
a notion of valuation; thus at a high level we can view the content of [ 1] as representing an open predicate
as the set of valuations that make it true.

Forssell’s PhD thesis [7] extends results of Butz and Moerdijk [4] to a duality which can be thought
of as follows: a category of first-order theories on one side, and a category of topological groupoids on

12Rather than the slogan that ‘a variable is that thing that populates only syntax and points to an arbitrary element in a denotation’
made formal by valuations ¢ and a definition with a structure of the form ‘[#]_".

13Nota bene: the term-formers of cylindric algebras correspond to Ja, not Va. Also, the axiomatisations in this paper, from
Figure 1 to Figure 5, are finite.

206



Stone duality for first-order logic: a nominal approach to logic and topology Murdoch Gabbay

the other side. The structure of the proofs is broadly parallel to that of this paper (and indeed of most
other such duality proofs): the category FOLalg corresponds to the category BC,; of Boolean coherent
categories in [7, page 85]; Theorem 5.30 corresponds to Lemma 2.3.2.1; and Theorem 6.32 corresponds
to Theorem 2.4.5.10.

There is currently no obvious sense in which the results of this paper can be used to prove those
of Forssell, or vice versa. What we can note is that first-order theories are turned into categories by
syntactic methods in Forssell’s work (using the standard notion of syntactic category from categorical
logic, explained on [7, page 15]), wheras FOLalg is much more abstract; and conversely our notion of
topological space is more elementary than the notion of Forssell’s notion of topological groupoid.

So broadly speaking, Forssell constructs an adjunction between fairly concrete term-based logical
entities on the left and fairly highly-structured geometric entities on the right, whereas in this paper we
construct an adjunction between fairly abstract axiomatic logical entities on the left (FOL-algebras), and
fairly elementary sets-based geometric entities on the right (v-Stone spaces).

On foundations. One important technical feature of this paper can be phrased in two equivalent ways:

e We work in the category of nominal sets / the Schanuel topos.
e We work in the category of finitely-supported sets / Fraenkel-Mostowski set theory.

This is what Section 2 is all about, and it really matters. The reader not interested in foundations still
needs to be alert to what these foundations give us, notably the notions of support, permutation, and
Theorems 2.13 and 2.16.

We use these notions when we write the freshness side-conditions in our axioms in Figures 1 to
Figure 5; we use them when we write and reason on the /l-quantifier in Definition 5.1 and subsequent
proofs. If the reader wonders ‘how do you know this fresh name exists?’ or ‘how do you know it does not
matter which name you use?’ the answer is: because we are working in a nominal foundation.

If we worked in Zermelo-Fraenkel set theory and represented names as numbers, then the theorems
of this paper would still be true.

However, the proofs would be harder, because we would not know a fresh name exists (we would
have to carefully prove it) and we would not know it does not matter which name we use (we would
have to carefully prove it). These proofs, though necessary, would be a waste of time; an artefact of our
clunky definitions rather than a mathematically core concern. We will never use the internal structure
of a number-considered-as-a-name, because if we did, we would not be considering it as a name. The
nominal foundations are a way of making that intuition formal.

So for comparison, Zermelo-Fraenkel foundations tell us that the functional image of a countable set
is countable. We do not need to re-count the image; our foundations give us this theorem for free. By
using a sets foundation we committed to sets and operations on them, and we get a toolkit to manipulate
them for free. In the same way, nominal foundations give us a toolkit for symmetric reasoning on names
in sets. We do not need to re-prove symmetry and finite support properties; our foundations give us the
theorems for free, and we can really exploit this to obtain results that would be harder to prove otherwise.

Philosophical literature. We come to the topic of variables and foundations motivated by theoretical
computer science where reasoning on logic and programming leads us to consider reasoning on variables.
The philosophical literature has independently given such questions much thought—and for a lot longer.
The interested reader is referred in particular to Kit Fine’s theory of arbitrary objects [6] and to an essay
by John Baldwin on the evolution of the notion of variable in history and modern mathematical education
[2], as just two examples. Technically, those works are hardly connected to the material of this paper, but
they exemplify thinking which is not beholden to the traditions and assumptions that are typically taken
for granted in computer science.
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Summary and future work. The technical content of this paper is interesting and the proofs require
several technical innovations.

However, for this author the real significance of the results is that they make concrete (literally: as
sets-based topological models) a particular, and very distinctive, view of names and variables in logic.

We can naturally ask what other names in logic can be approached using these techniques.

In [11] we treated the W-quantifier. In this paper we treated the universal quantification of first-order
logic—if it was not surprising that the ‘nominal’ quantifier /I has a ‘nominal’ representation, it is more
striking that the ‘traditional’ quantifier ¥ has a similar ‘nominal’ representation.

To take this further we can consider Aa from the \-calculus (which has been given a ‘cylindric’
axiomatisation in [26] and a ‘nominal’ one in [ 6]), second-order logic, higher-order logic (cf. the Henkin
semantics below), the propositional quantifier A« from System F [19], and generalised quantifiers [31].

Some partial work here has been done by the author in collaboration.

With Mulligan we constructed a nominal-style Henkin semantics for a nominal axiomatisation of the
simply-typed A-calculus [17]. The axiomatisation is in the same spirit as the nominal axiomatisation
of first-order logic here, but it includes simple types. The Henkin models are abstract, not a concrete
sets-based representation.

With Michael Gabbay we constructed models of the untyped A-calculus [8]. These have a topological
flavour and are based on concrete sets. However, they are not nominal: variables are handled traditionally
using valuations.

We can view this previous work as approaching a certain goal along two branches—nominal on one
side, sets-based on the other. This paper brings the two branches together for the case of first-order logic,
and is an encouraging sign that the goal is attainable for other systems too.
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